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Inequations:
Some examples:

a(P, Q) Vpmay aP, aQ
aP bQ ' pmay aPubQ - CSP
aP (QuR) '"pmust (@P Q)u (aP R) - CSP

Compositional reasoning
I P v QimpliesC[P] v C[Q]
Il eg:P v QimpliesPjR v QjR
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LTS: Characterisation of simulation preord&r

Largest relation ove6 S satisfying:

P C, Q P C, Q
implies \ l

Weak moves:
I P=f P°meansP! P;! P! P91 i1 PO
| P=) P°meansP! Py! il PO
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Simulations in pLTSs

Recall: A pLTS is also an LTS

from s! to !
Application:
LetCdt D (S) D (S) be largest relation satisfying:
C dist C dist
S S
implies ‘ ﬂ
0 0o dt 0

8/38



First problem

a% b CsdiSt 0

because distributiom% b can performno actions

9/38



First problem

a% b CsdiSt 0

because distributiom% b can performno actions
But

9/38



First problem

a% b CsdiSt 0

because distributiom% b can performno actions
But

because test:!
I on ay b succeeds 50% of the time
I on 0 succeeds 0% of the time

9/38



First problem

a% b CsdiSt 0

because distributiom% b can performno actions
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because test:!
I on ay b succeeds 50% of the time
I on 0 succeeds 0% of the time

Moral:
Simulations must be state basetiome manner
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Induction Coinduction A-simulations Inequivalences

Lifting relations
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Simulations in a pLTS  «sn

Largest relationC S D(S) satisfying:
S C, t S C, t

e |

lift(C)

Lifting relations:

Here lift( ) lifts \R S D (S)\to ]lift( R) D (S) D (S)\
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Example simulation
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1

a+ - b
4

b lift(Cy)

PN

1
+ = + +
a 2(a b)

NI =
NI =
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Coinduction

Second problem

ab €;aB

becausea:B 6] b because
aB ! B! b

Moral:

weak internal actions must include limiting behaviour
B reaches states, with probability 1
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Weak internal actions in a pLTS

Idea: internal computation is @artial execution

_ go
o | 0
o ! ot
g go
kK - (k+1)

Total:

stay
0
stay
1
stay: any subdistribution
stay
(k+1)
L 9°: any subdistribution
which can perform
— P 1 stay

- k=0 k

Note: use of subdistributions
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Coinduction

Example

a go stay

@ B = B + empDist

B ! % s + i

% S ! 2B+ empDist
3 1 ;B ! (3)? s+ (i =
4 4 <8t Y B (D =

Total: = ¢
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Coinduction

Example

a go stay
B = B + empDist
B ! % s + i
% S2 ! 7 B+ empDist
8 ! (3)? s+ (i =
¢ B ! (e B+ (D =
. _P1 3k
Total: s = k:o(z) I
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A feature:

empDist! empDist for every action

17/38



The empty (sub)Distribution: empDist

A feature:

empDist! empDist for every action
Consequence:

[ ! implies =)

17/38



The empty (sub)Distribution: empDist

A feature:
empDist! empDist for every action
Consequence:
[ ! implies =)
[ Pl implies = )

17/38



The empty (sub)Distribution: empDist

A feature:
empDist! empDist for every action
Consequence:
[ ! implies =)
[ Pl implies = )

17/38



The empty (sub)Distribution: empDist

A feature:
empDist! empDist for every action
Consequence:
[ ! implies =)
[ Pl implies = )
|
Sanity check:

! implies = )
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Coinduction
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Total probability of reachinga from s,:
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Coinduction

Lost in divergence
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Simulations in a pLTS.y

Largest relationC S D (S) satisfying:

s Cs s Cs
implies \ ﬁ(
lift(C) 0
I =} % now means 113 59)

Il

I 3 % now means
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Coinduction

Example simulation

ab Cg aB

becausea:B =} b

Also:

aB Cgab
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Weak transfer property: WTP

R satis es theweak transfer propertyf

S R t

R T

lift(  R)
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The simulation preorder via induction

Using coinduction:

C, S D (S)isthe largest solutionto C, = Sim(Cy)
Using induction:
Ccl = s D (9

. 0O

)

. =
1

Sim(C.°)

c.kD = sim(ck)

O
o
Il

s \kOCsk

In general o
g sC, implies sC!
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Ingredients:

I weak actions as usual
I divergence/convergence
I failures/acceptances

I Convergence: + if there is no in nite sequence
! ! Kk !

Alternatively: 6§ EmpDist

| Acceptances: accAif +and =) implies =} for
somea in
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A-simulations

A-simulations in a pLTS
Largest relationB,, D su(S) S satisfying:
B,.. s implies:

whenever +,
| s+
[ accA impliessaccA

I and
Bacc S Bacc S
‘ implies ﬁ ‘
O lift(B,,)
Use ofsubdistributions Dgyp(S) facilitates the treatment of
divergence
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Are these distinguishable by any test ?

I ;

1 1 1
2 2 2

AN SR
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Inequivalences

Are these distinguishable by any test ?

I ;

1 1 1 1
2 2 2 2
b\ a b a "¢
S NP S VAN
Q 6\pmay P

Use testT = d:a! :

I sup of Apply(T;Q) =1
I sup of Apply(T;P)= 3
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Inequivalences

ISP V pmay Q?

I ;

1 1
2 2

N PN

With T =d:(:a( ; 0) + (bl ct))

I sup of Apply(T;P) =
I sup of Apply(T ; Q) =
I Distinguishing tests can be hard to nd.

Nl Blw
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Characterising preorders using logical properties

A set of propertiedProp characterisesy whenever
I P v Q implieStorevery in prop
Q satises whenevelP satis es
I P 6vQ whenever there is somein Prop such that

I P satises
I Q does not satisfy
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Characterising preorders using logical properties

A set of propertiedProp characterisesy whenever

I Pv Q impliesmr every in Prop
Q satises whenevelP satis es
I P 6vQ whenever there is somein Prop such that
I P satis es

I Q does not satisfy
Consequence:
To showP 6vQ it is sucient to nd some such that
I P satis es
I Q does not satisfy
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LTS: Property logics and testing

May testing:

|V may Characterised by. = f tt; hi; _g

Must testing:

|V must Characterised by = f ;[ ];™; accAg
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n=oliiin hi gist j [] dist:::
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Satisfaction: F
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Inequivalences

pLTS example: using formulae

I ;

N SR

With = hdi(hai tt 3~ (hbitt ~hcitt))

I PE
I QE§
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Inequivalences

pLTS example: using formulae

I ;

1 1
2 2 2 2
I b "¢ a b a "¢
o AW ARN
With = hdi(hai tt " (hoi tt Mhci tt))
I PE

I Q6§
! S0P 6\may Q
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PLTS: Property logics and testing

In a nitary pLTS:
May testing:

|V pmay Characterised by. = f tt; hi; _;"; " @

Must testing:

IV pmust Characterised by. = f ;[ ];”;_; ., accAg

Proofs are very indirect, via simulations
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Conclusions

I Testing provides basis for a natural extensional theory of
processes

I Applies to processes which exhibit both

I nondeterministic
I probabilistic

behaviour

I Coinductive simulations provide powerful proof method for
relating processes

I Probabilistic modal logic provides powerful proof method for
distinguishing processes

I Both techniques are complete fonitary processes
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