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We discuss differences between the well quasi ordering (WQO) and the finite
basis property of an ideal. A quasi ordering ≤ is a WQO, if, for an infinite
sequence a1, a2, · · ·, there exists i, j with i < j and ai ≤ aj . A quasi ordering
≤ has the finite basis property, if, each ideal (upward closed set) I has finitely
many minors (i.e., the minimal elements b1, · · · , bn in I such that, for each c ∈ I,
there exists bi with bi ≤ c). Classically they are equivalent, but constructively
not. The former is described as a Π0

2 formula, whereas the latter requires deeper
nesting of quantifiers. For Π2

0 formulae, we can apply A-translations and open /
update / bar inductions [11, 1, 3] to extract computational contents from classical
proofs with dependent choice [4, 2, 14, 12]. Typical examples are classical proofs
of Dickson’s and Higman’s lemmas [6, 8]. Higman’s lemma has several inductive
proofs [5, 7, 13], which enable us program extractions. They are essentially the
reduction to an exhaustive finite (but huge) case analysis.

However, program extraction from proofs of the finite basis property is not
direct, since A-translation does not work anymore. An example is a linear time
algorithm extraction of monadic disjunctive query processing on certain tempo-
ral database, which is based on the finite basis property by Higman’s lemma [10].

This presentation returns to the constructive proof by Murthy and Rus-
sell [9], which gives an over approximation of a next candidate to continue a
bad sequence in terms of regular expressions. Then, with the classical proof of
well-foundedness of an ordering on regular expressions, we show termination of
extraction procedures. This suggests a computable proof rather than a construc-
tive proof. We will discuss about the difference starting from Dickson’s lemma,
followed by Higman’s lemma, and possible generalizations.
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