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In this paper, we study the Vertex Cover problem and its dual problem
on bounded-degree, planar and quasi-regularizable 3-uniform hypergraphs. We
provide linear kernelizations for these problems except for the Independent

Set problem on quasi-regularizable 3-uniform hypergraphs. We show that this
problem is W[1]-hard. Finally, we deduce lower bounds on the kernel size for the
above problems from the parametric duality.

Let H = (V , E) be a (simple) hypergraph with V = {v1, · · · , vn} and E =
{B1, · · · , Bm}, where vi 6= vj and Bi 6= Bj for i 6= j. If |Bi| = 1 for some i,
then we call it a self-loop. If |Bi| = 2 for any i, then H is an ordinary graph. In
particular, if H permits k-multiple edges Bi with k ≥ 1, namely, k copies of Bi,
then we call H a multi-hypergraph.

Let v and w be two distinct vertices. If w, v ∈ Bi, then v is an adjacent vertex
of w. E(v) = {Bi ∈ H | v ∈ Bi} is the incidence set of v in H, and |E(v)| is
the degree of v, denoted by degH(v). ∆H and δH correspond to the maximum
and the minimum degree of H, respectively. If all the vertices of a hypergraph
H have the same positive degree, i.e., ∆H = δH > 0, then we call H regular.

Definition 1. If the resulting hypergraph is regular after replacing each hyper-
edge Bi of H with ki-multiple hyperedges (ki ≥ 0), then H is quasi-regularizable.

A planar graph can be embedded on a plane without edge intersections except
at the endpoints. Analogously, we can define a planar hypergraph.

Definition 2. GH = (V1∪V2, E) is a bipartite incidence graph of the hypergraph
H = (V , E) if GH satisfies the following conditions:

1. V1 = V.
2. V2 = {vB | B ∈ E}.
3. E = {{v, vB} | v ∈ V1, vB ∈ V2, v ∈ B}.

Definition 3. A hypergraph H is planar if GH is planar.

Definition 4. A matching M in a graph G = (V, E) is a subset of edges no two
of which have a common endpoint. If no two edges of M are joined by an edge
of G, then M is an induced matching.

Theorem 1. Let H be a 3-uniform hypergraph with bounded degree d. The Ver-

tex Cover problem admits a problem kernel of size dk on H.



Theorem 2. Let H be a 3-uniform hypergraph with bounded degree d. The In-

dependent Set problem admits a problem kernel of size (d
√

2d + 1/3)k on H.

Theorem 3. Let H be a planar 3-uniform hypergraph. The Vertex Cover

problem admits a problem kernel of size 67k on H.

Theorem 4. Let H be a planar 3-uniform hypergraph. The Independent Set

problem admits a problem kernel of size 24k on H.

Theorem 5. Let H = (V , E) be a planar 3-uniform hypergraph with V = {v1, · · · , vn}
and E = {B1, · · · , Bm}. The Induced Matching problem admits a problem
kernel of size 24k on GK

H
.

Theorem 6. Let H be a quasi-regularizable 3-uniform hypergraph. The Vertex

Cover problem admits a problem kernel of size 3k on H.

Theorem 7. Let H be a quasi-regularizable 3-uniform hypergraph. The Inde-

pendent Set problem is W [1]-hard on H.


