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Motivation

The A-calculus: sequential model,

The m-calculus: concurrent model

A deep comparison between them is necessary;

e to reveal the expressiveness of m-calculus;
e to study the A-calculus in a concurrent context;

Encoding from the lazy A-calculus to the m-calculus [Milner,
1992|[Sangiorgi, 1994]

@ Comparisons between the full A-calculus and the mw-calculus
are still absent.
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@ Technical background

© Encoding the full A-calculus into the 7-calculus
@ Interpretation via tree structure
@ Tree structure in the 7-calculus

© How does the encoding work?

@ Conclusion
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Technical background
©00000

The A-calculus

M := x| Ax.M| MM

Full A-calculus

1 -rule
(Ax.-MYN—M{N/x} B
M—M'
22— structure rule
MN—M'N
/ .
3 N=N_ eager evaluation
MN—MN’
M—M’ . .
4——— artial evaluation
Ax.M—x.M' P

Lazy A-calculus 1+2
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Technical background
0@0000

The m-calculus

Syntax
P:=> wini-Pi| PIP|(x)P|D(x)
icl
w:=a(b)|ab|r

e =T|L|x=y|x#y|lpAp

Di(X) = P
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Technical backg
[e]e] Yolole}

Some abbreviations

a(xy, .., xp).P = a(v).vxy..vx,.P

alxt, o xn). P % a(v)v(x0)..v(x0)-P

begin case
1= 1Py

(pn = /,Ln.Pn Ie{lvan}
end case
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Technical background
[eeleY Tole}

Lazy A-calculus to m-calculus by Milner

def __

[XI(u) = xu
DxM](u) % u(x).u(v).[M](v)
[MN](u) = (xv)(IM](v) | vx.Vu | x(w).[N](w))

Which part must be changed in order to interpret ALL FOUR
reduction rules?
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Technical background
0000®0

Lazy A-calculus to m-calculus by Milner

def __

[XI(u) = xu
PxM](u) X u(x).u(v).[M](v)
[MN](u) = (xv)(IMI(v) | vx.Vu | x(w).[N](w))

Which part must be changed in order to interpret ALL FOUR
reduction rules?
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Technical background
[eeeTolo] }

Lazy A-calculus to m-calculus by Milner

def __

[x][(v) = Xu
PxM](u) X u(x).u(v).[M](v)
[MNI(u) (v )(IMI(v) | 7x.7u | x(w). [N (w))

Which part must be changed in order to interpret ALL FOUR
reduction rules?
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Encoding the full A-calculus into the m-calculus

© Encoding the full A-calculus into the 7-calculus
@ Interpretation via tree structure
@ Tree structure in the 7-calculus
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Encoding the full A-calculus into the m-calculus
©000000000000000000

Interpretation via tree structure

A-terms as trees

X @ variable node

Ax.M @ abstraction node

MN application node
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Encoding the full A-calculus into the m-calculus
0®00000000000000000

Interpretation via tree structure

An example

(Mx.(Ay.y)(xx)((A\z.z)(Aw.w))

o

%@@/Q\@
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Encoding the full A-calculus into the m-calculus
0O®0000000000000000

Interpretation via tree structure

A-rules

(Ax.(Ay.y)(xx))((A\z.z)(Aw.w))

o

%@@/Q\@

(B-rule
(Ax.M)N— M{N/x}
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Encoding the full A-calculus into the m-calculus
000O®000000000000000

Interpretation via tree structure

A-rules

(Ax.(Ay.y)(xx))((A\z.z)(Aw.w))
— ()\y.y)(((/\z.z)(/\w.W))(()\z.z)()\w.w)))

giﬁ@ @/%

(B-rule
(Ax.M)N— M{N/x}
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Encoding the full A-calculus into the m-calculus
0000®00000000000000

Interpretation via tree structure

A-rules

(Ax.(Ay.y)(xx))((A\z.z)(Aw.w))
= Ay y)(Az.2)(Aw.w))((Az.2)(Aw.w)))

@/O
s
é“fﬁ@é :

(B-rule
(Ax.M)N— M{N/x}
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Encoding the full A-calculus into the m-calculus
00000®0000000000000

Interpretation via tree structure

A-rules

(Ax.(Ay.y)(xx))((A\z.z)(Aw.w))
= Ay y)(Az.2)(Aw.w))((Az.2)(Aw.w)))

2uE

(B-rule
(Ax.M)N— M{N/x}

Xiaojuan Cai  Joint work with Yuxi Fu Interpreting the Full A-Calculus in the 7-Calculus




Encoding the full A-calculus into the m-calculus
000000@®000000000000

Interpretation via tree structure

A-rules

(Ax.(Ay.y)(xx))((A\z.z)(Aw.w))
= Ay y)(Az.2)(Aw.w))((Az.2)(Aw.w)))

(B-rule
(Ax.M)N— M{N/x}

o
» Og\ﬁ@g@\%
O ©®6 @
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Encoding the full A-calculus into the m-calculus
0000000800000 000000

Interpretation via tree structure

A-rules

(Ax.(Ay.y)(xx))((A\z.z)(Aw.w))

o

%@@/Q\@

Eager evaluation
N— N’

MN— MN’
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Encoding the full A-calculus into the m-calculus
0000000080000 000000

Interpretation via tree structure

A-rules

(Ax.(Ay.y)(xx))((A\z.z)(Aw.w))
— (Ax.(Ay.y)(xx))(Aw.w)

@/K

%@@/Q\@

Eager evaluation
N— N’

MN— MN’

Xiaojuan Cai  Joint work with Yuxi Fu Interpreting the Full A-Calculus in the 7-Calculus




Encoding the full A-calculus into the m-calculus
0000000008000 000000

Interpretation via tree structure

A-rules

(Ax.(Ay.y)(xx))((A\z.z)(Aw.w))
— (Ax.(Ay.y)(xx))(Aw.w)

Eager evaluation
N— N’

MN— MN’
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Encoding the full A-calculus into the m-calculus
0000000000e00000000

Interpretation via tree structure

A-rules

(Ax.(Ay.y)(xx))((A\z.z)(Aw.w))
— (Ax.(Ay.y)(xx))(Aw.w)

Eager evaluation
N— N’

MN— MN’
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Encoding the full A-calculus into the m-calculus
0000000000080 000000

Interpretation via tree structure

A-rules

()\x.()\y.y)(xx))(()\z.z)()\w. w)) Eagﬁ/r_ex/luation

(Ax.(Ay.y)(xx))(Aw.w) MN— MN’
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Encoding the full A-calculus into the m-calculus
000000000000e000000

Interpretation via tree structure

A-rules

(Ax.(Ay.y) () ((Az.z)(Aw.w))

o

%@@/Q\@

Partial evaluation
M—M'

AM—A.M’
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Encoding the full A-calculus into the m-calculus
0000000000000 e00000

Interpretation via tree structure

A-rules

(Ax.(Ay.y) () ((Az.z)(Aw.w))
— (Axxx)((A\z.2)(Aw.w))

o

%@@/Q\@

Partial evaluation
M—M'

AM—A.M’

Xiaojuan Cai  Joint work with Yuxi Fu Interpreting the Full A-Calculus in the 7-Calculus




Encoding the full A-calculus into the m-calculus
0000000000000 0e0000

Interpretation via tree structure

A-rules

(Ax.(Ay.y) () ((Az.z)(Aw.w))
— (Axxx)((A\z.2)(Aw.w))

Partial evaluation
M—M'

AM—A.M’
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Encoding the full A-calculus into the m-calculus
0000000000000 @000

Interpretation via tree structure

A-rules

(Ax.(Ay.y) () ((Az.z)(Aw.w))
(Ax.xx)((A\z.z)(Aw.w))

A

& o

Partial evaluation
M—M'

AM—A.M’
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Encoding the full A-calculus into the m-calculus
0000000000000000e00

Interpretation via tree structure

A-rules

(Ax.(Ay.y) () ((Az.z)(Aw.w))
— (Axxx)((A\z.2)(Aw.w))

Partial evaluation
M—M'

AM—A.M’
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Encoding the full A-calculus into the m-calculus
00000000000000000 80

Interpretation via tree structure

Redex node

(Mx.(Ay.y)(xx))((Az.z)(Aw.w))

o

PN
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Encoding the full A-calculus into the m-calculus
000000000000000000e

Interpretation via tree structure

Interpretation via tree structure

@ \-term = tree

@ [-reduction = manipulation of trees

Let's program in !

Xiaojuan Cai  Joint work with Yuxi Fu Interpreting the Full A-Calculus in the 7-Calculus



Encoding the full A-calculus into the m-calculus
©0000000

Tree structure in the 7-calculus

Outline design

Tree := Node; | Node; | - - | Node,
Node := Tn(info) + Operations
Operations := reduction if the node is a redex node
substitution if the node is a variable node
reduction := (change the structure).
(freeze and backup the disconnected subtree)
substitution = X(info)
info := name, parent, leftchild, rightchild, - - -
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Encoding the full A-calculus into the m-calculus
0®000000

Tree structure in the 7-calculus

Node info

| name | parent | Ichild | rchild | var | fun |

Ichild = rchild = L. variable node

Ichild = rchild # 1. abstraction node
Ichild # rchild. application node

Ichild = rchild # L A fun = T. redex node
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Encoding the full A-calculus into the m-calculus
00®00000

Tree structure in the 7-calculus

Node operations - move

;‘\E

n(p, 1, r,v, f).n*(p*, I*, r*,v*, ).

(Node(n*, p*, 1, r,v,f*)]

begin case

I=r# L= 10,11 v, f).Node(l,n*,I',r v )

£ r= 101 v )r(p” 17 " v ).
(Node(Il,n*, I, r' v/, f')| Node(r,n*, I r" v "))

end case)
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Encoding the full A-calculus into the m-calculus

Tree structure in the 7-calculus

000e0000

Node operations - freeze and backup

Xiaojuan Cai

= N| = ’J_/\/Tl N

r(p,1,r, v, f).(xox1)
begin case
I#£r = Freeze(l, xo) | Freeze(r, x1)

| !X(pla n/v fl)'(//r/)(NOde(nlv p/a Ila rla v, f/) | e

I =r+# L = Freeze(l,x0) | !x(p',n', f').---
I=r=1 =x(p',n’', f").Node(n’, p’, L, L, v, f")
end case
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Encoding the full A-calculus into the m-calculus
[eeeTe] Yelele)

Tree structure in the 7-calculus

Node operations - freeze and backup

:> N|:>’J_/\/7| N

Freeze(r,x) | Tree(r, N) = Replica(x, N)
L (xox1 - xn)
Ix(p', n’, £).(I'r")Y(Node(n', p', ', ' v, £') | 3o (', I, TY | X{n’, ', L))
| !XO(PH7 ", f//)_(///r//) o
| !Xl(p/// n/// f///).(////r///) .
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Encoding the full A-calculus into the m-calculus
00000e00

Tree structure in the 7-calculus

Node operations - substitute

= " E = &l wo= " N

)=

Substitution(m, p, x, f x{p, m,f)

Substitution(m, p, x, f)|Replica(x, N) = Tree(m, N) | Replica(x, N)
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Encoding the full A-calculus into the m-calculus
000000e0

Tree structure in the 7-calculus

The encoding

[MIx = (n,5, T)([M],,|Sem(s))
def
[[x]]i,,p ;f L(n,p, L, L,x,f) i
[P\X‘M]]n,p - (m,x)(L(n, p,m,m,X, f)| [[M]]mm)
[MNDG, < (1 r)(L(n,p.1or, L, £) [ [MD], | INTE,)

Sem(s) & 5.5.5em(s)
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Encoding the full A-calculus into the m-calculus
0000000Oe

Tree structure in the 7-calculus

The encoding — the definition of node process

L(n,p.l,r,v.f) = T{p.l,nv, f) + begin case
l=r= 1= (@y5{n,p, f,a)a(T,T,T)
l=r# 1L Af=T= Abs(n,p,l,v,T)
l=r# 1 Ap=A= RAbs(n,\ L v, f)
end case

Abs(n,p,m,x, f) = sp(pt, el ot e, b, v F) (LB P L, v, ) |

=71 # L= lhps,la,r,vs, fz) (L(l,p, 12 T2, v2, f2)
| (B) (Backup(r!,z,b. L) |b
L # 71 = L(pe.la, 12, va, fo).r1(ph. 5, 15, v5. F5).(L(l1,p.l2, 1m0, v, f2)
| L(r1,py I, b, vh, £3) | (B) (Backup(r!, z,b, L) | b))

end case)
RAbs(n, A,m,», f) = Az)sm(p,l.ri.v, f1)-(b) (Backup(z,x, b, T) | b5 Lim, X\ L, r v, 1))

Backup(n,xz.be) = n(pl,r v f).
begin case
Il=1Vvr=_1=bl(x. ¢, [ a)(o)(Find(v,a. o) | o
bogln case
S—LlAe=T= Tusw]},_ip,
Pl e s A L
o £ L= r.hn', o, L, L )
end case)
l=r+# 1 = v (2V)(Backup(l,z' ¥ e) | ¥ ble(n',p’, ', a).
(m'a’v’)(L(x!, p' !, md v, f*) | & {m!, nf, L, a")
L = 7.(wox1boby) (Backup(l, xo, bo, €) | Backup(
Le(n', p', f,a). (P )L p' 1,
, Tya) | z{r’, ', L, a}))

Ll

A

end case
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How does the encoding work?

© How does the encoding work?
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How does the encoding work?

[ Je}

Correctness — full abstraction

Theorem 1. For all closed A-terms M, N, M =, N if and only if
[M]x ~ [N

Definition

A symmetric binary relation R on A° is an applicative bisimulation
if the following properties hold whenever MRN:
o If M —* Ax.M’" then N —* Ax.N' for some N’ such that
M'{L/x}YRN'{L/x} for every L € A°.
The applicative bisimilarity =, is the largest applicative
bisimulation.
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How does the encoding work?
oe

Correctness — operational correspondence

Theorem 2. There is a subbisimilarity R from the set of closed
A-terms to the set of 7m-processes.

Preservation If M — M’, then [M] === [M'];
Reflection If [M] - P’, then there exists some M’
such that M — M’ and P! == [M'];
Termination M 1) iff [M] 1;
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Conclusion

@ Conclusion
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Conclusion
®0

Conclusion

What we have done

@ An encoding from the full A-calculus to the m-calculus with
mismatch and parametric definition is proposed;

@ It is proved to be good.
Question

@ Can the encoding be implemented in the m-calculus without
guarded choice?
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Conclusion
oce

Thank you!

Questions?
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Some definitions

Operational semantics of 7-calculus |

Prefix _
a(x).P 2L P{y/x} ax.P 2P
Composition
P - p P2 p Q2
PIQ-P|@Q PIQ = P|Q
p2p QW
PlQ = (x)(P'| Q")
Restriction
Pa—f’P/ P P xnotinp
(x)p 2 pr ()P = (x)P'
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Some definitions

Operational semantics of 7-calculus |l

Replication
P|IP L P
p L pr
Case
pie T i P, — P
S ier pitti P L P,{
Definition

P/} - P
Di(y;) 4= P'
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Some definitions

Definition: subbisimilarity

R C A% x P is a subbisimilarity if :
Q@ YM e N°3P.MRP;
Q If MRP and M — M’ then P == P’ and M'RP’ for some P’
Q If MRP - P’ then MRP' or M — M'RP’ for some M':
Q@ If MRPg and Py — Py -+ — P; = -+ is an infinite

sequence of 7-actions, then there must be some k > 1 and
M’, such that M — M'RP;;

Q@ If Ax.M)RP, then P = P’ 22, P for some P’, P" and
some fresh z such that Ax.MRP’ and
M{N/x}R(z)(P"| T(z, N)) for every closed A\-term N.

Q If MRP and P A2, P! for some fresh z, then M = Ax.M' for
some x, M’ such that M'{N/x}R(z)(P'| T(z, N)) for every
closed A-term N.
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Some definitions
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