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Induction Coinduction A-simulations Inequivalences

Inductive methods
Induction:
GivenA ( D,

I Df Q=Ag v Q impliesA v Q

Inequations:
Some examples:

a:(P p� Q) v pmay a:P p� a:Q

a:P � b:Q ' pmay a:P u b:Q - CSP

a:P � (Q u R) ' pmust (a:P � Q) u (a:P � R) - CSP

Compositional reasoning

I P v Q impliesC[P] v C[Q]
I eg: P v Q impliesP j R v Q j R
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Simulations in LTSs

GivenR � (S � S) de�ne Sim(R) � (S � S) by:

P Sim(R) Q P Sim(R) Q

implies

P0 P0 R Q0

� � �

Let CS � (S � S) be largest �xpoint of

CS = Sim(CS)
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LTS: Characterisation of simulation preorderC
S

Largest relation overS � S satisfying:

P CS Q P CS Q

implies

P0 P0 CS Q0

� � �

Weak moves:

I P a=) P0 meansP ��! P1
��! : : : Pn

a�! P0
1

��! : : : ��! P0

I P �=) P0 meansP ��! P1
��! : : : ��! : : : ��! P0
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Simulations in pLTSs

Recall: A pLTS is also an LTS
from s ��! � to � ��! �

Application:
Let CS

dist � D (S) � D (S) be largest relation satisfying:

� CS
dist � � CS

dist �

implies

� 0 � 0 CS
dist � 0

� � �
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First problem

a 1
2
� b CS

dist 0

because distributiona 1
2
� b can performno actions

But

a 1
2
� b 6vpmay 0

because testa:!
I on a 1

2
� b succeeds 50% of the time

I on 0 succeeds 0% of the time

Moral:
Simulations must be state basedin some manner

9/38
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Simulations in a pLTS

Largest relationCS � S � S satisfying:

s CS t s CS t

implies

� � lift( CS) �

� � �

Lifting relations:

lift( � ) lifts R � S � S to lift( R) � D (S) � D (S)
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Lifting relations

Recall: from s ��! � to � ��! �

GivenR � S � D(S), lift( R) � D (S) � D (S) whenever

I � =
P

i 2 I pi � si , I a �nite index set
I For eachi 2 I there is a distribution � i s.t. si R � i

I � =
P

i 2 I pi � � i

I
P

i 2 I pi = 1

Many di�erent formulations
For subdistributions:

P
i 2 I pi � 1
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Simulations in a pLTS revision

Largest relationCS � S � D(S) satisfying:

s CS t s CS t

implies

� � lift( CS) �

� � �

Lifting relations:

Here lift(� ) lifts R � S � D (S) to lift( R) � D (S) � D (S)
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Example simulation

d:(a 1
2
� b) CS d:((a 1

2
� b) 1

2
� (a + b)) because

a 1
2
� b lift( CS) (a 1

2
� b) 1

2
� (a + b)

1
2

� a +
1
2

� b lift( CS)
1
4

� a +
1
2

� (a + b) +
1
4

� b

Because:

I a CS
1
2 � a + 1

2 � (a + b)
I b CS

1
2 � b + 1

2 � (a + b)
I 1

2 �a + 1
2 �b lift( CS)

1
2 �( 1

2 �a+ 1
2 �(a+ b)) + 1

2 �( 1
2 �b+ 1

2 �(a+ b))

Moral:

I CS must have typeS � D (S)
I NOT type S � S

13/38
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Second problem

a:B

B

s1 s2

a

�
3
4

1
4

�

b

a:b 6CS a:B

becausea:B 6a=) b because
a:B ��! � 6a�! ��! � b

Moral:

weak internal actions must include limiting behaviour
B reaches states2 with probability 1

14/38
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Weak internal actions in a pLTS

� = ) �

Idea: internal computation is apartial execution

� = � go
0 + � stay

0
� go

0
��! � go

0 + � stay
1

: : : : : :
� go

k
��! � go

(k+1) + � stay
(k+1)

: : : : : :
: : : : : :

Total: � =
P 1

k=0 � stay
k

� stay: any subdistribution

� go: any subdistribution
which can perform�

Note: use of subdistributions

15/38
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Example

a:B

B

s1 s2

a

�
3
4

1
4

�

b

go stay

B = B + empDist
B ��! 3

4 � s1 + 1
4 � s2

3
4 � s2

��! 3
4 � B + empDist

3
4 � B ��! ( 3

4 )2 � s1 + ( 3
4 ) 1

4 � s2
: : : : : :
( 3

4 )k � B ��! ( 3
4 )(k+1) � B + ( 3

4 )k 1
4 � s2

: : : : : :
: : : : : :

Total: s2 =
P 1

k=0 ( 3
4 )k 1

4 � s2

B =) s2

16/38
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The empty (sub)Distribution: empDist

A feature:

empDist ��! empDist for every action�

Consequence:

I � ��! � implies � = ) �
I � ��! ��! � implies � = ) �
I . . .

Sanity check:

� ��! � � implies � = ) �

17/38
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Lost in divergence
s2 s3 s4 s5 s6

�

1
22

a

�

1
32

a

�

1
42

a

�

1
52

a

�

1
62

a

Total probability of reachinga from s2:
1
4 + 1

12 + 1
24 + 1

40 : : : : : : = 1
2

s2 =) 1
2 � a

Remainder of mass1
2 is lost in divergence

18/38
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Simulations in a pLTS�nally

Largest relationCS � S � D (S) satisfying:

s CS � s CS �

implies

� � lift( CS) � 0

� � �

I � a=) � 0: now means � =) � 1
a�! � 2 =) �

I � �=) � 0: now means � =) � 0
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Example simulation

a:B

B

s1 s2

a

�
3
4

1
4

�

b

a:b CS a:B

becausea:B a=) b

Also:

a:B CS a:b
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Simulations and testing

Soundness:

s CS � implies s v pmay � proof is straightforward

Completeness:
In a �nitary pLTS s v pmay � implies s CS � di�cult proof
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Weak transfer property: WTP
R satis�es theweak transfer propertyif

s R t s R t

implies

� � lift( R) �

� � �

In LTSs:
The simulation preorderCS satis�es the WTP

In pLTSs:
The simulation preorderCS doesNOT satisfy the WTP

In �nitary pLTSs:
The simulation preorderCS satis�es the WTP
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The simulation preorder via induction

Using coinduction:
CS � S � D (S) is the largest solution to CS = Sim(CS)

Using induction:

CS
0 = S � D (S)

CS
1 = Sim(CS

0)

: : : = : : :

CS
(k+1) = Sim(CS

k )

: : : = : : :

CS
1 = \ k� 0 CS

k

In general
s CS � implies s CS

1 �

23/38



s�

Induction Coinduction A-simulations Inequivalences

The simulation preorder via induction

Using coinduction:
CS � S � D (S) is the largest solution to CS = Sim(CS)

Using induction:

CS
0 = S � D (S)

CS
1 = Sim(CS

0)

: : : = : : :

CS
(k+1) = Sim(CS

k )

: : : = : : :

CS
1 = \ k� 0 CS

k

In general
s CS � implies s CS

1 �

23/38



s�

Induction Coinduction A-simulations Inequivalences

The simulation preorder via induction

Using coinduction:
CS � S � D (S) is the largest solution to CS = Sim(CS)

Using induction:

CS
0 = S � D (S)

CS
1 = Sim(CS

0)

: : : = : : :

CS
(k+1) = Sim(CS

k )

: : : = : : :

CS
1 = \ k� 0 CS

k

In general
s CS � implies s CS

1 �

23/38



s�

Induction Coinduction A-simulations Inequivalences

The simulation preorder: coinduction v. induction

I In an LTS:s CS
1 � does NOT imply s CS �

I In a �nite state LTS: s CS
1 � implies s CS �

I In a pLTS:s CS
1 � does NOT imply s CS �

I In a �nitary pLTS: s CS
1 � implies s CS �

Key property of �nitary pLTS:

f � j s =) � g is �nitely generable

IE:
There exists �nite � 1 : : : � k such that

I s =) � i

I s =) � only if � = p1 � � 1 + : : : pn � � k
P

pi � 1
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Outline

Inductive methods

Coinductive methods

A-simulations

Proving inequivalences
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Simulations for must testing

Ingredients:

I weak actions as usual
I divergence/convergence
I failures/acceptances

I Convergence: � + if there is no in�nite sequence

� ��! : : : ��! � k
��! : : :

Alternatively: � 6=) EmpDist

I Acceptances: � accA if � + and � �=) � implies � a=) for
somea in �
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A-simulations in a pLTS
Largest relationBacc � D sub(S) � S satisfying:
� Bacc s implies:

whenever � +,
I s +
I � accA impliessaccA
I and

� Bacc s � Bacc s

implies

� � 0 lift( Bacc) �

� � �

Use ofsubdistributions Dsub(S) facilitates the treatment of
divergence
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Simulations and must testing

Soundness:

In a �nitary pLTS � Bacc s implies � v pmust s
di�cult proof because of divergence

Completeness:
In a �nitary pLTS � v pmust s implies � CS s di�cult proof
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Inductive methods

Coinductive methods

A-simulations

Proving inequivalences
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Are these distinguishable by any test ?

P

d
1
2

1
2

a
b c

Q

d
1
2

1
2

a b a c

Q 6vpmay P
Use testT = d:a:! :

I sup ofApply(T ; Q) = 1
I sup ofApply(T ; P) = 1

2
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Is P v pmay Q?

P

d
1
2

1
2

a
b c

Q

d
1
2

1
2

a b a c

With T = d:(�: a:(! 1
2
� 0) + �: (b:! 1

2
� c:! ))

I sup ofApply(T ; P) = 3
4

I sup ofApply(T ; Q) = 1
2

I Distinguishing tests can be hard to �nd.
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Characterising preorders using logical properties

A set of propertiesProp characterisesv whenever
I P v Q implies for every � in Prop

Q satis�es � wheneverP satis�es �
I P 6vQ whenever there is some� in Prop such that

I P satis�es �
I Q does not satisfy�

Consequence:
To showP 6vQ it is su�cient to �nd some � such that

I P satis�es �
I Q does not satisfy�
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LTS: A modal logic for process properties

� ::= tt j � j � ^ � 0 j � _ � 0 j

h� i � j [� ] � j accA

Satisfaction:

I P j= h� i � if P �=) Q and Q j= �
I P j= [ � ] � if

I P +
I Q j= � wheneverP �=) Q

I P j= accA if
I P +
I P �=) Q impliesQ a=) for somea in A
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LTS: Property logics and testing

May testing:

I v may characterised byL = f tt ; h� i ; _ g

Must testing:

I v must characterised byL = f � ; [� ]; ^ ; accA g
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pLTS: A modal logic for probabilistic process properties

� ::= : : : : : : h� i  dist j [� ]  dist : : :

 dist := � j � p^  dist j � p_  dist

Satisfaction: � j= �

I � j= h� i  dist if � �=) � and � j=  dist

I � j= [ � ]  dist if
I � +
I � j=  dist whenever � �=) �

I � j=  1 p^  2 if
I � = p � � 1 + (1 � p) � � 2
I � 1 j=  1 and � 2 j=  2

I � j=  1 p_  2 if
I � = p � � 1 + (1 � p) � � 2
I � 1 j=  1 or � 2 j=  2
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I � = p � � 1 + (1 � p) � � 2
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pLTS example: using formulae

P

d
1
2

1
2

a
b c

Q

d
1
2

1
2

a b a c

With � = hdi (hai tt 1
2
^ (hbi tt ^ hci tt ))

I P j= �
I Q 6j= �
I So P 6vpmay Q
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pLTS: Property logics and testing

In a �nitary pLTS:

May testing:

I v pmay characterised byL = f tt ; h� i ; _ ; ^ ; p^ g

Must testing:

I v pmust characterised byL = f � ; [� ]; ^ ; _ ; p_; accA g

Proofs are very indirect, via simulations
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Conclusions

I Testing provides basis for a natural extensional theory of
processes

I Applies to processes which exhibit both
I nondeterministic
I probabilistic

behaviour
I Coinductive simulations provide powerful proof method for

relating processes
I Probabilistic modal logic provides powerful proof method for

distinguishing processes
I Both techniques are complete for�nitary processes
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