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Abstract. We give an interpretation of Martin-Lof’s type theory (with universes)
extended with generalized inductive types. The model is an extension of the recursive
model given by Beeson. By restricting our attention to PER model, we show that
the strictness of positivity condition in the definition of generalized inductive types
can be dropped. It therefore gives an interpretation of general inductive types in
Martin-Lof’s type theory.

1 Introduction

Interest in inductively defined types has been around for some time. An early work on a categorical
approach to recursively defined types is in [31], where the authors demonstrate that the initial T-algebra
approach is a good alternative to what was proposed by ADJ-group. Later on, several researchers have
investigated the idea of extending the existing typed calculi with inductively (coinductively) defined
types. In [21, 22, 24], see also [7], the author considers a particular version of inductive and coinductive
types. Two combinators and two rules are added to the second order A-calculus to capture recursion
and computational rules. In contrast to what is studied in other works, the notion of subtypes is
used. That might cause some inconvenience; but it does enjoy a certain degree of conceptual clarity
if one has in mind a constructive set-theoretical semantics. A general scheme for adding inductively
defined types in Martin-Lof’s type theory and in ECC are considered in [3, 4, 10, 11] and in [8, 20].
In both cases, the motivating example is the well-known W-types. The basic idea is to formalize the
introductions of, and inductions on, data types. This method is more intuitive, and akin to the type
theoretical tradition, than the initial T-algebra approach. The only primitive types assumed here are
the II-types with intensional equality, as opposed to the initial T-algebra case where one wants in
addition the disjoint sums and the unit type at least.

A different methodology is to code up all inductive types in an extensional type theory with enough
type constructors. This is adopted in [32, 30, 16, 14]. The argument against this approach is threefold.
First, encoded inductive types are sometimes not good enough. For instance, the polymorphic encoding
of the natural numbers type verifies only a weak form of recursion. Second, the meta-theory of the
extensional theory (with the n-rule and the surjective paring rule) is hard. As a matter of fact, useful
results in this area are almost non-existent. There are many conjectures though! Third, the encodings
of inductive types via W-types look messy. Those reasons, together with the result in [9] which shows
that the encodings are impossible in an intensional type theory, are convincing enough for us to prefer
the traditional method.

The formulation of inductive types as initial T-algebras is studied in [29]. The construction of
functors from type constructors is used to code up some T-algebras. In loc.cit., there are interesting
examples of how to use this kind of inductive types.

Categorical formulation of inductive (coinductive) types can be found in [23, 25]. Related to this
is the work [12] where some properties of “algebraic complete” categories are obtained.

The model theory of the inductive types has been a research topic for some time. An old approach is
to interpret an inductive type by the initial T-algebra of a k-continuous functor on SET, the category of
sets. This method works also for the generalized inductive types, see [8]. Unfortunately, a monotonic
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and k-bounded functor on the category w-SET of w-sets ([18, 29]) in general does not possess an
initial T-algebra, the reason being that w-SET does not have all (filtered) colimits. The w-SET version
of k-continuous functors is too restrictive to model all generalized inductive types. Another way of
interpreting inductive types is to use Aczel’s notion of rule sets ([2, 11]). This approach, which is
mathematically weaker, does generalize to w-SET. For more details on both the subjects, see [13, 15].

In this paper, we interpret generalized inductive types in the category PER of partial equivalence
relations on w, the set of natural numbers. What is the advantage of this interpretation over that
in w-SET? First, in the case of PER, the rule sets are more elegantly defined than those in the case
of w-SET. As wxw is the largest element in the poset (Obj(PER), C), the terminal object w xw is
somehow the largest ‘universe’ in the world of per’s. On the other hand, we certainly do not have a
largest w-set, whatever that might mean. Second, the existence of such a ‘universe’ is necessary for the
interpretation of coinductive types formulated as terminal T-coalgebras. It is hoped that our model
can motivate a general definition of lazy sets in Martin-Lof’s type theory. Finally the PER model
interprets the general inductive types. This is the content of section 6.

2 Generalized Inductive Types

As the basic calculus, we take Martin-Lof’s type theory with an infinite hierarchy of cumulative uni-
verses. The language, M L, has II-types and extensional definitional equality (i.e. with the n-rule).
Intuitively the small universes satisfy the following properties:

Typeo € Types € Types € -+,
Typeg CType; CTypea C---.

In what follows, ¢ ranges over natural numbers. The basic rules are:

WEI’“ pty Context

PP A:Types
T',z: A valid
I,z : AT+ valid
F,-’L’:A,Fll—x:A
T valid
'+ Typez : Typelqu
L' A:Type:
I'-A:Typeit
F'EA:Type; T,x:AF B:Type;
I - IIz:A.B : Type; Product
Iz:A+-M:B
' Az:AM : x:A.B
'FM:llA.B THEN:A
' MN : B[N/z]

TEFM:A TFA=B:Type;
I'M:B

Context

Variable

Universe

Cumulativity

Abstraction

Application

Transitivity

The above description is over simplified. A complete presentation should spell out all the rules about
definitional equality and the premises missing in the above formulation. For instance full Application
is

I'A:Type;, T,x:AF B:Type;
I'-M:1m:AB THN:A Tk B[N/z]: Type;
' MN : B[N/x]

There might appear some redundancy. But it makes much easier the proofs using induction on deriva-
tions. We follow the usual convention which is: 1. to derive I' - a : A, one must derive I' = A : T'ype;
first; 2. to derive I' F @ = b : A, one must derive I' - a : A and T' - b : A first; 3. to derive
' A= B :Type;, one must derive I' - A : Type; and I' = B : Type; first.

One can extend the above calculus in different ways. As our main concern is about the semantics
of inductive types, we enrich it with the generalized inductive types in [8] to get things off the ground.
We will call this language MLZ;.



Definition 2.1 Suppose I', X : Type; F ¢(X) : Type;. We say ¢(X) is strictly positive with respect
to X if X does not occur in ¢ or ¢ = X or ¢ = llz:K.¢'(X) where X does not occur in K and ¢'(X)
is strictly positive with respect to X. Clearly ¢(X) in T, X : Type; b ¢(X) : Type; is strictly positive
if either ¢(X) contains no X or ¢(X) = Mx: K. - - Mwp: K. X such that X does not occur in any of
Kla U 7Km-

IfI'+- A: Type; and T' = P4 : A — Type;, then P4 can be understood as a property about A. If
furthermore T', X : Type; b ¢(X) : Type; and ¢(X) is strictly positive with respect to X and actually
contains X, then we can extend Pa to I' = Pya) : ¢(A) — Type;, a property about ¢(A). This is
defined as follows:

o If $(X) = X, then Pya) 2 Pa.
o If p(X) =Mx:Ky. -z, K, X, then

def
Pyay = Azp(A) Mz K. Mg Ky, Pa(221 - Ty).

Similarly, if I F f : Ilz: A.Pa(z), we see f as a proof that P4 holds of every inhabitant of A. We
extend f to a proof ¢°(f) showing that Py 4y holds of all members of ¢(A),

I'F¢°(f) : Mzip(A).Pyay(2) = Hz:p(A) Jzy:K . - - - Ty K Pa(z1 - - ),
in the same fashion:
o If ¢(X) = X, then ¢°(f) % f.
o If p(X) =Mzy:K;. - Mz, K, X, then

0°(f) & A2p(A) Na1: Ky - Ao Ko f (221 -+ T

Definition 2.2 Suppose I'; X : Type; F ©(X) : Type;. We say that © is a constructor type if ©(X)
is of the form x1:¢1(X). -« - Ixp i (X). X with ¢1(X),- -, dm(X) being strictly positive with respect
to X.

We are now ready to give rules for generalized inductive types. In all these rules,
@k(X) = kal:(bkl (X) e Hmknk:(bknk (X)X

is a constructor type for each k€{1,...,n}.

Formation
I, X : Type; F ©1(X) : Types, ..., [, X : Type; F On(X) : Type;
PFuX.[0:1(X),...,0,(X)] : Type;

We will abbreviate 1 X.[01(X),...,0,(X)] to uX.[6] or even to .

Introduction

Tk i dnn (uX.0)), .., T F oyt Gy, (WX [OD[Er1, - -+ by —1/Th1s - -+ Thong 1]
Tk introf (e, - - - s thng ) : X [01(X), ..., 0n(X)]

for each ke{1,...,n}.

Elimination
I'FP,:puX.[01(X),...,0,(X)]—Type;
Ty z11:911 W)v o Ting i Piny (H)v y111:P¢111 (#)(xlll)P B yllp:P¢11p(#)(x11p)
F fi: Pu(introf (@)
F’ Tni: ()bnl (M)? sy Tnng, :¢n”n (,LL), yn”l : P¢nrzl (w) @nnl)q- A ynnp: P¢nnp (m) (xnnp)
F fn: Pu(introf (7))
T'Frecu(fi,---, fn) : Hzp.Py(z)
This rule calls for some explanation. For each ke {1,...,n}, ¢pr, (X),..., Prk,(X) are among those

dr1(X), ..., Prn, (X) that actually contain the variable X. fi,..., f, are induction steps; together
they show that the property P, holds for every member of uX.[0:(X),...,0,(X)].



Computation

PEtrer:ora(p), -, T F teng @ Grng (W) [Ek1y - - thng—1/Tk1s - -5 Thing —1)
PE P, pX.[01(X),...,0,(X)]—Type;

[,z :d)ll(ﬂ)?' o Ting P P1ny W)’y111:P¢111 (H)(‘Tlll)v' . '7y11p:P¢11p(H)(x11P)
F fi: Pu(introf (x)

Ly xn1 i @ni(i), - - - s Tong, : Pung, (1), Ynng: Pdm,ml (1) @nny)se - Ynnyt P¢'rt'er(N>(mnnp)
F fn: Pulintrof ()

Sr(tet, . teny,,

T F rec, (F)(introf (tx, . . ., tin,)) = (Brky [trts - oo stk —1/Th1, o Thoky —1]) ° (recu () tioky »

(drky[trry -y tiky—1/Th1, - - - >xkkp71])o(rec,u(f’))tkkp)

—

for each k € {1,...,n}. Explicitly, (¢rk, [tr1s .-+ thki—1/Tk1s - - - Thky—1])°(rec, (f))trr, 1, say,

/\xllckaI%kl [tkla . 7tkk1—1/$k17 ey Ikkl—l}- s -
Ao K [ty -tk —1/ k1 - - Ty —1]1€C () (bry T, - - TRk, )-

Example 2.3 The W-types ([26, 28]). This example is meant to bring out the intuition behind the
above rules. There is only one constructor type : © = IIz:AIly:B(z) — X.X. Here ¢1(X) = A and
¢$2(X) = B(x)— X. The introduction rule is the familiar one:

'a:A TFb:B(a)—>W(A,B)
I' - sup(a,b) : W(A, B) '

The reader is advised to check that the elimination rule amounts to

' P:W(A,B)=Type; T,xz:A y:B(z)-W(A, B),w:11zB(z).P(yz) F f: P(sup(z,y))
'k recyw(a,p) (f) : IzW (A, B).P(z) '

The generalized inductive types are straightforward generalizations of W-types. m|

3 The Recursive Model

In this section we define a recursive model M for the language defined in the previous section. The
general method follows from [5, 6]. Our contribution is to explore the notion of rule sets to define the
extensions of a certain collection of names, which is to be used to interpret the generalized inductive
types.

3.1 Some Preliminaries

We avail ourselves of an effective pairing function (-, _) and two projection functions ()o and ();. The
n-tuples will be coded in the usual way. The (i + 1)-th component of an n-tuple v will be noted by
(v);. We also assume a standard Godel numbering ¢ of n-ary recursive functions for each n > 1.
wr(ar,...,an) will be simplified to f-(a1,...,an).

Definition 3.1 A per, partial equivalence relation, is a transitive symmetric relation A on the set w

of natural numbers. dom(A) def {nnAn}. © € A iff xAx. A map from a per A to another per B is
the set [l|amp of all natural numbers such that Ym,n €[l 4~p.Vp,q€ A.pAq = (m-p)B(n-q), where x-y
is the result of applying the x-th recursive function to the number y. We will write A X B if A C B.

Given pers A and B, we can define the usual constructions as follows. The product A x B is the per
such that m(A x B)n iff (m)gA(n)g and (m);B(n);. The exponential A — B contains all the pairs
(m,n) such that for any pair (a,b) € A, it is the case that (m-a,n-b) € B. The coproduct A + B
contains all the pairs (m,n) such that either (m)y = (n)o = 0 and (m); A(n); or (m)o = (n)o =1 and
(m)1B(n);. The initial object is the empty relation while the terminal object is the total relation. In
fact, the category PER is a locally cartesian closed category with finite colimits.

In the sequel we need an ‘effective version’ of the following definition.

Definition 3.2 ([1]) A rule on the set U is a pair ¥ such that uCU and veU. A rule set on U is a

set of rules on U. Given a rule set R on U, a set A is R-closed if for any rule ¢ € R, uC A implies

vEA. The set inductively defined by R is the set Z(R) o N{A|A is R-closed}, the smallest R-closed

set. A rule set R is deterministic if ©- € RA®2 € R = u; = us.



Rule sets have been used to interpret inductive types in Martin-Lof’s set theory, see [2, 11]. We now
briefly explain how to model the generalized inductive types in the category SET. This should serve
as a motivation for the PER interpretation to be defined later.

For a type A(z) with a free variable x, we will write [A(x)],.=p for the denotation of A(z) when
x is interpreted as D. If a type A(z1,...,2,) contains more than one free variables, we will write

[A(z1, ... xz2)][D1y- -y D1, ..y Tnl,

or even [A(z1,...,2,)][D1,...,Dy], for the denotation of A(xy,...,z,) when x1,...,x, are inter-
preted as Dy, ..., D, respectively. The notation [A(z,y)][a]ly := b], for example, will denote the same
thing as [A(z,y)][a, b/z, y].

Suppose A is a set and B : A—SET is a map that associates a set to each member of A. Define
7(A, B) to be the set of all functions f such that Va€A. f(a)eB(a). Let ©;(X) = Hzy:¢] (X). - - - Iy,
¢3,(X).X be a constructor type. The rule set Re, is defined as the following set:

Uk=1...mTange(fk) j — .
<n@j7m7fl7--',fm> fle”t(ﬁ{(X)IHX o VK]/\ ¢ (1)

Fm €[5 CONf1, - - frn1][X 1= V]

where ne; is a code for ©;(X) and Vj is a large enough universe. For the generalized inductive type
uX.[01,...,0,], the corresponding rule set Rux.[é] is the union Uj—1.., Re,. The type uX.[01,...,0,]
can now be interpreted as the smallest Ru x.[6]75et 7z (Ru X.[é])' The eliminator for p.X. [é] can be defined
on the way the elements of Z(R, y [o]) are generated. For details, see loc.cit..

In order to give a recursive model of M Lg7, we need to explain how the interpretation of generalized
inductive types in SET can be carried out in PER.

Suppose A is a per and B : dom(A)—PER is a map such that for any m,n € A, mAn implies
B(m) = B(n). Two new pers are defined as follows:

©(A,B) = {{f,9)|¥(a,b)€A.(f-a)B(a)(g:D)},
o(A,B) ¥ {((a,b), (c,d)) | aAcAbB(a)d}.

In the PER interpretation, a context is interpreted as a per. A type I' = A is modeled by a function
[4] : dom([T'])—PER such that m[I']|n implies [A](m) = [A](n). The context I,z : A is interpreted
by o([T], [A]). [T F IIz:A.B] is the map 7mrp([A], [B]) that sends o€ [I'] to w([A](e, -), [B](a,-)).
See [17, 19] for more on PER models.

In PER the rule set that corresponds to R@j can be defined as Reg,, except that V, is replaced by
the ‘largest’ per wxw:

f Uk=1...mrange( fx) i
RG)]‘ déf i <ne_7’7m,f1,---,fm> fleﬂ )]][X _WXW]/\/\

$i(X
Fon €16 OO o fina ] X = ] @

In this definition, [¢7(X)][f1,- .-, fe—1][X = wxw] is just [¢L(X)][f1,-- ., fx—1] if X does not occur in
#7.(X); and in this case rcmge(fk) is the empty set. On the other hand if qu( ) does contain X, say
#7.(X) = Tlap: Kk1 - Mg, K3, .- X then

[EARS )]][flv---afk—l][X = WXw]
([[ ]][f17~.~7fk—1]7-.~, (II kmk]][fl,...7fk_1])w)<w)...).
def

Let R X.[6] = U= L nR@ RNX 6] is a rule set on w. So I(Ruxi[é]) is a subset of w. But we want a

per. Thls per P(Z(R ,.x.[6))) can be obtained as the least fixpoint of the following sequence:
o P is defined to be the initial per 0.
o potl &t Uj=1..n5; where S; is the following set:

<n@j,m,f1,...,fm>€I(R X.[6
((ne;,m, f1,.. ., fm), <n@j,m,g1,...,gm>€I(R
(ne;,m,g1,..ogm)) | fi{[¢](X)][X := P*}gi A--
fm{ﬂ()bgm(X)]][fh...,fmfl][X =P} gm

)A
)/\

Ql :}

Clearly, P> Ccpot! CI(Rux.[é]) ><I(RMX-[C:)])’



e For a limit ordinal 6§, P¢ o Uacs P<.
We can now interpret pX.[6] by P(Z (Ru x.(6])): Suppose we have the following derivation using the

introduction rule:

Ftr: ¢l (uX.[0)), -+ Ftm: @hlt, . s tme1/21, ..o, Tt ] (uX.[6])
Fintrof (t1, ..., tm) : pX.[O1,. .., O] ‘

By induction hypothesis, we have

[l € [SONX == PI(R,x 1))

[tnl € 65, CONL, - [tmorTIX = PER, 5 )

Then by the definition of P(Z(R,, (), (ne,,m,[t1], ..., [tm]) € P(Z(R,,x (5)))-

3.2 The Model

The purpose of this section is to construct a model M on the partial applicative structure (w,-). In
section 4 an interpretation of M L7 in M will be given. M consists of a countable set of names,
each of which is associated with a per on the set w of natural numbers, called its extension. As
our language £ has an infinite hierarchy of small universes, M must contain an infinite cumulative
recursive submodels Mg, M1, -+, M;,---. In each of the following definitions, one first postulates a
name, one then attaches a subset of w to the name, finally one defines an equivalence relation on the
subset. There are three kinds of judgements:

e Suppose My, ..., M;_1 have already been defined. M; = (I, m) means that (I,m) is a name
already defined in M;. The number [ classifies the names of a particular collection of per’s.

o M, [ ext(n) = S says that n names S, a subset of w.
e M; |E z = y€ext(n) means that x and y are equivalent in M.
M is inductively defined as follows:

1. Let My = (0,1), Mg = ext({0,1)) = w, and My | 2 = y€ext({0,1)) for all z,ycw. So (0,1)
names the terminal per.

2. If My = a and Va(My = z€ext(a) = My = d-z) and Vo, y(My = 2 = y€ext(a) = My |=
d-x = d-y), then d is said to be a family of names in My over a. For the definition of =, see 5
below.

3. Suppose b is a family of names in My over a. Let 7(a,b) def (1,a,b). Then define My = 7(a,b),

and My = neext(m(a,b)) iff

V(Mo = z€ext(a) = Moy = n-xzcext(b-z))A
Ve, y(Mo =z =y€ext(a) = My En-z =n-ycext(b-x))

and Moy = m =necext(n(a,b)) iff

Moy E meext(m(a, b)) AMy |E neext(m(a,b))A
V(Mo | z€ext(a) = Mo |E m-z =n-z€ext(b-z)).

L2 .-+, c" are names already

4. Let’s abbreviate (2,n, (ny,li,c'), -, (np, 1, c")) to ind, where c
defined. Define

My Eind, My E ext(ind) = P(Z(Rina))

where R;,q = Ukzl..ank,lk’C;cy R(m,lm is defined as follows (if m = ny, then intro is introg, a
code for the elements of ext(ind) of a particular form):

(dl)o = 1AMy ': t1 Eext((dl)

2

def Uicqr....mprange(ti, (Di-1, (@)1) Ad®)o = 1AM =ta Cext((d
Rima) = (intro,m,t1, -+, tm) m
ok A A(d™)o = 1A

Mo [ tm €ext((d™)1)

1)
)1)



where dl déf d, d2 déf (dl)g'tl, cee ,dm déf ( i ((d1)2~t1)2't2 . ')Q'tm_l and
range(t, 0, d) def 0,
(d)() = 1AMy )Z a1 Eea:t((d)l)/\
dof ((d)g'(ll)o = 1/\M0 ': a2€ezt(((d)2~a1)1)
range(t,l+1,d) = < tar--—ar | A A((-- ((d)2-a1)2-a2 - *)2:an-1)0 =1
Mo E arcext(((-- ((d)2-a1)z-az )2 a1-1)1)
/\(( .. ((d)z-al)z-ag o ')2'al—1)2'al = <0’ 1>

provided that My = t€ext(d). Notice that when [ = 0, t-ay - - - a; is just t. As the set of conclu-
sions of Ug—1..,mange(ng, c*) is closed, every element of ext(ind) is of the form (introy, ny, t1, -+, tn, )
for some ke{1,...,n}.

5. Mg Ea=0bif My E aand My |= b and Va(My = = € ext(a) & My = = € ext(d)) and
Ve, y(Mo |E z = y€ext(a) & My = = = y € ext(h)). So = is the extensional equality. This
completes our definition of M.

6. M; = (3,0), the name of the first universe. (M; = z€ext((3,0)) & Mo = x) and (M Ez =
yeext((3,0)) & Mo Ez =y).

7. Let My include M. Therefore we have intuitively My C M7 and Mge M.
8. We then close up Mj the same way we did to M.

9. Similarly, we can construct Ma, M3, ---. For instance let My = (3,1), M3 = (3,2),--- etc. This
completes the definition of M; for i€ w.

10. Let b be a family of names in M; over a. Then M k= ~(a, b) where y(a,b) def (4,a,b).

M= (P, et eext(y(a, b)) & M = P cext(a) AM = ¢! €ext(b-c),

M E (P, cN)=(d°, d")eext(v(a, b)) & M = "=dcext(a) \M | c'=d cext(b-c").
We say the length of v(a,b), len(y(a, b)), is 2.

11. Let v = v(---v(y(a1,a2),a3),...,a,). Suppose M = ~'. A family f of names over ', noted
M E f:+4'—(3,i), is an index of an n-ary recursive function such that if M = (c,...,¢" 1) €
ext(y') then M1 = f-(...,c" V) €ext((3,i)) and if M |= (,...,c" 1) = (d°...,d"" )€
ext(y"), then M1 = f-(c,...,c" ) = f-(d°...,d" 1) €ext((3,i)).

12. Suppose len(vy(a,b)) = n. M E f =g : v(a,b)— (3,4) iff M = f : v(a,b) — (3,4) and
M E g:v(a,b)—(3,i) and M = (..., c" 1) €ext(y(a,b)) = M1 | f-(0...,c"71) =
g (..., ") eext((3,4)).

13. Suppose M |- £ 7(a,D)—(3.3). Then M |=1(2(a), ) and len(s(1(0,0). 1)) I len(y(a: ) +

M (..., " M) eext(y(y(a,b), f))

s ME(D, ..., Deext(y(a, b)) AM; " cext(f-(,..., ")),
ME (L. ") =(d, ... d T dY) eext(y(vy(a,b), f))

s MECE,...,H=(,...,d" ") eext(v(a,b))
AM; =" =d"eext(f-(,..., " h)).

14. Suppose M = A : yv—(3,4). Then M |=a: y= A iff for any x €ext(y), a-z €ext(A-x). And
MEa=b:y= Aiff for any z€ext(y), a-x =b-xcext(A -x).

This completes our definition of M.



4

The Interpretation

The interpretation " : £L— M is defined inductively on the derivations of terms. A valid context is
interpreted by a name of the form ~(-,-). A sequent z; : Ay,...,2, : A, F a : A (or equivalently
just a) is interpreted as an (equivalence class of) n-ary recursive function. A type (under a context) is
modeled by either a name or the extension of a name depending on whether the type appears on the
left hand side or right hand side of ‘". We will write A for A when A is a long expression. We also
use Kleene’s notation Ax.t for an index of the function Ax.t.

Empty Context. The empty context is interpreted by (0, 1).

Context. By induction hypothesis, M = A : T—(3,4). Iz:AY ~(T, A).
Variable. x1 : Ay,...,z; @ A;,...,xn @ Ay F x; © A; is interpreted by the recursive function
Axq, ..., xh.2;.

Universe. T/y;ei def Axzg. - Axp_1.(3,1). Clearly Axg. - Az,_1.(3,i) is a family of names.
Cumulativity. This rule is valid because of the cumulativity of Mg, Mjq,....

Product. By induction hypotheses, M = A : —(3,i), and M = B : y(I', A)—(3,4). Suppose
=21 :Ay,...,2; : Ai,..., 2, : An. By s-m-n theorem, there is a total recursive function h
such that

B-(x1,...,Zn,) :h(é,xl,...,xn)-x.
For M = (a°,...,a"" ') € ext(D), h(B,aP,...,a" ") is a family of names over I' for if M; |=

acext(A-(a ... a" ")), M; E h(B,ad,..., a"')a = B-(a%...,a" ' a). The procedure
that sends a°,...,a" ! to 7(A(a",...,a" 1), h(B,a’ ..., a"" 1)) is obviously an n-ary recursive

function. Assign to (I' - Ilz:A.B : Type;) an index for that function.

Abstraction. By induction hypothesis, M |= M : v(I', A)=> B. Suppose len(I') = n. Again by
s-m-n theorem, there is a total recursive function ¢ such that

M-(z1,...,2n,2) :g(M,xh...,:En)-x.

Let A\z:A.M be this g. We need to show that M E AwAM : T = [z:A.B. By induction
hypothesis, M |= A: f—>§3,i), M= B : fy(f,A)—><3,i), M E= M : W(IA‘,A) — B. Suppose
M E (@ ...,a" 1) € ext('). For any a such that M |= a € ext(A-(a’,...,a" 1)), we have
A\AM-a = g(M,d°,....a" V) -a = M-(a°...,a" 1,a). But M; = M-(a°,...,a" ',a) €
ext(B-(a®,...,a""1,a)). It follows that M, = Az:A.M-a € ext(h(B,d®, ... ,a""1)-a) where h
is obtained in the previous case. The second condition in the definition of v can be similarly

verified. Therefore M |= Az AM : T =TIz:A.B.

—

Application. By induction hypotheses, M = M : ['— Iz:A.B and M EN:T=A. M-Nis

interpreted as Axq, ..., &n.(M-(z1,...,2))-(N-(21,...,2,)).
Transitivity. This rule is obviously valid in the model.

Formation. By induction hypothesis, M | (:)7C : 'y(f‘, Azg, ..., xp-1.(3,7)) — (3,4). Because
M1 E(0,1) €ext((3,4)), Miy1 = Or-(a%...,a",(0,1)) €ext((3,4)) for M |= (a°,...,a" ")

€ext(I'). We assign to fi(qo,... 41y the number

—

(2,1, (n1,11,01-(a°,...,a" 1, (0, 1)), ., (N, by O (@, ... ,a™ 1, (0, 1)),

where [; = (I},... 1) for i € {1,...,n}. Here for o € {1,...,n;}, [2 is ¢ + 1 if ¢;,(X) is the
type Ilz1:K; - - - Tlz4:K¢. X and is 0 if ¢;,(X) does not contain X. So i is Az1,..., Tnfi(z,,... 2.)-

Introduction. We have already explained how the terms of introduction form should be inter-
preted.



e Elimination and Computation. By induction hypothesis, for any k € {1,...,n} and any M =
(a®,...,a" ) eext(l),

gk(xvy) = fk(aov"'van_lﬂ(x)Qw"7(x)nk+1»¢/log\k1[(x)2v~"7(x)k1]'(y)'(x)lirla
O (@2 @k, ]+ () - (@) 41)

is a recursive function. By Church’s thesis, the following function

gi(z,y); if (x)o = introiA(z)1 = ny
qef | 92(m,9); if  (w)o =introaA(z)1 = na
f(ao"”,anfl)(x,y) = .

gn(:z:,y); Zf (z)O = Z"’Ltron/\(x)l =MNn

is a recursive function. Besides there is a Turing machine that takes gi-th, go-th,...and g,-
th Turing machines and constructs the fio . n-1)-th Turing machine. To see that, one no-
tices that all such a machine has to do is to plug the g;-th, go-th,...and g,-th Turing ma-
chines into appropriate places in a machine that computes a branching programme; then it
imitates a universal Turing machine and starts generating (n + 2)-ary Turing machine; upon
generating the i-th machine, it compares it to the composed one token by token; when it
recognizes the m-th machine, it returns m and stops. By recursion theorem, there is (an in-
dex of) a recursive function 7o, on-1)(f(qo,.. an-1)) such that 7o, on-1)(fao,. an-1)) T =~
f(a”,...,a"*l)(z7T(ao,.“,anfl)(f(ao,.‘.,anfl))) where f =g iff (.f T Ag T) or (f l<:> g l«)/\(f l:> f = g)
Interpret rec,(f1,..., fn) by Ax1,..., 20"y 20 (far,...2,)) Now we have to argue that

MEAz1, .ty (Fanen) f‘:>Hz:,u.P#(z).

Given M = (a,...,a" V) eext(T),
(Axla B 7xn~r(z1,...,xn,)(f(zl,...,xn)))'(aov v ,an—l)
= r(ao,...,a"'*l)(f(ao,.“,a"*l))'

For any M = t€ext(fi(qo,... on-1y), t must be of the form

<Z"I’Lt7“0k, ng, tk:1> e 7tknk>
for some k€{1,...,n}. Then

T(ao,...,a"*l)(f(ao,...,a"*l))t

>~ flao,..an=1) (67 (@0, . an=1) (f(a0,....an-1)))
- fk(ao""’an_l’t“""7tknkv¢zk1[tk1w-~7tkkl—l](r(aO,...,avH)
(f(a",.“,anfl)))tkl yeey
(/52,% (ki oo tek,—1](T(a0,....an—1) (fla0,....an—1)))tk,)
where by definition @3, [tk1, .., trk, —1](7(a0,...an—1)(fa0,... an—1)))tk, 18, say

A[El, e ,l‘m.’l”(ao ’’’’’ an71)(f(a0 ’’’’’ an71))(tk-k1$1 s l‘m).

We are reduced to show that 7,0, on-1)(fao,. an-1))(tkk; 21 - Tm) etc. are the right kind of
functions. But this is the induction principle associated with the definition of the corresponding
rule set.

e Finally, let’s explain how substitution is interpreted. Suppose I' W N : A and T, T AF M :
B. Then I' = M[N/x] : B[N/z] is interpreted by M |= M o (zd N) I‘ = B[N/x] where

M o (id, N} is the n-ary recursive function such that if M = (a°...,a" ') € ext(I"), then
(M o (id, N))-(a®,... ,a™1) :M-(a0,~--,a" UN-(a%...,a" 1)) Slmllarly,F}—B[N/x] :
Type; is mterpreted by M = Bo (id,N) : T = (3,i) such that (Bo (id,N))-(a ...,a"" 1) =
B-(d,...,a" ', N-(a° ... ,a"" 1)). Notice that M = M-(a°,...,a"" N~(a0,...,a”*1))€
emt(B~(a0,... n=1 N. ( ,a"1))) follows from M = M : v(f A) B



This completes the definition of the interpretation. Let us consider the -rule:

Nx:AF-M:B I'EN:A
' (A:A.M)-N = M[n/x] : B[N/x] ~

By definition Az AM X g where g is obtamed from s-m-n theorem such that 1f M (a®...,a" ") e
ext(D'), then (g -(ao,. ) (v ( ,am” 1)) =M-(a...,a" "\ N-(a® ... ,a"" 1)) But M-
(@®,...,a"" 1, N-(a® ,an h) = [N/x]( ..,a"" 1) and (g-(a 0,...,a” 1))-(N-(a0,...,a"_1))=

(A:A.M)-N)-(a 0,...,@” h.
Now we explain why the interpretation is sound with respect to the n-rule:

'k f:1llz:A.B
't f=Av:A.fx:le:A.B ~

By induction hypothesis, M | f : I = Iz:A.B. From f one can effectively obtain an (n+1)-ary
recursive function f/ such that for M = (a%,...,a" ') € ext(l'), M; |= a" € ext(A-(a°, ..., a" 1)),
fr(a®,...,a" "t a") = f-(a°...,a""'). Here f’ is the denotation of ',z : A+ f : Ha:.A.B. We also
have M = & : fy(f,fl) — A. By definition, \z:A.fz is interpreted by an n-ary recursive function g
such that
(f-@®,....a" " a™)-(&-(a°,...,a" " a™) = (g-(a, ..., a" " 1))-a".

But the left hand side of the above equation is equal to (f-(a° a"1))-a" by definition. It

follows that

M g-(a®,...,a" ) = f-(a%...,a" Y eat((IzA.B) - (a, ..., a"1)).

Therefore M =g = f : [ —TIzA.B.

5 Positivity Need Not be Strict

If X : Type; - ¢(X) : Type; and ¢(X) is positive (instead of strictly positive), the definition of Py
and f¢ remains virtually unchanged.

o If $(X) = X, then Pya) & Py and ¢°(f) ' 1.
o If p(X) =Mx:Ky. - Mz, K, X, then

P¢(A) éf )\Zd)(A)leKl[A/X]meKm[A/X]PA(ZfE1$m),
o°(f) = Azop(A) Az Kq[A/X]. - Arp: K [A) X f(zz1 - - Tn)-

One is tempted to relax the strict positivity condition in the definition of generalized inductive types.
This is reinforced by the fact that what we have given is a sound interpretation of this more liberal
inductive types. Let’s first see an example. Suppose ©1(X) = IIz:¢(X). X, O2(X) = X and ¢(X) =
ITy:X — A.X. Some of the rules concerned with ;X.[©1,04] are

b (um A)— g
Fl:ip Fintro(t) : p

FP:pu—Type; F fo:P(L)
z:(p—A)—p,y: Mzp— A.P(zz) F fi : P(intro(x))
Frec(fo, f1)(L) = fo: P(L)
FP:u—Type; Ft:(u—A)—pu F fo:P(L)
z: (p—A)—p,y: Mzp— A.P(xzz) b f1: P(intro(x))
F rec(fo, f1)(intro(t)) = f1(t, A\zzu— A.rec(fo, f1)(tz)) : P(intro(t))

6 General Inductive Types
As we have observed in the last section, Py4) and ¢°(f) are well-defined as long as ¢(X) is of the form

Hz:Ky. -y, K, . X We will call general inductive types those defined in section 2 by dropping the
strictness condition on positivity.
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Definition 6.1 Suppose I'; X : Type;, b ¢(X) : Type;. (i) If ¢(X) does not contain X, then it is
both positive and negative with respect to X. (ii) If ¢(X) = X, then it is positive with respect to
X. (i) If p(X) = Ma:G.H and X is positive in H and negative in G, then X is positive in ¢(X).
() If $(X) = z:G.H and X is positive in G and negative in H, then X is negative in $(X). A
general constructor type ©(X) is a type of the form Ixq1:d1(X). - - Tap:dm (X).X such that for each
ke {1,...,m}, either ¢i,(X) does not contain X or ¢p(X) = Mak : Kk (X). - Uagm, : Kim,, (X).X
with Ki1(X), ..., Kgm, (X) being negative with respect to X.

General inductive types are defined similarly as the generalized inductive types except that constructor
types are replaced by general constructor types.
Some questions naturally arise:

1. Is this extra generality useful?

2. Is the meta theory of the these types anything different from that of the generalized inductive
types?

3. What is the model theoretical justification?

We do not have sufficient information to answer question 1. Recently Martin Hofmann'® discovered a
programme which makes use of a non-strictly positive datatype. In Martin Abadi?, it is shown how
Scott numerals can be typed as terms of a polymorphic type which codes up a non-strict covariant
functor. We need more substantial examples.

In this section we give an answer to question 3. We do this by showing that the interpretation we
have given is also an interpretation of the general inductive types.

By examination, the definitions of both the model and the interpretation remain unchanged. The
only places where one has to be careful are in the definition of rule set and in the interpretation of
terms of introduction form. First, the definition of the rule set Ru X.[6] is unchanged. To see this,

notice that in (2) f1,..., fm are all natural numbers. It follows that Ru x.(6) does define a rule set on

w. The situation is in contrast to that in SET. In (1), if ¢ (X) is positive but not strictly positive with
respect to X then f; may not be in V,,. When that is the case, (ng,,m, f1,..., fm) is not in V,; and we
conclude that (1) does not define a rule set on V. Secondly we need to show that the following holds:

[#1(X)][X =P
= (A (O] =P,

[[(bf}l(X)]][fl,---,fm—l][X = P]
= (6. (XOMfr, -y frnma][X =P

We now show that positivity condition is enough to guarantee (3).

Proposition 6.2 Suppose X : Type; b ¢(X) : Type; and A <X B. Then the following hold: (i)
[o(X)]x:=a =X [o(X)]x.= if ¢(X) is positive with respect to X; and dually (i) [¢(X)]x.=p =
[p(X)]x:=a if X is negative in ¢(X). Here [¢p(X)]x.=a is the denotation of ¢(X) in PER with X
being interpreted as A.

Proof: First let’s mention that a judgement x : G + H : Type; is interpreted as a function [H] :
dom([G]) —PER, where [G] is a per (the denotation of G), such that if m[G]n then [H](m) =
[H](n). A term z : G -t : H is interpreted as a recursive function [t] such that m[G]n implies
[t] - m{[H](m)}[¢t] - n. The context = : G,y : H is interpreted as the per [z : G,y : H] such that
m[z : G,y : H]n if and only if (m)o[G](n)o and (m)1{[H]((m)o)}(n);.

We now state and prove a result more general than the proposition:

Suppose X : Type;, x1 : K1,...,x, : K F K : Type;. The for any
medom([zy : K1,...,2n : Kp]x.=a) Ndom([z1 : K1, ..., 2y : Ku]x.=B),

{[K]x:=a}(m) =2 (=){[K]x:=5}(m) if K is positive (negative) with respect to X.

1Electronic forum Types, 18 Feb. 1993.
2Electronic forum Types, 22 Feb. 1993.

11



This is proved by induction on the structure of K.
e K is either X or does not contain X. Trivial.

e K is positive and K = I[lx:G.H. Then G is negative and H positive. Because X : Type,x1 :
Ki,...,zn: K, - G : Type and the induction hypothesis, for any

medom([zy : K1,...,xn: Kp]x.=a) Ndom([z1 : K1, ..., 2y : Ku]x.=B),

{[Glx.=a}(m) = {[G]x.=p}(m). Andfor l€{[G]x=p}(m), {[H]x.=a}(m,l) = {[H]x.=p}(m,])
by induction hypothesis. It follows that {[IIz:G.H]x.—=4}(m) =< {[llz:G.H] x.=p }(m).

e The dual to the above case is proved similarly.
The proposition is the special case when n = 0. O
Corollary 6.3 The inclusion (3) holds in the case of general inductive types.

It is worth remarking that the classical set theoretical model can not be extended to that of the
general inductive types. The reason is that the k-continuous functors are no longer available. The
interpretation using rule sets ([11]) also breaks down, as we have already seen, because the negativity
makes it impossible to give an inductive definition ([27]). As a consequence, the w-SET model of the
generalized inductive types given in [15] can not be modified to interpret general inductive types in
the Calculus of Constructions.

7 Discussion

In view of the computational nature of inductive types, the result of this paper should not be surprising.
Our interpretation of general inductive types shows that these types are as computational as the
inductive ones. The questions about them are to do with pragmatics.

Unlike the interpretation of inductive types in SET, the requirement for set theory in our model is
very preliminary . The underlying rule sets can be obtained as the least fixed points of some sequences,
using the pleasant fact that wxw is an upper bound, thus avoiding the apparent impredicativity in
definition 3.2. Besides the lengths of these sequences are bounded by R;. So the constructions of the
rule sets happen in a fixed yet very small universe.

A question remains unanswered is that to what extent the result can be formulated in the language
of category theory. There are at least two possible ways to look at the question: one is to use the
notion of T-algebras; the other is to employ Mendler’s categorical definition of recursions ([25]). The
analysis in [15] suggests that neither can be tackled in a simple-minded way.
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