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I \Nondeterminism" intrinsic to speci cation developmenta csp

I underspeci ed components expressed using \nondeterminism"

COMPu OPTION COMP
underspeci ed more speci ed

I Analysis of concurrent systems requires \nondeterminism"

u - internal choice of CSP
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In CSP theory:

Sysl Sy

semantically equivalent
Both equivalent to the nondeterministic
(up:U + downD) u downD

concurrency = nondeterminism + interleaving

probabilistic concurrency probability + nondeterminism + interleaving
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Testing scenario

I a set of processeBroc
I a set of testsT
I a set of outcome®©

I Apply: T P roc! P*(O){the non-empty set of possible
results of applying a test to a process

Comparing sets of outcomes:
I O1V yo Oy if for everyo; 2 Oq there exists some, 2 O,
such thato; oy

I O1Vsm O if for everyo, 2 Oy there exists some; 2 O
such thato; 0y

01 0y : meansoy is as least as good a®;

8/37



Testing preorders

I P Vmay Q if Apply(T;P) Vo Apply(T; Q) for every testT
I P Vst Q if Apply(T;P) v sm Apply(T ; Q) for every testT

9/37



Testing preorders

I P Vmay Q if Apply(T;P) Vo Apply(T; Q) for every testT
I P Vst Q if Apply(T;P) v sm Apply(T ; Q) for every testT

Standard testing:
Use as outcome® = f> ; ?g with ? >

9/37



Testing preorders

I P Vmay Q if Apply(T;P) Vo Apply(T; Q) for every testT
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Standard testing:

Use as outcome® = f> ; ?g with ? >

Comparisions:
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I Must: f2g =gm f? ;>0 <sm >g
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Background Testing theory Nondeterminism

Testing preorders

I PV may Q if Apply(T;P) Vo Apply(T;Q) for every testT
I P Vmust Q if Apply(T;P) Vv sm Apply(T; Q) for every testT

Probabilistic testing:

Use asO the unit interval [Q 1]
Intuition: withO p g 1, passing a test with probability
better than passing with probability

Comparisions:

I May: O1 V yo Oy is every possibility 2 O; can be improved
on by someg 2 O,

I Must: O1 vV sm O if every possibilityg 2 O, is an
improvement on some 2 O;
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Intensional semantics:

| A process is a state in an LTS

Labelled Transition Systems:
hS; Act ;i

I S - states

[ S Act S

s1! s processs; can perform action and continue ass,

s ! s special internal action
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Example process calculus CCS:

I 0 Do nothing

I : P Perform then act asP

I PjQ RunP andQ in parallel .. communicating via complementary actions
I P+ Q Nondeterministic choice betwedn and Q

I recursive de nitionsD ( P
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Example process calculus CCS:
0
P
I PjQ
I P+Q
I recursive de nitions

Actions
P! Q dened inductively

lots of other process calculi
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Tests:
Any process which may contain neeport successction/state !
T( al +bT+cO0:

| requests am action ...

I after an arbitrary number ob actions ...

I without doing anyc action

Applying testT to process:

I Run the combined procesd (j P)
I Eachexecutionsucceeds or fails
I Eachexecutioncontributes> or ? to Apply(T;P)

Nondeterministic T j P) resolved to a set of deterministic
executions
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Example

TestT ( a! + b:T +¢T:0 Proces® ( b:(aQ + b:P)

Deterministic executions:

TjP! b gl j_ >
TjiP! b b gl j_ >
TP b g gl >
TP e >
TP b gt gl ?

Result;
Apply(T;P)= 1?2 ; >g
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Nondeterminism

May-testing nondeterministic processes

Divergence not important:

P+ 1 "y P

Choice not important:

la PN
72 S (R C

may L L
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Nondeterminism

Must testing nondeterministic processes

Divergence catastrophic:
P+ @1 ' must

Internal choices not very important:

1
must * *
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Characterising nondeterministic processes

Ingredients:
I Traces: aja:::ay in Traces(P) whenever
PL 1ayp  oeop 1@ po

I Divergences/convergencesP + whenever there is no in nite
execution
e

I Failures/Acceptances: P acc A wheneverP + and

P!  PCimpliesP®=} for someain A
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P rObabl I |St|Cand nondeterministic prO CeSSGS

Intensional semantics:

| A process is a distribution in an pLTS

Probabilistic Labelled Transition Systems:
hS; Act ;i

I S - states

I S Act D (S)

P
D(S): Mappings : S! [0;1]with g ( S)=1

S ! . process s;
I can perform action
I with probability ( s) it continues as process
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Probabilities

Example probabilistic processes

N\

r
la

NI

a

®
\
l

What is the probability of actiora happening?
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Probabilistic process calculi: Syntax for pLTSs

Example process calculus pCCS:
State termsS; T:

0

P

ST S+ T

I recursive de nitions
Process term#; Q:

IS

P, Q probabilistic choice betweeR and Q
Actions
s! de ned inductively

process terms are distributions over states
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Testing probabilistic processes
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I 75% requires thab is not possiblen a must test
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Testing probabilistic processes

Tests:
Any (prob...) process which may contaieport success
action/state !
a! : (b+c!):
I 25% of time requests aa action
I 75% requests & action

I 75% requires thab is not possiblen a must test

Applying testT to processP:

| Execute the combined process ( P)
I Each execution contributes some probabilfiyto A pply(T ; P)
I Each execution is a deterministiesolutionof (T j P)
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Executing probabilistic nondeterministic proces3es IP)

I Choice points occur during an execution
I choices are made

I statically
I or dynamically

I choices are made
I by schedulers

I adversaries
I policies
Executions:

I give deterministic behaviour - but may be probabilistic
I contribute a probability toApply(T ; P)
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Example of executions

TjP
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4 4
ppris1 7! s
PPz sy 7! thg
|
" e
Possible results:
1 31 3 1
Usi : i 0 Ea + =1
Singpp1 2t a2 (4) 4

25/37




Probabilities

Example of executions

TjP
3 1 Static Policies:
4 4
ppr:is 7! s
Pp2:s1 7! tpd
|
" e
Possible results:
. 1 31 ,3,1
: -+ - —+(-= -+ + =1
Using pp1 it 2 (4) A
. 1 3 1
. -+ — =
Using pp, 2t 077
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More executions

3 01
4,/N\&
|
(fga}—e

Possible results:

Usingppa:

Np P

Using pp2:

Probabilities

Arbitrary policies:
combinations of

ppris1 7! S
PPz i1 7! tpg

26137



Probabilities

More executions

Arbitrary policies:
3 1

s i combinations of
pp1:s1 7! S
T Pp2:s1 7! thd
|
e
Possible results:
Using pps: 1
. 1
Using ppz: 2
1
Ingeneral: p 1+(1 p) 2 forsomeO0 p 1

26137
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all possible residuals combine to

Examples:

I (ab+ ac)y; ad ! & by d
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Probabilities

Formalising executions |
From pLTSS to LTSs

I represents a cloud of possible process states
I each possible state must be able to perform
I all possible residuals combine to

Examples:
I (ab+ ac)y; ad ! & by d
I (ab+ ac)y ad ! a (b
I (ab+ ac)y ad 2 (b, c)y d

[ (:a+ :b)% (:a+ :c) ! ay (b% C)

27137
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From pLTSS to LTSs: formally

wheneverP
o= i21 P S, | a nite index set
I For egchi 2 | there is a distribution ; s.t. 5 ! i
! b i21 Pi
b pi =1

. .. P .
Note: in decomposition ;,, pi S Statess are not necessarily
unique

28/37
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Formalising executions Il

Executing T j P) to : q TjP) =2 ‘
. _ I stop
(T! iP) . 0 + Qop
0 : 1t 1
.
k ! I(|<+1) + (kcirpl)
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Formalising executions Il

Executing T j P) to : q TjP) =2 ‘
. _ I stop
GIP = et gy
0 : 1t 1
.!. . _. stop
k ! I(|<+1) Tk
P
Total: = ko 2
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Formalising executions Il

Executing T j P) to : q TjP) =2 ‘
(TiP) = §+ oP
1

ST SR

; | & ) sop

k : (k+1) (k+1)

P

Total: = ko 2
| StOp: all states in  which note: subdistributions

I are successful !
I or are stuckss

[ ' : all other states, which can proceed

29/37



Applying tests to processe8:pply(T ; P)

I nd all executions from T j P): (TiP) 9 |
I calculate contribution of each

30/37



Applying tests to processe8:pply(T ; P)

I nd all executions from T j P): (TiP) 9 |
I calculate contribution of each

Contribution of :

I all states in are successfuli' or stuckss
I V() = f ( S) J Sllg weight of success

30/37



Applying tests to processe8:pply(T ; P)

I nd all executions from T j P): (TiP) 9 |
I calculate contribution of each

Contribution of :

I all states in are successfuli' or stuckss
I V() = f ( S) J Sllg weight of success

Apply(T;P)=f V() | (TiP) =) 9

30/37



Applying tests to processe8:pply(T ; P)

I nd all executions from T j P): (TiP) 9 |
I calculate contribution of each

Contribution of :

Ioall state% in are successfudi! or stuckss
I V() = f ( S) J Sllg weight of success

Apply(T;P)=f V() J (TjP) =) g
Problem: set of executiong j (TjP) =) g di cult
to calculate

30/37
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Probabilities

Alternative strategy
Recall:
I PV pmay Q if Apply(T;P) Vo Apply(T; Q) for every testT

I PV pmust Q if Apply(T;P) Vv sm Apply(T; Q) for every test
T

Maybe:
I P Vpmay Q if suApply(T;P))  sup(Apply(T;Q)) for
every testT

I PV pmust Q if inf(Apply(T ; P)) v sm inf(Apply(T ; Q)) for
every testT

Strategy:

I calculateinf(Apply(T; )) and supApply(T; )) directly
I do not calculate the entire sef pply(T; .)

31/37
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Probabilities

Example: Calculating theup

TjP sup-equation:
.3,
3 . sup = Sl 4 7]
2N\ 51 = maxf rsup; thad
S = tgd
thg =0
| -
—® tga =1

sup(Apply(T ; P)) is least solution: rgyp = 1
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Probabilities

Example: Calculating thiaf

TjP inf-equation:
ling = § + }
3 . inf 4 S1 ! S
p N S1 = Minf rint ;tha g
$2 = lgd
T thg =0
|

(oa)— tga =1
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Probabilities

Example: Calculating thiaf

TiP inf-equation:
linf = 3 + 1
3 1 inf = 4 St 2 S
’ 3 S1 = Minfrin ;thag
S = tgd
thg =0
I —
> tga =1

inf(Apply(T; P)) is least solution: ripye = 2
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Finitary pLTSs

Whenever
I set of states are nite
I set of actions are nite

In a nitary pLTS:

I execution set§ | Apply(T;P) =) g are closed

I PVmay Qi Inf(Apply(T;P)) inf(Apply(T;Q)) for every
test T

I PVmust Qi suApply(T;P)) v sm sudApply(T ;Q)) for
every testT

I inf(Apply(T; )) is least solution of inf-equation
I su(Apply(T; )) is least solution of sup-equation
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Probabilities

Example

rn=a(:b+ :c) r,= ab+ ac T = a(b:!

Nl

Nl
<~
<~

I v
oy

(
inf: 0 inf:
Apply(T;rq)= sup: 1 Apply (T ;rp)= sup :

[NIENTS
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Probabilities

Example

rn=a(:b+ :c) r,= ab+ ac T = a(b:!

Nl
Nl
/
N[
Bk—.
NI
-~
Nl
NI~

i

inf: 0 ( inf: 1
Appy(Tirp= 00 ARl (Tir2)= (o
So choice points do matter ‘rl 6'pmay rg‘ ‘rl 6'pmust 12 ‘
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Probabilities

A/
St A /%

MENNTTN

Apply(a!; P)=
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Coming up:

Reasoning techniques for probabilistic processes

Are these distinguishable by any test ?

I ;

1 1 1 1
2 2 2 2
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