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Error Estimation of Perturbations Under CRI

Guosheng Cheng and Yuxi Fu

Abstract—The analysis of stability and robustness of fuzzy rea-
soning is an important issue in areas like intelligent systems and
fuzzy control. An interesting aspect is to what extent the pertur-
bation of input in a fuzzy reasoning scheme causes the oscillation
of the output. In particular, when the error limits (restrictions)
of the input values are given, what the error limits of the output
values are. In this correspondence, we estimate the upper and lower
bounds of the output error affected by the perturbation parame-
ters of the input, and obtain the limits of the output values when
the input values range over some interval in many fuzzy reasoning
schemes under compositional rule of fuzzy inference (CRI).

Index Terms—Error estimation, fuzzy reasoning, fuzzy set, in-
terval perturbation, simple perturbation.

1. INTRODUCTION

INCE Zadeh’s compositional rule of fuzzy inference

[1] (CRI) was proposed, many other methods of fuzzy
reasoning have been known [2]-[10]. Applications of these
fuzzy reasoning techniques have been successful in various
areas, especially in fuzzy control [11]. When fuzzy reasoning
is applied, the stability and robustness of the fuzzy reasoning
becomes one of the prominent problems. The fuzzy controllers
are available to transform human expertise and subjectivity to
quantitative terms, so the deviation of human expertise from
its corresponding quantitative representations gives rise to the
problem of the stability of fuzzy controllers [11]. The corre-
sponding problem in fuzzy reasoning is the variance of output
caused by perturbations of input. Here, the analysis of the
stability of a fuzzy reasoning scheme consists of two aspects:
One is how the output values of the scheme are changed by the
perturbation parameters of input values. The other is how to
estimate corresponding limits of output values of the scheme
when oscillation limits of input values are given.

For the first question, many researchers have provided their
answers [12]-[15]. Their approaches to perturbations of input
are based on some proximity of fuzzy sets, using proximity mea-
sure in [12], or a-similarity measure in [13], or maximum e per-
turbation in [14], or §-equality in [15]. In a sense, the problem of
stability of fuzzy reasoning has been well studied. However, the
effects of the perturbation parameters of the input in fuzzy rea-
soning schemes still call for investigation. For one thing, when a
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sequence of the perturbations of the input for a fuzzy reasoning
scheme has an asymptotic limit, it is obvious that the corre-
sponding sequence of the output cannot be precisely demon-
strated in the above approaches.

The correspondence is structured as follows: After intro-
ducing the concepts of the simple perturbation and the interval
perturbation of the fuzzy sets, we obtain an estimation of the
upper and the lower bounds of the output error affected by the
simple perturbation of the input under CRI. The stability of
fuzzy reasoning schemes is characterized. Also the asymptotic
performance in fuzzy reasoning schemes is exhibited. Next we
investigate interval perturbation of input in fuzzy reasoning and
get the interval estimation of fuzzy sets inferred from CRI with
some abstract implication operators and conjunction operators.
Some final remarks are made in Section V.

II. PRELIMINARIES

The basic form of the CRI methods is as follows:

Antecedent: Ifx is A, theny is B
Fact : x is S
Conclusion:  y is C(4, B; S)

where A, S are fuzzy sets on U and B, C(A, B; S) are fuzzy
sets on V usually defined as

C(A, B; S)(y) = sup(S(2)©(A(z) — B(y)).

zelU

In the previous definition (©) is some conjunction operator,
and — is an implication operator. The pair (©), —) is called
a scheme of fuzzy reasoning. The ordered triad (A, B, S) is
called an input and C'(A, B; S) an output of fuzzy reasoning.
Usually (©) is either min, or product, or a Lukasiewicz conjunc-
tion operator (i.e., a©b =0V (a + b — 1), a, b € [0,1]), or
a t-norm (X) or a t-conorm P.

A. Some Notions

The t-norms ), ¢t-conorms €P, and the fuzzy complemen-
tary operations in [0, 1] will be fundamental for the present cor-
respondence. A function () : [0,1] x [0,1] — [0,1] is called
t-norm if and only if

1) & is nondecreasing in each argument;

2) ) is commutative;

3) ) is associative;

4) @ has 1 as unit.
A function & : [0, 1] x [0, 1] — [0, 1] is called ¢-conorm if and
only if € satisfies 1)-3), as well as 4’) given as follows:
4"y P has 0 as unit.
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A function n : [0, 1] — [0, 1] is called fuzzy complement if and
only if

1) n(0) = 1, n(1) = 0;

2) m is nonincreasing.

In this correspondence the implication operator — will stand
for one of the following, where a,b € [0, 1]:

* Mamdani: a — b =a Ab;

¢ Kleene-Dienes: a — b= (1 —a) V b;

* Lukasiewicz:a — b= (1 —a+b) A 1;

e Reichenbach:a — b =1— a + ab;

e Zadeh:a — b= (1—a)V (aAb);

e Iyin[l6l:a—b=(aAb)V(1—=a)Ab)V((1—a)A

(1=15));

o S-implications: a — b = n(a) P b, where n is a fuzzy

complement, € is a t-conorm;

* R-implications: a — b = sup{a € [0,1]jJa @ a < b},

where ) is a t-norm;

* QL-implications: ¢ — b = n(a)P (a@b), where

(), P, n) is required to be a de Morgan triplet;

* t¢-norm implications: a — b = a @ b.

Now, we introduce the concepts of simple perturbation, in-
terval perturbation of a fuzzy set and stability of a fuzzy rea-
soning scheme.

Definition 1: Let U be a universe of discourse, A and B two
fuzzy sets defined on U. If there exists a mapping p: U —
[—1,1], such that for all z € U, B(z) = A(z) + p(z), then
B is called a simple perturbation of A and p is a factor of the
perturbation of A.

The following definition will use the concept of fuzzy in-
terval. If a;, g are two fuzzy sets on U, and for all z € U,
a1 (z) < as(x), then [ay, as] is called a fuzzy interval on U.

Definition 2: Let [a, a2] be a fuzzy interval on U, A a fuzzy
setonU. Ifforall z € U, a1(z) < A(x) < as(x), then A has
an interval perturbation [, ae] on U, written A € [ay, as].

Definition 3: Let A and S be fuzzy sets on U, B a fuzzy set
on V. Suppose A’, B’ and S’ are perturbations of A, B and
S with factor pq, p2 and ps, respectively. A fuzzy reasoning
scheme ((©, —) is said to be stable if, given € > 0, there exists
6 > 0 such that |C(A’, B’; S")(y) — C(A, B; S)(y)| < eonV
whenever |p1(z)]| < 6, |p2(y)] < 6 and |ps(x)| < 6.

A perturbation sequence {(4.,B.,S.)} of an
input (A, B, S) with a corresponding sequence
{p1n (@), p2n(y), p3n(x)} of factors in some fuzzy reasoning
scheme is said to be (asymptotic) stable if, given ¢ > 0,
there exist some natural number ng, and 6 > 0 such that
|C(AL, BL;Si)(y)—C(A, B; S)(y)| < eonV foralln > ng,
1(0)] < 6, p2a(y)] < 6, and |pga ()] < 5.

Definition 4: Let A € [ay, as], S € [7y1,72] be fuzzy sets on
U, B € |1, 2] a fuzzy set on V. A fuzzy reasoning scheme
(©, —) is said to be stable if, given € > 0, there exist a fuzzy
interval [A1,A\2] on V and 6 > 0, such that for each y € V,
A2(y) — M(y) < e and C(A, B;S) € [A1, 2] whenever
az(z) —an(z) <6, Pa(y)—Pi(y) < 0,and vz (x) —y1(z) < 6.

B. Related Work

1) Pappis’ Work: Pappis introduced the approximately equal
of two fuzzy sets on U in [12], i.e., let A; and A5 be fuzzy sets
on U, if

sup |[A1(z) — Ax(z)| < e
zeU
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then A; and A, are said to be approximately equal, denoted by
A; = Aj. € is said to be a proximity measure of A; and A,.
The Pappis’ result is as follows.

Let A, A; and A be fuzzy setson U, and R, R; and R, fuzzy
relations from U to V. Then

e A} = A implies A; o R = As o R;

e Ry = Ry implies Ao R; = Ao Ry;
where o is the max—min composition.

We see that this result actually addresses the stability of
some fuzzy reasoning schemes when A, B, and S of the input
(A, B; S) are perturbed, respectively.

2) Hong and Hwang’s Work: Hong and Hwang defined the
a-similarity of two fuzzy sets on U in [13], i.e., let A; and A,
be fuzzy sets on U, if

1 —sup |A1(z) — Ax(z)| > «,
zeU

a €1]0,1]

then A; and A, are said to be a-similar, denoted by A; =, As.

Hong and Hwang generalized the Pappis’ result to be the
following.

Let A; and A, be fuzzy sets on U, and R; and Ro fuzzy
relations from U to V. If A; ~, As and Ry ~, R-, then
A1 ORl o AQ o RQ.

By means of this result, the stability of some fuzzy reasoning
schemes is obtained when A, B, and S of the input (A, B; S)
are all perturbed.

3) Ying’s Work: Ying introduced the concept of maximum
perturbation of fuzzy set in [14] as follows.

Let A; and A, be fuzzy sets on U and € € [0, 1]. If for each
x € U, |A1(x) — Az(x)| < e, then A; is called a maximum e
perturbation of A;.

One of the main results in [14] was to obtain the maximum
perturbation C( Az, By; Sa) of the output C(Aq, By; S1) when
all of Ay, By and S; of the input (A1, By, S1) have the € max-
imum perturbations. See [14] for more details.

Evidently, the stability of some fuzzy reasoning schemes may
be precisely characterized by the Ying’s result.

4) Cai’s Work: Cai used the term “d-equality” in [15] as
follows.

Let A; and A, be fuzzy sets on U. Then, A; and A, are said
to be 6-equal, if sup, ¢y [A1(z) — Ao(z)| <1—-6,6 €[0,1].

Cai investigated 6-equalities for some implication operators,
t-conorm, fuzzy relations and generalized modus pollens in
[15].

The stability and instability of some fuzzy reasoning schemes
are easily addressed by the Cai’s results.

C. Two Lemmas

Lemma 1 can be easily established.

Lemma 1: Let f and g be bounded, real-valued functions de-
finedon U (or V), A and B fuzzy sets on U. Then, the following
properties hold:

D) fVg=max{f.g} = (f +9)/2+]|f —g/2

2) fAg=min{f.g} = (F+9)/2— |F - gl/2:

3) —|f =gl < IfI=lgl < |f —gl;

4) infa:eU A(:E) + infmGU B(.’IZ) < infa:eU (A(:E) + B(J,’)),

5) sup,ep(A(x) + B(x)) < sup,ep A(x) + sup,ep B(x);

6) sup,cpA(z) = —infcpy(—A(2));

7) infocp(A(z) A B(x)) = infyep A(z) A infacp B(x),
infrey(A(z) V B(z)) > inf,cpy A(x) Vinf,.cpy B(z);



CHENG AND FU: ERROR ESTIMATION OF PERTURBATIONS UNDER CRI

8) sup,cp(A(z) A B(z)) < sup,epA(z) A sup,cpyB(z),
Sup ey (A(r) V B(x)) = sup, e A(x) V sup,cp B(x).

If some implication operators are perturbed, one gets the
following.

Lemma 2: Let A be a fuzzy set on U, B a fuzzy set on V.
p1, and po are factors of perturbation of A and B, respectively.
Let Al(x, y) stand for ((A(z) + p1(z)) — (B(y) + p2(y))) —
(A(z) — B(y)). Then, the following inequalities hold.

1) If — is Mamdani implication, then

p1(z) A p2(y) < Al(z,y) < p1(z) V p2(y).

2) If — is Kleene—Dienes implication, then

(=p1(®)) A p2(y) < Al(z,y) < (=pi(x)) V p2(y).
3) If — is Lukasiewicz implication, then
(=DV (0 A (p2(y) = p1(z))) < Al(z,y)
STAOV (p2(y) — p1(2))).
4) If — is Reichenbach implication, then
(=DV(0OAp2(y) =0V pi(z)) < Al(z,y)
<IA(0V p2(y) — 0 A pi(z)).
5) If — is Zadeh implication, then
(=p1(@))A p1(2) A p2(y) < Al(z,y)
<(=p1(z)) V p1(2) V p2(y).
6) If — is 14 in [16], then
pr(z)A p2(y) A (=p1(z) V p2(y))
<AI(z,y) < pi(x)
Vp2(y) V (=p1(w) A p2(y))-

Proof: We only prove 5). The proofs of the other cases are
similar. For x € U, y € V, one has, by 2) of Lemma 1, that

(A(z) + p1(z)) A (B(y) + p2(y))
_ A@) +pi(z) + B(y) + p2(y)

2
A=) + p1(2) = (B(y) + p2(y))]
2
_ p1(z) + p2(y)
2
3 (IA(fB) + p1(@) = (B(y) + p2(y))|
2
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+ A(x) A B(y).
Again by 3) of Lemma 1, one has that

(A(z) + p1(2))A (B(y) + p2(y))
< p1(x) + p2(y)
- 2

. Ip(x)Z;p(y)I + A(z) A B(y)

= pl(aj) Vv pz(y) + A(IC) A B(’U)
and that

(A(@) + p1(2))A (B(y) + p2(y))
pi(z) +p2(y)  |pi(z) — p2(y)|
2 2
+ A(x) A B(y)
= p1(z) A p2(y) + A(z) A B(y).
Therefore by 1)-3) of Lemma 1, one has the equation shown
at the bottom of the page, and that

(1= A(z) = pr(2)V ((A(z) + p1(2)) A (B(y) + p2(y)))
Az) = pr(x))

vV

>(1-
V(p1(w) A p2(y) + A(z) A B(y))
> (=p1(x)) A pr(z) A p2(y)
+ (1= A(z)) V (A(z) A B(y))-
It follows that
(=p1(2)) A p1(z) A pa(y) < Al(z,y)
< (=p1(x)) V p1(z) V pa(y).

III. SIMPLE PERTURBATION

In this section, when the input values are simply perturbed,
we estimate the upper and lower bounds of the output values in

)
(p1() V p2(y) + Alx) A

B(y))

1 — A(x) = pr(2) + pi(2) V pa(y) + A(2) A B(y)

| 11— 4@)

—pi(z) -

2

(p1(z) V p2(y) + A(z) A B(y))|

2

< (=pa(2)) V pu(e) V p2(y) + (1 = A(2)) V (A(z) A B(y))
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fuzzy reasoning according to some choice of conjunction and
implication operators.

Let A(y) be C(A’,B';8")(y) — C(A,B;S)(y), where
A'(z) = A(z)+p1(z) and S’ (z) = S(z)+p3(z) are the pertur-
bations of fuzzy sets A and S on U, and B’(y) = B(y) + p2(y)
is the perturbation of the fuzzy set B on V. For simplicity,

we denote sup,cy pi(2), infocr pi(z), sup,epps(z), and
infreyps(x) by sp1, ip1, sps and ips, respectively.

The next three theorems describe the main results.

Theorem 1: Let A and S be fuzzy sets on U, and B a fuzzy
seton V. Suppose A’, B’ and S’ are perturbations of A, B and
S with factors p1, p2 and p3, respectively. If (© is min then the
following properties hold.

1) If — is Mamdani implication, then

ip1 A p2(y) Nips < A(y) < sp1V pa(y) V sps.

2) If — is Kleene—Dienes implication, then

(=sp1) A p2(y) Nips < A(y) < (—ip1) V p2(y) V sps.

3) If — is Lukasiewiz implication, then
(=DV (O A (p2(y) — sp1) ANips)
<A(y) STA(OV (p2(y) —ip1) V sp3).
4) If — is Reichenbach implication, then
(=1)V (ip3 A (0 A pa(y) — 0V sp1))
<A(y) 1A (sp3V (0Vpa(y) — 0 Aipr)).
5) If — is Zadeh implication, then
(=sp1)Aip1 A pa(y) Aips
< A(y) < (=ip1) VsprV pa(y) V sps.
6) If — is I in [16], then
ipA p2(y) Nips A (=sp1V pa(y))
<A(y) < sp1Vopa(y) Vsps V (=ip1 A pa(y))-
7) If — is Zadeh implication, then
(=sp1)Nipy A p2(y) Nips
SA(y) < (=ip1) Vsp1 V pa(y) V sps.

Proof: We only provide the proof of 3). The proofs of the
other cases are similar. By 4)-6) of Lemma 1, one obtains that

Aly) 2 inf ((S() + ps())

A ((Az) + () = (B(y) + p2(y)))
= S(x) A (A(z) — B(y)))

and
A(y) < sup((S(z) + p3())

zeU
A ((A(x) + pr(2)) — (B(y) + p2(y)))
— S(z) A (A(z) — B(y)))-
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By 3) of Lemma 2, one has

(S(z) + p3(x))A ((A(@) + p1(z)) — (B(y) + p2(y)))
= 5(z) A (A(z) — B(y))
<(5(z) + p3())
A0V (p2(y) — p1

(z)) + A(z) — B(y))

— S(z) A (A(z) — B(y))
<0V (p2(y) — p1(z)) V ps()
and
(S(z) + p3(z))A (A(z) + p1(z)) — (B(y) + p2(y)))
— S(z) A (A(z) — B(y))

> (S(z) + p3(x)) A (0
+A( ) = B(y))
S(x) A (A(z) — B(y))

>0/\( 2(y) = pr()) A p3 ().

Obviously, —1 < A(y) < 1. We are done by applying (7)
and (8) of Lemma. [ |

When (© is product, we have the following results.

Theorem 2: Let (©) be product. The other conditions are the
same as in Theorem 1. Then, the following inequalities hold.

1) If — is Mamdani implication, then

(p2(y) — p1(7))

(=1)V (0 Aip1 A pa(y) + 0 Aips)
<A(y) STA(0Vsp1Vpa(y) +0V sps).

2) If — is Kleene—Dienes implication, then
(=1)V (0 A (=sp1) A paly) + 0 A ipg)
<A(y) STAOV (=ip1) V p2(y) + 0V sp3).
3) If — is Lukasiewiz implication, then
(=)V (0O A (p2(y) — sp1) + 0 Aip3)
<A(y) STA(0V (p2(y) —ip1) + 0 A sp3).
4) If — is Reichenbach implication, then
(=1)V(0OA (=sp1) + 0 A p2(y) + 0 A p3)
<Ay) KTAOV (=ip1) +0V p2(y) + 0V sp3).
5) If — is Zadeh implication, then
(=1)V(0OA (=sp1) Aip1 A pa(y) + 0 Aips)
SA(y) STA(0V (=ip1) Vspr Vpa(y) +0V sp3).
6) If — is I, as defined in [16], then

(=DV (O Aip1 A p2(y) A(=sp1V pa(y)) + 0 Aips)
<Ay) <1
A0V sp1Vpa(y) v
Proof: We only give the proof of 2). To start with, one has
by 2) of Lemma 2 that

(S(2) + p3(@))((A(2) + pr()) = (B(y) + p2(y)))
= (S(#) + p3(2))((1 = A(x) = pa(2)) V (B(y) + p2(y)))

(—ip1 A p2(y)) + 0V sp3).
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Aly) <OV (—ip1) V p2(y) +0V sp3

and A(y) < 1. Therefore

Ay) SIA(0V (—ip1) V pa(y) + 0V sps3).

The rest of the proof of is similar. [ |

If © is the Lukasiewicz conjunction, then we have the fol-
lowing result.

Theorem 3: Let (© be Lukasiewicz conjunction. The other
conditions are the same as in Theorem 1. Then, the following
properties hold.

1) If — is Mamdani implication, then

(=1)V (0 A (ip1 A p2(y) +ip3))
SA(y) STAOV (sprV p2(y) + sp3)).

2) If — is Kleene—Dienes implication, then

(=1)V(0OA ((=sp1) A p2(y) +ip3))
SA(Y) STAOV ((=ip1) V pa(y) + 5p3))-

3) If — is Lukasiewiz implication, then

(=1)V(OA(0OA (p2(y) — sp1) +ip3))
<A(y) STAOV 0V ((p2(y) —ip1) + sp3)))-

4) If — is Reichenbach implication, then

(=1)V(=0Vsp1 +0A pa(y) + 0 Aip3)
SA(y) STA(=0Aip1 +0V pa(y) + 0V sp3).

5) If — is Zadeh implication, then

(=1)V (0O A (ip1 A p2(y) A (=sp1) +ip3))
<A(y) STA(OV (sp1Vpa(y) V (=ip1) + sp3)).
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6) If — is 14 as defined in [16], then

(=DV (0 A (ip1 A p2(y) A (=sp1 V p2(y)) +ips))
<A(y) <1

A0V (sp1V pa(y) V (—ip1 A p2(y)) + sps)).

Proof: Now, we only verify that 4) holds. Since the equa-
tion shown at the bottom of the page holds, one has

A(y) < sup{0V p3(z)

zeU
— (1= B(y))p1(w) + (A(z) + p1(2))p2(y)}
<—0Aip1 +0Vpa(y) +0V sps.

It is clear that A(y) < 1. Thus

A(y) STA(=0Aip +0V pa(y) +0V sp3).

We omit the details of the rest of the proof of 4) because of
similarity.

The proofs of the other assertions are similar. ]

Let A, S be fuzzy sets on U, B a fuzzy set on V. Sup-
pose that there exists a perturbation sequence {(A.,, B}, S/}
of an input (A, B, S) with a corresponding sequence
{p1n(x), p2n(y), p3n(x)} of factors in some fuzzy reasoning
scheme. If p1,,(x), pan(y), p3n(z) satisfy

lim sup |pgn(z)| =0, wherek =1 or3

lim sup |p2n(y)| =0.

n—00 Y

Then, by previous theorems, we have

lim C(A,, B, 5,)(y) = C(A, B; S)(y).

n— o0

On the other hand, if there are a small positive real number e,
and mappings 0y (z) : U — [—1,1] for k = 1,3 or O2(y) :
V' — [—1,1] such that pi(x) = efr(x), where k = 1,3, and
p2(y) = €ba(y), then

lim (4, B'; 8)(y) = C(A, B; 9)(y).

(S(@) + p3(2))©O((A(z) + p1(2)) — (B(y)

=0V (S(z)+ps(z) +1—(A(z)

_ <S(x) +p3(2) +1 = A@) = pa(e)
2

1S(2) + ps(z) +1 = A(z) = pa(x) + (A(2) + p1(2))(B(Y) + p2(y))

+

<0V (ps(x) = (1= B(y))p1(z) + (A(x)

+ 5(2)©(A(r) — B(y))

2
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Now it is clear that the aformentioned fuzzy reasoning schemes
using Zadeh’s CRI methods are stable. Their asymptotic perfor-
mance has been demonstrated.

IV. INTERVAL PERTURBATION

In this section, C(A, B; S)(y) = sup,cy(S(z)©(A(z) —
B(y)), where (© is some ¢-norm or ¢-conorm, and — is one
of S-implications, R-implications, ) L-implications, or {-norm
implications. We give the estimations of the limits of the output
with the interval perturbation of the input in CRI methods.

Let [av1, as], [v1, 2] be fuzzy intervals on U, [31, O2] a fuzzy
interval on V, savp, i1, s7y2, and iy stand for sup, ¢ 2 (),
inf,ev aq(x), sup,cp v2(x), inf,ep v1 (), respectively. The
main results are as follows.

Theorem 4: Suppose that A € [ag, 2], S € [y1,72] are
fuzzy sets on U, B € [(1,32] is a fuzzy set on V, and © is
either a ¢-norm or a ¢-conorm.

1) If — is one of S-implications, R-implications, then

i11©(saz — fi(y)) <C(A, B; S)(y)
<s712©@(ic — Ba(y))-
2) If — is an @ L-implication, then
i71©(n(saz) @(75@1 ® Bi(y)))
< C(A, B; 9)(y)
< 5720 (n(ioy) P (saz ) B2(v)))

where ), @ and n are, respectively, a t-norm, a t-conorm
and a fuzzy complement.
3) If — is a t-norm (X) implication, then

i1 ©(iay ®ﬂ1(i’/)) <C(A, B;S)(y)
< 57:@(sa2 (X) Ba(v)).

Proof:
1) Using the properties of S-implications, R-implications,
and ¢-norms, or t-conorms, we have

i1 ©(sa2 — B1(y))
= sup (18 (1()© (suplast) — ) )
< :gg(S(w)@(A(x) — B(y)))
=C(A,B;S)(y)
< sup <§1€11;](72(x))© (;g{,@(fv)) - ﬁfz(y)»

= 57,© (i1 — Ba(y)).

The inequalities of 2) and 3) are verified directly from the
monotonicity of the ¢-norm, ¢-conorm, and the fuzzy comple-
ment n. We omit the details. [ |

When the ¢-norm, ¢-conorm, and the fuzzy complement rn are
continuous in Theorem 4, the fuzzy reasoning scheme using the
Zadeh’s CRI method with (©) (some ¢-norm or ¢-conorm) and
an S-implication or an () L-implication, or a ¢-norm implica-
tion is stable. When the oscillation limits of an input (A, B, S)
in some fuzzy reasoning scheme using Zadeh’s CRI methods
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are gradually contracted, i.e., there exists a fuzzy interval pertur-

bation sequence ([1n, @2,], [B1n, B2n]; [Y1n, Y2n]) Of the input
(A, B, S) such that

lim sup(ag,(z) — a,(x)) =0
lim Sup(/BZn(y) - ﬂln(y)) =0
n—00 ycy

lim sup(v2n (%) — 71n(x)) =0

hold, then the output values converge stably to some value.

On the other hand, the fuzzy reasoning schemes using
Zadeh’s CRI methods with (©) (¢-norm or ¢-conorm) and some
R-implications are not stable.

V. CONCLUSION

We know that a fuzzy reasoning scheme applied to practice
is probably perturbed by “noises” in various ways. In addition
to many proximity measures of fuzzy sets, the simple pertur-
bation and interval perturbation may effectively simulate such
“noises” as well. In fact, Ying’s maximum e perturbation of a
fuzzy set [14] is a simple perturbation, some error estimation
of the output values in fuzzy reasoning is more precise using
the approach of this correspondence. Pappis’ proximity mea-
sure of two fuzzy sets [12], Hong and Hwang’s a-similarity of
two fuzzy sets [13], Cai’s §-equality of two fuzzy sets [15] and
Ying’s maximum & perturbation of a fuzzy set are all formu-
lated by the interval perturbation of the fuzzy sets. Therefore,
in certain sense this correspondence is a further development of
the previous work. On the other hand, we take into account the
effects of realistic noise and accurately evaluate the output er-
rors of fuzzy reasoning. Therefore, we may choose a fuzzy rea-
soning scheme according to the requirement of the output errors
in applications.
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