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Abstract

Many parameterized problems (as the clique problem or the dominating set problem) ask, given an
instance and a natural numbleras parameter, whether there is a solution of g¢izeMe analyze the
relationship between the complexity of such a problem and the corresponding maximality (minimality)
problem asking for a solution of siZe maximal (minimal) with respect to set inclusion. As our re-
sults show many maximality problems increase the parameterized complexity, while “in terms of the
W-hierarchy” minimality problems do not increase the complexity. We also address the corresponding
construction, listing, and counting problems.

1. Introduction

Suppose we know (or at least have an upper bound on) the complexity of deciding whether a problem has
a solutionS of sizek, that is, the solutioi$' is a set ofk elements. What can we say about the complexity

of the existence of solutions of sizemaximal (or minimal) with respect to set inclusion? Here a solution

S is maximal with respect to set inclusion if there is no solutidrwith S c S’. This paper studies such
guestions. By complexity we always mean the parameterized complexity, the parameter being the size of
the solution.

Maximal and minimal solutions of combinatorial problems play an important role in various contexts,
for example, in one of the earliest works in the area of worst-case analysis of NP-hard problems. In fact,
Lawler’s algorithm [25] for finding the chromatic number of a graph follows a simple dynamic program-
ming approach, in which the chromatic number of each induced subgraph is computed by listing all its
maximal independent sets. In a recent improvement due to Eppstein [11] the maximal independent sets of
bounded size have to be listed. As a second example let us mentionRRRSVERSAL HYPERGRAPH
(cf. [10]) is the problem of generating all satisfying assignments of minimal (Hamming) weight for a pos-
itive formula in CNF. For further examples and references see [3, 12, 20]. In parameterized complexity,
various algorithms implement the listing of all minimal hitting sets of a given size, for example, the algo-
rithm of the reduction yielding the Monotone Collapse Theorem mentioned below.

We start our analysis by mentioning three results, the first and the second one are well-known (cf. [13])
and the third one will be derived in Section 3 (see Proposition 11):

(i) The problenp-VERTEX-COVER (“Does a graph have a vertex cover of siZ®) is fixed-parameter
tractable and so is the problemMINIMAL -V ERTEX-COVER (“Does a graph have a minimal vertex
cover of sizek?").

(i) The problemp-INDEPENDENTFSET (“Does a graph have an independent set of 7§ is W[1]-
complete and the probleprMAXIMAL -INDEPENDENTFSET is W[2]-complete.

(iiiy The problemp-DOMINATING-SET (“Does a graph have a dominating set of siZ®) is W|[2|-
complete and so is-MINIMAL -DOMINATING -SET.

So the minimality problems in (i) and (iii) do not increase the complexity while the maximality problem
in (ii) does. As we show these are not isolated results but special cases of general phenomena: Many
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maximality problems increase the complexity, while “in terms of the W-hierarchy” minimality problems
do not.
Let us first introduce a framework appropriate to discuss this type of questions.SPodefertices of
a graphg is a vertex cover if irg it satisfies the formulac(Z) of first-order logic with the set variablg,
where
ve(Z) :=VaVy(—Exy vV Zz NV Zy)

(here the quantifiers range over the verticBsy means that there is an edge betweeandy, and Zx

means that: is an element o). We say thatc(Z) Fagin-defines the problem+VERTEX-COVER (0N

the class of graphs). Similarly the problem$NDEPENDENFSET andp-DOMINATING-SET are Fagin-
defined by

indeq?2) :=VaVy(—FExzyV ~ZzxV -~Zy) and dSZ):=VYy3z(Zz A (z =y V Exy)),

respectively. Note that the formulas(Z) andds(Z) arepositivein Z (no occurrence of is in the scope
of a negation symbol) and the formuftedep Z) is negativein Z (every occurrence of is in the scope of
exactly one negation symbol).

If ¢(Z) is an arbitrary first-order formula, we denote WD, the problem Fagin-defined hy(2)
(see Section 2.2 for the precise definition). It should be clear what we meabyxiMAL -WD,, and by
p-MINIMAL -WD,,. The problenp-MAXIMAL -DOMINATING -SET is trivial, since the set of all vertices is
the only maximal dominating set in a given graph. SimilaphMINIMAL -INDEPENDENFSET is trivial.
More generally, one easily verifies (cf. Section 4) that the probleaXIMAL -WD.,, is trivial for ¢(Z)
positive inZ and so is the problem-MINIMAL -WD, for ¢(Z) negative inZ.

We collect the main known results concerning the W-hierarchy and Fagin-definable problems (cf. [9,
18]). We use the following notation: If C is a class of parameterized problems|@h®rdenotes the class
of problems (many-one) fpt-reducible to some problem in C.

Theorem 1. Lett > 1.
(a) W[t] = [{p-WD,, | ¢(2) aHt-formuIa}]fpt.
(b) If ¢ is odd, then

W[t] = [{p-WD,, | ¢(Z) alIl,-formula negative inZ}]fpt
= [{p-WD,, | ¢(Z) all,,-formula negative inZ}]fpt.

(c) If tis even, then

W[t] = [{p-WD,, | ¢(Z) alIl;-formula positive inZ}]fpt
= [{p-WDy, | ¢(Z) all;,-formula positive inZ}]fpt.

The second equalities in (b) and (c) are formulations in terms of Fagin-definable problems of the Anti-
monotone Collapse Theorem and the Monotone Collapse Theorem, respectively.

In this paper we first determine the complexity of some maximality and minimality problems which
concern problems interesting in our context but not covered by our general results (Section 3). We then an-
alyze maximality problems in Section sec:fdws. We observepthdiaxIMAL -WD,, can be considerably
harder thap-WD.,. In fact, there is &I, -formulay (hencep-WD,, € W([1]) such thap-MAXIMAL -WD,,
is W[P]-hard (see Theorem 19). In more conventional terms, we show that the maximal weighted satisfia-
bility problem for formulas in 3-CNF is W[P]-hard (see Corollary 23).

We then turn to formulag(Z) negative inZ (Section 6). For such formulas a solution of sizés
already maximal, if no superset of it of size+ 1 is a solution, too. Using this observation we derive
the following theorem. A comparison with part (b) in Theorem 1 shows that the transitionpfdfd.,
to p-MAXIMAL -WD,, increases the complexity one level in the W-hierarchy; we already saw this phe-
nomenon for the independent set problem in (ii).



Theorem 2. If ¢ > 1 is odd, then

W[t + 1] = [{p-MAXIMAL -WD,, | ©(Z) all;-formula negative inZ}]fpt
= [{p-MAXIMAL -WD,, | ¢(Z) all,,-formula negative ir]Z}]fpt.

This result implies, for example, that the maximal weighted satisfiability problem for formulas in
2-CNF with only negative literals is Y¥]-complete (see Corollary 33).

We then consider minimality problems (Section 7). A comparison of (a) and (b) of the following
theorem with (a) and (c) in Theorem 1, respectively, shows that for minimality problems we do not have an
increase of complexity. Moreover;MINIMAL -WD,, is fixed-parameter tractable for everly-formula

o(Z).
Theorem 3. (a) If t > 2, then
W[t] = [{p-MINIMAL -WD,, | ¢(Z) aTl,-formula}]™.
(b) If t > 2is even, then

W[t] = [{p-MINIMAL -WD,, | ¢(Z) all,-formula positive inZ}}fpt

= [{p-MINIMAL -WD, | ¢(Z) aIl;;,-formula positive inZ}}fpt.

(¢) p-MINIMAL -WD,, € FPTfor everyll;-formulap(Z).
As we shall see in Example 46 there &fg-formulase(Z) such that
p-WD, € FPT and p-MINIMAL -WD,, is W[2]-complete

So what a comparison of Theorem 1 and Theorem 3 shows for minimality problems should be stated
more precisely as: The quantifier complexity(iZ) yields the same upper bounds for the complexity of
p-MINIMAL -WD,, as for the complexity 0p-WD.,.

Letd > 2. We exemplify the consequences of our results on maximality and minimality problems for
the weighted satisfiability problem of propositional formuladjny, F:fd, andl'; ; (these sets are defined
in Section 2.3) in the following table:

H maximality problem minimality problem
r t=1,d=2: W][2]-complete t=1:. FPT
bd otherwise: WI[P]-hard t > 1. WIJt]-complete
I t even: Wt]-complete
Tia FPT todd: Wt — 1]-complete
_ teven: Wt]-complete
i todd: W[t + 1]-complete FPT

We also address the corresponding construction problems (construct a maximal/minimal solutign of
of sizek) and listing problems (list all maximal/minimal solution 9fZ) of sizek). What we obtain can
be phrased as follows: If the corresponding decision problem isif ¥en the construction problem and
the listing problem have an fpt (delay) algorithm with an oracle to a problem[th W

We also consider problems “dual” to our maximality and minimality problems, namely the problems
p-NON-MAXIMAL -WD,, andp-NON-MINIMAL -WD,, that ask for solutions of sizk that are not max-
imal and not minimal, respectively. While non-minimal problems behave as the minimal problems (see
Theorem 47), it turns out that non-maximal problems do not increase the complexity in the sense that
p-NON-MAXIMAL -WD,, € W[t] for everyIl;-formulay(Z) negative inZ (see Theorem 38).



In view of the fact that

the number of maximal solutions is the difference between the number of all solutions
and the number of non-maximal solutions,

1)

we started to study whether our results generalize to the corresponding counting problems. If so, then for
odd¢ > 1 Theorem 2 together with equation (1) would imply that sogé/[t + 1]-complete problem

is solvable by an fpt-algorithm with an oracle to some problem:i[t]. Unfortunately, this is not the

case: While our results for the maximality and minimality generalize to the counting context (see Theo-
rems 52 and 53, respectively), this is only partly true for non-minimality and non-maximality problems
(see Theorems 54 and 64, respectively). We address the extensions for counting in Section 9.

We finish this introduction with some remarks concerning the proof methods. Based on [9], in [17, 18]
the relationship between weighted satisfiability problems for fragments of propositional logic, model-
checking problem for fragments of first-order logic, and Fagin-definable problems has been analyzed sys-
tematically and corresponding “translation procedures” were developed. Partly, our proofs built on these
procedures. Maybe the technically most difficult proof is that of part (a) of Theorem 2 (compare Proposi-
tion 31). We should mention that our results, in particular Theorem 2 and Theorem 3, remainfrise if
replaced by a relation symbol of arbitrary arity.

Some of the results in this paper were announced in [4].

2. Preliminaries

The set of natural numbers (that is, nonnegative integers) is denot®d Ifpr a natural numben let

[n] :={1,...,n}.

2.1. Parameterized complexity. We assume that the reader is familiar with the basic notions of pa-
rameterized complexity theory (cf. [8, 18]). We denote by FPT the class of all fixed-parameter tractable
problems. For parameterized problemand?’ we write? <Pt P’ if there is a (many-one) fpt-reduction

from P to P’. We write? =Pt P’ if P <Pt P’ andP’ <™ P, and we writeP <Pt P’ if P <Pt P’ put

not P’ <™ P, By [P]™ we denote the class of problems fpt-reducibléPto Similarly (and as already
mentioned in the Introduction), if C is a class of parameterized problEZii&, is the class of problems
fpt-reducible to some problem in C.

2.2. First-order logic. A vocabularyr is a finite set of relation symbols. Each relation symbol haerey.
A 7-structureA consists of a setl called theuniverse which we assume to be finite, and an interpretation
RA C A" of eachr-ary relation symboR € 7. For example, we view graphas a structur§ = (G, E9),
whereF is a binary relation symbol an? is an irreflexive and symmetric binary relation on the set of
verticesGG. Nevertheless, often we denote the vertex set of a giapy 1 and the edge set b (instead
of G and E9) and use the set notatidw, w} for edges.

Formulas of first-order logic of vocabularyare built up from atomic formulag = y andRx; ... z,
wherezx, y, z with z = z1, ..., x, are variables an® < 7 is of arity r using the boolean connectivesA,
Vv and existential and universal quantification. (The connectivesid« are understood as abbreviations.)
Literalsare atomic or negated atomic formulas. Eor 1, letY; denote the class of all first-order formulas
of the form

3.2311 NN ElxlkIVargl .. .ngkQ e thl NN thkt ¢,

where = Vif t is even and) = 3 otherwise, and wheré is quantifier-free.Il;-formulas are defined
analogously starting with a block of universal quantifiers. 4.et> 1. A formulay is %, ,, if itis 3, and
all quantifier blocks after the leading existential block have lergti

For a classp of first-order formulas we consider thmarameterized model-checking problé€by |¢|
we denote the length of the formufg:

p-MC(2)
Input: A structure4 and a sentencg € ¢.
Parameter: |o|.
Question: DoesA = ¢ hold, that is, isA a model ofp?




Let Z be a fixed set variable (that is, unary relation variable). We consider first-order formulas that may
contain atomic subformulas of the forfw. Fort,d > 1 we denote by, ,, the set ofil;-formulasy(Z),
where for even (odd)

@ZVflafgai’t\/gﬁz (cp:V:flzli"zVi’t/\goz),
i€l el
and eachp; is a conjunction (disjunction) of literals with at mastoccurrences o. Of course, every
IT;-formula with at most/ occurrences of is equivalent to al, ,4-formula.

A first-order formulap = ¢(Z) Fagin-defineshe problem:

p-WD,,
Input: A structure4 andk € N,
Parameter: k.
Question: Is there a subset C A of sizek such thatd = ¢(5)?

2.3. Propositional logic. Formulas of propositional logic are built up from propositional variatie§”,
X1, X5, ... by taking conjunctions, disjunctions, and negations. We distinguish betsreal conjunc-
tions denoted by, which are just conjunctions of two formulas, abig) conjunctions denoted byA,
which are conjunctions of nonempty finite sets of formulas. Analogously, we distinguish betwredin
disjunctions Vv, andbig disjunctions \/. In the context of propositional logiliterals are propositional
variables or negated propositional variables.

Fort > 0 andd > 1 we inductively define the following class€s ; andA, 4 of formulas:

Tog:={MA...AXs|s€[d], \,..., A literals},
ANgg:={M V...V |s€[d], \,...,\ literals},

Fiy1.4:= { /\ d; | I afinite nonempty index set arsge A, 4 forall i € I},
iel

AVERIFRES { \/ ~vi | I afinite nonempty index setangd € I'; ; for all i € I}.
i€l

If in the definition of[y 4 and A, 4 we require that all literals are positive (negative), then we obtain the
sets denoted by, andA*d (T;4 andA; ), respectively.

We denote by Velky) the set of proposmonal variables of a propositional formulaLet V' be a set
of propositional variables. Often we tacitly identify an assignmentl” — {TRUE, FALSE} with the set
{X € V| S(X) = TRUE}. Theweightof an assignment is | S|, the number of variables set tRUE. A
propositional formulay is k-satisfiable(wherek € N), if there is an assignment for the set of variables of
« of weightk satisfyinga. For a sel” of propositional formulas, thearameterized weighted satisfiability
problemp-WSAT (T') for formulas inl" is the following problem:

p-WSat(T)
Input: A propositional formulax € T" andk € N.
Parameter: k.
Question: Is « k-satisfiable?

Fort >0,d > 1, ande € T/, UT; , we define theparse structuredparsd ) of ov. This is a structure
of vocabularyrparse:= { £, FIR VAR} whereF is binary andFIR andVARare unary. We obtaifparsd cv)
from the parse tree @f, WhereEApafse(a) is the edge relation with edges directed from the root to the leaves,
by the following manipulations:

— first we contract the edges between a negative literal and its variable and identify the node obtained
thereby with the node of the variable (clearly this is only necessary for formulgs;n



— we identify the nodes corresponding to the same propositional variable and identify the node obtained
thereby with the variable itself;

— we sefFIRA=4*) .= [y | u is a child of the root of the parse tree@} andVAR*{®) .= Var(«).

We also have to consideircuits. Here, circuits consist afput nodesand-nodesndor-nodesof arity
two, negation-nodesind they have exactly orautput nodgthat is, we only consider Boolean circuits).
We denote by CIRC the class of all circuits andisW SAT (CIRC) the weighted satisfiability problem for
circuits. A circuit ispositive if it does not contain any negation-nodes. A circuihégative if every input
node has out-degree 1 and is adjacent to a hegation-node and there are no other negation-nodes.

2.4. The W-hierarchy and the class W[P]. The following theorem (e.g., see [18]) contains well-known
characterizations (or definitions) of the W-hierarchy and the class W[P] in terms of model-checking prob-
lems and weighted satisfiability problems. Characterizations in terms of Fagin-definable problems were
presented in Theorem 1.
Theorem 4. (a) Lett,u > 1.Thenp-MC(3, ,,) is W[t]-complete under fpt-reductions.

(b) Lett,d > 1andt + d > 3. Thenp-WSAT (T, 4) is W[t]-complete under fpt-reductions.

(c) Lett,d > 1andt +d > 3. If ¢ is even (odd), thep—WSAT(de) (p-WSAT(F;,d)) is W(t]-complete
under fpt-reductions.

(d) p-WSAT(CIRC) is W[P]-complete under fpt-reductions.

3. Some examples

In this section we determine the complexity of some maximality and minimality problems which concern
problems interesting in our context but not covered by our general results.

For a clasd" of propositional formulas or circuits, it should be clear what we meap-BINIMAL -
WSAT(T") or by p-MaAXIMAL -WSAT(T'), as it was, say, fop-MINIMAL -DOMINATING -SET.

3.1. Maximality problems. EveryI'; ;-formulaca has at most one satisfying assignment, easily com-
putable fromn. Therefore:

Proposition 5. p-MAXIMAL -WSAT(T'y ;) € FPT.
We turn toI'; » and show:

Proposition 6. p-MAXIMAL -WSAT(T'; 2) (andp-MAXIMAL -WSAT (' ,)) are W[2]-complete under fpt-
reductions.

This result is due to Grohe [21]. We prove it by the following two lemmas. As mentioned in the Introduc-
tion, the problemp-MAXIMAL -INDEPENDENFSET is W[2]-complete.! Therefore, the i2]-hardness of
p-MAXIMAL -WSAT(T'] ;) and hence op-MAXIMAL -WSAT(T'; ) is obtained by:

Lemma 7. p-MAXIMAL -INDEPENDENFSET <! p-MAXIMAL -WSAT(I'; ).

Proof: Let (G, k) with G = (V, E) be an instance of the first problem. We may assumeghias no
isolated points. For € V let X, be a propositional variable. We set

o= /\ (—\Xu V —\XU).
{uv}eE

For a subsed! C V we letS(M) := {X, | u € M}. One easily verifies that

M is anindependent set f <« S(M) satisfiesx.

INote thatp-MAXIMAL -INDEPENDENFSET = p-INDEPENDENFDOMINATING -SET, where the latter problem, given a graph
G andk € N as parameter, asks for a dominating set of &ixehich additionally is an independent set. Thg2Mcompleteness of
this result is already implicit in [7].



Thus,(G, k) — (a, k) is the desired reduction, asis a formula inl"; ,. O
By Theorem 4 (a) the following lemma shows thaMAXIMAL -WSAT (T'; ) (and hence-MAXIMAL -
WSAT ('} ,)) is in W[2].

Lemma 8. p-MAXIMAL -WSAT(T'; 5) <P p-MC (53 5).

Proof: Let (o, k) be an instance gi-MAXIMAL -WSAT(T'; 2). We may assume that> 1. We view unit
clauses\in « as(\ V Ag) with Ay = Ay = A,
Identify TRUE with 1 andrALSE with 0. Fori,j € {0,1} we define the binary relatioR; ; on the
variables ofx by
Rij = {(X,Y)|bya, “X =iimpliesY = j in one step}

more precisely,

Roo:={(X,Y) | (X Vv~-Y)isaconjunctofr}, Ro;:={(X,Y)|(XVY)isaconjunctof},
Rio:={(X,Y)| (=X v-Y)isaconjunctobv}, R;;:={(X,Y)| (=X VY)isaconjunctof}.

Now let theT; ; be the closure of the relatiods; ; under the rules:

R, ; XY - T,; XY for X, Y € Var(«) andi, j € {0,1}
— Tho XX for X € Var(a)
—-Ti1 XX for X € Var(«)
T,; XY - Ty YX for X, Y € Var(a) and{j,i'} = {j',i} = {0,1}
Ty XY, T YZ - Ty XZ for X, Y, Z e Var(a) andi, j, £ € {0,1}.

Clearly, if an assignmerfi satisfiesy, then
T;; XY and S(X) =i imply S(Y) =j. (2)

Recall that Vafo) denotes the set of variables of Let A := (Var(a), (Ri ;)i jefo.1}, (Tij)ijef0.1})-
Note that4 can be computed from in polynomial time. For variables, , . .., z, y we abbreviate by

ye{xy,...,xx}t and y & {xy,...,z1}

the quantifier-free formulag := \/ie[k] y = x; and—y, respectively. For variableX,, ..., X, € Var(«a)
we have
{X1,..., X} satisfiesy» = AExx(X1,...,Xp), 3
where
e, w) = vz ((Rooyz = (y ¢ {ov, o an} = 2 ¢ {an,. @)
(Ro,lyz — (y % {xl,. .. ,.’L‘k} — Z € {J)l, . ,xk}))
(Rioyz — (y € {z1,..., 21} — 2 ¢ {x1,...,21}))
(Riayz — (y € {1, ... ) — z € {a1,. .. ,xk})))

We show that
(a, k) € p-MAXIMAL -WSAT(T'; 2) <= A E ¢y,

whereypy, is

Jxq ... ka( /\ —x; = xj A xk(T1, - 2k) AVY(Thoyy V \/ y=ux;V \/ TLOxiy)).
i#£j i€[k] i€[k]



This yields the claimed reducibility, singg, is easily seen to be equivalent td2a »-formula. The proof
of the direction from right to left in the equivalence is easy using (2) and (3).

We turn to the other direction. Assume tifat= { X4, ..., X} is @ maximal satisfying assignment of
a. We set
V= {Y | TioYYV \/ Tig XiY}.
i€[k]
We have to show that
SUV = Var(a).

By contradiction, assume th&t € Var(«) butY is distinct from all X; and is not contained ifY. We
define an assignmeist as follows:

TRUE Z = X, forsomei € [k],orT, 1Y Z,

() = , € [k, orT (@)
FALSE otherwise

In particular,S’'(Y) = TRUE and thereforeS C S’. We show thatS” satisfiesc, which contradicts the
maximality of S. Let (A V A2) be a conjunct of.. We know that

S(A\)=TRUE or S(A2)=TRUE (5)

Now one analyzes the cases whage\, contain a variable it or a variable not ir6 separately, always
deriving thatS’(A\; V A2) = TRUE. This analysis is simple but tedious, we just present the argument for
the (not completely trivial) case where

(M V)= (ZVv-Z)

for variablesZ, Z' with Z ¢ SandZ’ ¢ S. If S'(Z’) = FaLSE thenS’(A1 V A\3) = TRUE and we are
done. Assume that’(Z’) = TRUE. Then, by (4), we havé ; YZ'. Furthermore, a$Z v -Z') is a
conjunct ofa, we haveR, o ZZ'. Hence, using the appropriate rules we obtgjn ZZ’, 711 Z'Z, and
finally 71 1 Y Z. Therefore, by (4), we know that'(Z) = TRUE; in particular,S’(A\; V A\2) = TRUE. O

We close this subsection with an example, to which we will come back later.

Proposition 9. p-MAXIMAL -CLIQUE is W[2]-complete under fpt-reductions.

Proof: The usual reductiofi(V, E), k) — ((V,{{u,v} | v # v, {u,v} ¢ E}), k) betweenp-CLIQUE
andp-INDEPENDENTFSET is maximality preserving. The result now follows from point (ii) mentioned at
the beginning of the Introduction. ]

3.2. Minimality problems. While for d > 2 the problemp-WSAT(T'; 4) is W[1]-complete (cf. Theo-
rem 4 (b)), we get:

Theorem 10. p-MINIMAL -WSAT(T'y 4) is fixed-parameter tractable for evedy> 1. Furthermore there
is an algorithm that, given an instange, k) of p-WSAT(I'; ;) computes a list of all minimal satisfying
assignments of sizé k in timeO(d* - k - |a|).

Proof: Let o € T'; 4. Denote byC, the set of clauses ef. Then the algorithm LST-MINIMAL W SAT
(on the next page) on inpyt,, k) lists all minimal satisfying assignments afof weight < % in time
O(d* - k - |a]); in particular, p-MINIMAL -WSAT (T 4) is fixed-parameter tractable. The algorithm is
similar to that enumerating all minimal hitting sets of sigek in a hypergraph with hyperedges of size
< d. Moreover, the proof of its correctness is similar. m]

Finally we derive the result mentioned in (ii) at the beginning of the Introduction:

Proposition 11. p-MINIMAL -DOMINATING -SET is W([2]-complete under fpt-reductions.



LIST-MINIMAL -WSAT(C, k)
/I C a set of clauses arid> 0.

1. if C contains the empty clausleen return{)

2. if C contains no clauses with only positive literétten return{0}
/l'i.e., the only minimal satisfying assignment is the all false assignment

if k& = 0 then returnf
Il'i.e., there is no satisfying assignment of weight
Il sinceC contains at least one clause with only positive literals

w

4. ¢ < the “first” clause irC with only positive literals
5. S0
6. forall X € cdo
7. C(X)« 1D
11 C(X) will collect all the (modified) clauses that amet already
// satisfied when setting’ := TRUE
for all clauses’ € C\ {c} do
. if X ¢ thenC(X) —C(X)U{c\{-X}}
10. S(X) « LIST-MINIMAL -WSAT (C(X), k — 1)
11. S —SU{sU{X}|seS(X)andsU{X}isaminimal
12. satisfying assignment aﬁ}.
13. returnS.

Proof: We first show thap-MINIMAL -DOMINATING-SET € W/[2] by reducing it top-MC(221). For
k € Nwe have
(G, k) € p-MINIMAL -DOMINATING-SET <= G = ¢y,

where (inyy, the variablese, ...,z correspond to the elements of a minimal dominating setgnd
witnesses thafx1, ..., zj_1,z;+1,...,2%} and hence all of its subsets are not dominating sets)

Qg = 3xy ... drkTzy .. T2z ( /\ x; 75.1‘]' A Yy \/ (Z‘i = y\/EJ}iy)/\
i,je[]c] 1€ k]
1<J
AN N @#zn ﬁEffiZj))

jelk]i€(k].i#j

Sinceyy, is (logical equivalent to) & ;-sentence, this gives the desired reduction.

To show the WR2]-hardness op-MINIMAL -DOMINATING -SET we present an fpt-reduction from the
W/[2]-complete problemp-DOMINATING-SET to it. LetG = (V, E) be a graph ané < |V'|. We construct
the graphg’ = (V’/, E’) as follows:

Vo= (Vx[K]) UV UK
E = | {0, 0} |uveV,u#v}
e k]

U U {{(u,0),v} |u,v € Vand @ = v or {u,v} € E)}
Le(k]

U {{(u,0),0} |ueVandl e [k]}.



One easily verifies that
G has a dominating set of siZze «= G’ has a minimal dominating set of size m|

We close this section by mentioning that for thé2Mcomplete problemp-KERNEL (“Does a directed
graphg have a kernel of sizk?”) (cf [18]) we have

p-KERNEL = p-MAXIMAL -KERNEL = p-MINIMAL -KERNEL,
since no proper subset or superset of a kernel is a kernel.

4. The framework

Contrary top-WSAT (") where it was clear what we mean pyMINIMAL -WSAT (T') or by p-MAXIMAL -
WSAaT(T"), for various problems it is not obvious what we mean by a maximal or minimal solution. For
example, what is a maximal solution of the parameterized halting problem?

p-SHORT-NSTM-HALT
Input: A nondeterministic single-tape Turing machideandk € N.
Parameter: k.
Question: DoesM accept the empty string i steps?

The situation is different for Fagin-defined problems.

Definition 12. Let ¢(Z) be a first-order formula of vocabulary Let A be ar-structure ands C A.
(a) Sis asolution (ofp(Z) in A) if A = »(S).
(b) Sis aminimal solution (ofp(Z) in A) if S is a solution and no subsét C S is a solution.
(c) S is amaximal solution (ofo(Z) in A) if S is a solution and no supersgt O S is a solution.

We define thenaximality problem Fagin-defined ky(compare it withp-WD,, defined in Section 2.2):

p-MAXIMAL -WD,
Input: A structure4 andk € N.
Parameter: k.
Question: Does there exist a maximal solution@fZ) in A of sizek?

and theminimality problem Fagin-defined hyas

p-MINIMAL -WD,
Input: A structured andk € N.
Parameter: k.
Question: Does there exist a minimal solution 9f2) in A of sizek?

In particular, on the class of graphs, the probleDingep With
indef2) := VaVy(—Exy V ~Zx V =Zy)

coincides withp-INDEPENDENTFSET andp-MAXIMAL -WDjpge, With p-MAXIMAL -INDEPENDENTFSET,;
moreover, the solutions afideq Z) in a graphG are the independent sets.

Formulasp(Z) positive inZ are monotone, that is
AE¢(S)andS C S C Aimply A = »(5').

Thus, ifp(Z) is positive inZ, then there is at most one maximal soluti®m a structured, namelyS = A,
and A [= ¢(A) can be checked in polynomial time; therefopeM AXIMAL -WD.,, is trivial for suche.
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Similarly, p-MINIMAL -WD.,, is trivial for (Z) negative inZ, since such formulas are antimonotone, that
is
A E p(S)andS’ C Simply A = ¢(S"),

and hence there is at most one minimal solut$oim a structure4, namelyS = (.
As our exposition will show, the first equality of Theorem 2 even holdslfgfformulas antimono-
tone inZ. We stress that this remark only applies to Fagin-definable problems: There are antimonotone
problems (in the sense that the subset of any solution is again a solution) that afé]jrb\¥ where
it is not clear whether the corresponding maximality problem is i2]WExamples of such problems
are p-IRREDUNDANT-SET andp-VC-DIMENSION. Both are in W1], and the corresponding maximal-
ity problemsp-MAXIMAL -IRREDUNDANT-SET andp-MAXIMAL -SHATTERED-SET, respectively, are in
W*[3] N A[2] (cf. [2, 18]).

4.1. Variants. In some applications one is interested in the existence of a minimal solution of size

(and not of size exactl}) or as in the case of Eppstein’s algorithm for faster exact coloring one has to
list all minimal solutions of size< k. Let us denote by-MINIMAL S-WDW the corresponding decision
problem. Nearly all our results remain true if we replaedlINIMAL -WD,, by p-MINIMAL S-WDQ,). In

fact, mostly our proofs can be adapted in a straightforward way and we leave that to the reader. We only
point out in Remark 45 the changes that are necessary to get the analogue of our main result on minimality
problems; more concretely, we show (the main step of a proof of):

If t > 2andyp(Z) € I, thenp-MINIMAL <-WD,, € W[t]. (6)

Nevertheless the problemsMINIMAL -WD,, andp-MINIMAL S-WDSO may have quite different complex-
ities. Take for example
o(Z) :=Ve-Zx vVVydx(Zx A (y = z V Eyx)).

Thenp-MINIMAL <-WD,, € FPT butp-MINIMAL -WD,, is W[2]-complete by Proposition 11.
Note also that forp(Z) positive inZ, we have for all structured and allk < | A| that

(A, k) € p-MINIMAL =-WD,, <= (A, k) € p-WD,,.

Hence, for sucty, the claim of (6) holds by Theorem 1 (a).

As already mentioned in the Introduction we also consider the problems “dual” to our maximality and
minimality problems, namely the problems

p-NON-MAXIMAL -WD,,
Input: A structure4 andk € N.
Parameter: k.
Question: s there a solution ap(Z) in A of sizek which isnota maximal
solution?

p-NON-MINIMAL -WD,,
Input: A structure4 andk € N.
Parameter: k.
Question: Is there a solution op(Z) in A of sizek which isnota minimal
solution?

It should be clear what we mean pyNON-MINIMAL -WSAT (T ;). Note thatp-WSAT (T, 4) is the union
of p-MINIMAL -WSAT (T, 4) andp-NON-MINIMAL -WSAT (I'; 4) in the sense that for every instar(ee k)

(o, k) € p-WSAT(T, q) <= (a,k) € p-MINIMAL -WSAT(T, 4) or

7
(o, k) € p-NON-MINIMAL -WSAT (T 4) (7)

11



(of course, the same statement holds for “minimal” replaced by “maximal” and for proléMmB , in-
stead ofp-WSAT (T 4)). In particularp-WSAT (I, 4) is fixed-parameter tractable if both, the correspond-
ing minimality and the corresponding non-minimality problem, are in FPT. Thus, in view of Theorem 4 (b)
and Theorem 10, we see that for dli> 2 the problenp-NoN-MINIMAL -WSAT(T'; 4) cannot be in FPT
unless FPT= WI1].

The union and intersection of problems in[iVare in W¢], too. Since we did not find this result
in the literature, we give a precise formulation and present a proof. In this context it is useful to view
parameterized problen as pairq P, k), whereP C ¥* for a finite alphabekE and where: : ¥* — Nis
a polynomial time computable function, tharameterizatior{cf. [18]).

Proposition 13. Let P, P’ C ¥* and letx : ¥* — N be a parameterization. Then:
(@) If P £ pand(P', k) € FPT, then(PU P', k) <P (P, x).
(b) Lett > 1. If (P, k), (P, k) € W[t], then(PU P’, k) € W[t] and (P N P’, k) € W[t].

Proof: (a) Letz, € P and letA be an fpt-algorithm solvingP’, ). The following procedure yields the
desired fpt-reduction: Let € ¥*. Check withA whetherz € P’. If so assign: to z, otherwise assign
to itself.

(b) Let (P, k), (P’,k) € W[t]. By Theorem 4(a) there are fpt-reductions fr¢f ) and (P’, ) to
p-MC(%, 1), that is, there are fpt-algorithms associating witlk >~* structuresA4, and.A], and formulas
@, andy’; in X, 1 such that

(xeP <= A, Ey:) and (zeP < A E¢l).

We may assume that, and. A/, are structures of the same vocabulanthat A, N A’ = () and (adding
dummy variables if necessary) that = Jz;...3z,¢(Z) and ¢, = Jxq ... Jz,’'(T) with T_4-
formulas«(z),¢'(z) andz = x;...x;. Seto := 7 U {U,U’'} with new unary relation symbol&
andU’. Define thes-structure3,, by
B, = A,UA,
RB: .= RAURA:  (forRer)
UBs .= A, and UP .= A’.

Then

re(PUP) <« B, E Hxl...ﬂxk(( A Uz AoV @) v (N U’xi/\z//U’(fc)))
i€[k] i€[k]
ze(PNP) < B,k Elxl...ﬂxkElyl...Elyk(( A Uzi neV (@) AN\ U'ys /\z//U'(y)));
1€[k] i€ (k]

hereyV for example, is obtained by relativizing the quantifierstipthat is, by inductively replacing
subformulasvzp (3zp) by Vz(Uz — p) (3z(Uz A p)). This shows that” U P’ and P N P’ are both
reducible top-MC(X; 2) and hence are in V4. |

Corollary 14. For d > 1 we havep-WSAT (T 4) <P p-NON-MINIMAL -WSAT (T'; ).

Proof: Sincep-MINIMAL -WSAT(T'y 4) € FPT by Theorem 10, we get the claim from (7) and part (a) of
the preceding proposition. ]
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5. Fagin-definable problems and weighted satisfiability problems

Some results in this paper will be easier to be derived for Fagin-definable problems and some for weighted
satisfiability problems. The results can always be translated into the other framework by applying the
well-known correspondence between weighted satisfiability problems and Fagin-definable problems stated
in the following two lemmas, the first one translates Fagin-definable problems into weighted satisfiability
problems and the second one contains a translation in the other direction. For proofs we refer the reader
to [19, 14]. Recall the definition dfl, ,;-formulas of Subsection 2.2.

Lemma 15. Lett,d > 1 and¢(Z) be all, 4-formula of vocabulary-. Then there is a polynomial time
algorithm associating with every-structure.A a propositional formulax € T'; 4 such thaivar(a) C {X, |
a € A} andforallS C A:

AEo(S) < {X,]|be S} satisfiesx. (8)
If o(Z) is positive (negative) itZ, thena can be chosen iﬁzd (inI'; ).

Lemma 16. Lett,d > 1. There is dl, ,;-formulay(Z) and a polynomial time algorithm associating with
every propositional formula: € T, 4 a structureA in a vocabularyr containing a unary relation symbol
VAR with VAR' = Var(«) and such that for allS C Var(«)

A ¢(S) < S satisfiesn.

If we only consider formulas in Fjd (a in T ), then we can choosg(Z) as I, 4-formula positive
(negative) inZ.

Corollary 17. Lett,d > 1. Then:

f] fl
(@) [{p-MAXIMAL -WD,, | p(Z) € IT;4}] ™ = [p-MAXIMAL -WSAT(T; 4)] 7.

fl f
(0) [{p-MINIMAL -WD,, | p(Z) € I1,;/4}]" = [p-MINIMAL -WSAT (T, 2)] ™"

(©) [{p-MAXIMAL -WD,, | ¢(Z) € I, 4 negative inZ}]™ = [p-MAxIMAL -WSAT(F;d)]fpt.
(d) [{p-MINIMAL -WD,, | ¢(Z) € TI,, positive inZ}]™ = [p-MINIMAL -WSAT(F,jd)}fm.
Proof: All proofs are similar, so we present that for (c). Firsty¢tZ) < II, ,; be negative irZ and(A, k)

an instance op-MAXIMAL -WD,,. Choosea € L'y according to Lemma 15. Le§, be the set of all
a € A such that the variabl&’, does not occur i and let/, := |Sp|. Then, by (8), foralls C A

AEe(S) — AR e(SUS). 9)
The equivalences (8) and (9) show that
(A k) € p-MAXIMAL -WD,, <= (a,k —{o) € p-MAXIMAL -WSAT (', ),

which yields a reduction from-MAXIMAL -WD,, to p-MAXIMAL -WSAT (', ).

Conversely, one gets a reduction frgwMAXIMAL -WSAT(F;d) to p-MAXIMAL -WD,, for some
11, /4-formula(Z) negative inZ using Lemma 16; in fact, we can chooseygs) the formulap(Z) A
Va(Zx — VARz), where the formula(Z) negative inZ is chosen according to Lemma 16. ad

We state a first application of the translation procedures:
Proposition 18. (a) If ¢(Z) € 1,1, thenp-MAXIMAL -WD,, € FPT.

(b) W[2] = [{p-MAXIMAL -WD_, | ¢(Z) € Hl/g}]fpt.

() If p(Z) € 11,4 for somed > 1, then there is an algorithm that on inpQ#, k) lists all minimal
solutions ofp(Z) in A of sizek in fpt-time.
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Proof: Part (a) is a translation of Proposition 5, part (b) of Proposition 6, and part (c) of Theoremn10.

Contrary to parts (a) and (b) of the preceding proposition, our next result showsthaxiMAL -WD,,
can have very high complexity forla, ,3-formulay(Z2).

Theorem 19. There exists a formulg(Z) < II, /5 such thatp-MAXIMAL -WD,, is W[P]-hard under
fpt-reductions.

Before we start with the proof of this result we state three simple facts we are going to use in it. We
call an assignment not satisfying a ciraiiitnunsatisfyingassignment of .

Lemma 20. p-WUNSAT(CIRC) is W[P]-hard under fpt-reductions, where

p-WUNSAT(CIRC)
Input: A circuit C andk € N.
Parameter: k.
Question: DoesC have arunsatisfyingassignment of weighit?

Proof: We know thatp-WSAT(CIRC) is W[P]-complete. Therefore the claim follows from the fact that
we can associate in polynomial time with every circii circuitC’ with the same input nodes such that
for every assignment fat (and hence fo€’):

S satisfiex’ <= S does not satisf¢’. a

The proofs of the following two lemmas are straightforward and we omit them. Recall that a circuit is
positive if it does not contain any negation-nodes.

Lemma 21. There is a polynomial time algorithm associating with every circuivith setX’” of input
nodes a positive circuitt with set¥ U{X~ | X € X'} of input nodes (the new input nod&™ takes over
the role of “~X”) such that for every assignmesstof C and the assignmersit of C* given by

St ::SU{X*|X¢S}. (20)
we have

S satisfiex’! <«= ST satisfiet. (12)

We view positive circuits as, := {E, AND, OR OUT }-structures, wheré’ is binary (the edge re-
lation of the directed graph underlying the circuit with edges directed from the output node to the input
nodes andND, OR andOUT are unary (the set of and-nodes, of or-nodes and the set containing the output
node).

Lemma 22. Let
posisatZ) := VaVyVz (((AND:L' A Exy A Zz) — Zy)
A ((ORz AExyAExzANy#2ANZx)— (ZyV Zz))).
Then for every positive circuit and all subsets of the sett’ of input nodes of we have:
C = posisaf.S) (12)
and

S satisfieC <= for someT containing the output node with =7 N X : posisa(T) (13)

14



Proof of Theorem 19We present a reduction fromWUNSAT(CIRC) to p-MAXIMAL -WD,, for some
formulap(Z2) € 11, /3.

Let (C, k) be an instance gi-WUNSAT(CIRC), and letX}, ... X,, be the input nodes af. We turn
C into a new circuitC’ with setX” of input nodes, where

X = {Xi,j ‘ 7€ UC] andj S [’I’L]},
by replacing inC eachX; by a circuit equivalent td/,,; X;,;. Obviously forjy, ..., ji € [n],
{Xj,,..., X, } satisfieC < {Xy,,..., Xy, satisfie". (14)

Now we pass to the positive circyif’)™ according to Lemma 21. In particuldt;’)* has as set of input
variables the set
{Xijlieklandje[n]}U{X;;|iec[klandje [n]}.

We may assume that:
if (C")" |= posisafT’) andT contains the output node, th¢h| > & + 1.2 (15)

We view the circuit(C’) " thus obtained as a" := 7, U {OLDIN, DIFF, NEG}-structure, where, was
introduced before Lemma 22 and the new symbols are interpreted by:
OLDINC)™ := X" (= {X,; | i € [k] and;j € [n]})
DIFFC)" .= {(X,;, Xi ;1) | i # i andj # j'}
NEG)" = {(X,X) | X € X'}.
For any sefl” of nodes of(C’)™ we have
(C"Y" Eoutorin(T) <= T contains the output node @r C " (16)
(C"Y" EcongT) <= T does not contain the output node a7

orforal X e X1 (X €T < X ¢7T)
(C")" EassignT) <= foralldistinctX; ;, X, j € T, we havei # i’ andj # j',  (18)

where
outorin(Z) := VaVy((OUTxz A ~Zz A Zy) — OLDINy)
condZ) := vayv;;(((oum A Zz ANEGyz A Zy) — —Z2)
A ((OUTz A Zz ANEGyz A ~Zy) — Zz))
assigr{Z) := Vavy((Zz A Zy A OLDINz A OLDINy A z # y) — DIFF zy).
Let

¢(Z) := (posisatZ) A outorin(Z) A congZ) A assigiz)).

Then, up to equivalences(Z) < II,,3. We claim the following equivalence (which yields the desired
reduction):
(C, k) € p-WUNSAT(CIRC) <= ((C")*,k) € p-MAXIMAL -WD,.

Assume first thaf has an unsatisfying assignmeht= { X}, ,... X}, } of weightk. Let

S/ = {lejl’ .. 'Xk,jk}'

2For a circuitD let D* be the circuit obtained by taking two copies®f which share all nodes but the output node, and by adding
a new output node, which is an and-gate and receives its values from the output nodes of the copies. Repeating this process one gets
a circuit as claimed.
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Then, using (12), (16), (17), and (18), one easily verifies@@3t" = o (S’). We show that’ is a maximal
solution of(Z) in (C")*. LetT > S’ and assume that

)" (D).

In particular(C’)* |= assigr(T'), hence
S'=Tnx'

If T'does not contain the output node, then, by (16), we flage X’, and thusS” = T, which contradicts
S” C T. HenceT contains the output node. Then, by (17y/)" := S'U{X~ | X ¢ S’} is the set of
input nodes of C’)™ in T. By (C’)™ k= posisa{T’), we get from (13) thatS’) " satisfies(C’)™ and hence
by (11),5’ satisfie<’, which finally, by (14), implies tha$ satisfie<’, a contradiction.

Now assume thg(C’) ", k) € p-MAXIMAL -WD,, and thaf" is a maximal solution of sizk. If 7' con-
tains the output node, then by (15) we hglig > k+ 1, a contradiction. Thu¥ does not contain the output

node. It then follows by (16) that C X”’. Together with (18) we conclude th&t= { Xy ;,,... Xs;, }
for some pairwise distinct, . . ., jx. Now let

SZ: {le""vXjk}v

which is an assignment @f of weightk. It only remains to show that does not satisfg. We assume
otherwise. Then by (14}, is a satisfying assignment f6f and hence by (11} :=TU{X~ | X ¢ T}
is an assignment satisfyi(@’) ™. Moreover by (13), there is some gétof nodes of(C’)* containing the
output node and containing precisely the input nodegfirsuch that

(C")* = posisafU).

Clearly, (C’)™ = (outorin A consA assign (U). Hence(C')™ = ¢(U), which contradicts the maximality
of T'. |

By Corollary 17 (a), the preceding theorem yields:
Corollary 23. p-MAXIMAL -WSAT (T'; 3) is W[P]-hard.

Proposition 24. There exists a formula(Z) < 11, /3 such that for every circuif we have
Cis not satisfiable <= (C*,0) € p-MAXIMAL -WD,, (19)

(hereC™, the circuit assigned t@ according to Lemma 21, is viewed as a structure in an appropriate
vocabulary; see the proof for details). In particulaskMAXIMAL -WD,, is hard for para-(co-NPunder
fpt-reductions.

In [15] for every classical complexity class C, a class para-C of parameterized problems was defined as
follows:
A parameterized proble® = (P, k) with P C ¥* is in para-C if there exist an alphatiéf a com-
putable functiory : N — II*, and a problemX C ¥* x IT* such thatX € C and for allz € ¥* we
have
re€P — (z9(k())) € X.

It is not hard to show that para-PTIME FPT.

Proof of Proposition 24Let C be a circuit with sef’ of input nodes. According to Lemma 21 the positive
circuitC*t hasYU{X~ | X € X'} as setofinput nodes. We considerasr, := {E, AND, OR OUT, NEG}-
structure, where

NEG := {(X,X )| X € &}

is defined as in the previous proof. Then for evérg O+

Ct | x(T) <= T contains the output node @t = 0,
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where
X(Z) :==VYaVy((OUTz A ~Zzx) — —Zy).

Recall the formulaposisatZ) andcon(Z) of Lemma 22 and of the preceding proof, respectively. We set
©(Z) == (x(Z) A posisatZ) A cong Z)).
Clearly,(Z) € 11, /3 up to logical equivalence. We show that the following holds.
Cis not satisfiable < (C',0) € p-MAXIMAL -WD,,. (20)

Observe thaf), the empty set, is a solution ¢f Z) in C* of size 0. Now assum@ is not satisfiable. 1f) is
not a maximal solution, then there exists sofhet ) with C™ = »(S). By CT | x(S), the setS has to
contain the output node. Sin€e k= posisatsS), by Lemma 22 we see thét" is satisfiable. But the@ is
satisfiable by’ ™ = congS) and (11), a contradiction.

For the converse direction of (20), by contradiction we assumeStlimt satisfying assignment 6t
Then by Lemma 21 and Lemma 22 there exists s@hie C* containing the output node such that

C" = (consn posisa} (7).

Obviously
Ct Ex(T).
Altogether,T is a solution ofp in C* extending). Hence) is not a maximal solution ap in C+.
By (20) the classical “circuit unsatisfiability” problem is reducible in polynomial time to the Oth slice
Py of p-MAXIMAL -WD,,, where for/ € N the (th slice P, of p-MAXIMAL -WD, is defined by

Py = {(A,0) | (A1) € p-MAXIMAL -WD, }.

Since the circuit unsatisfiability problem is co-NP-hard, the prohlemAXIMAL -WD,, is hard for para-
(co-NP) under fpt-reductions by Proposition 14 of [15]. |

Corollary 25. p-MAXIMAL -WSAT (T'; 3) is hard for para-(co-NPunder fpt-reductions.

So we have seen that there i$la,;-formulay(Z) such thapp-MAXIMAL -WD, is hard for para-co-NP
under fpt-reductions and hence, para-NP-hard under fpt Turing reductions. On the other hand we have:

Proposition 26. AssumeNP # co-NP. Lett > 1 andy(Z) a II;-formula. Therp-MAXIMAL -WD,, is
not para-NRhard under fpt-reductions.

Proof: For contradiction assume thatMAXIMAL -WD,, is para-NP-hard under fpt-reductions for some
II;-formula. For¢ € N denote again by the /th slice ofp-MAXIMAL -WD,, (for its definition see the
proof of the previous proposition). Then, by Proposition 15 of [15], thetes0 such that the (classical)
problemP* := Py U ...U Py is NP-hard under PTIME-reductions. But the complement of every slice
P, is in NP, as shown by the following algorithm: Given an instatdek), if & # ¢ accept and ik = ¢,

then for every subsef C A of size/, check whethe = ¢(.5) and in the positive case guess a sulsget
with S € §' C Aand A = ¢(S5’). ThereforeP* is in co-NP and hence NE co-NP, contradicting our
assumption. ]

6. Maximality problems for negative formulas

Various problems such asINDEPENDENTFSET, p-SET-PACKING, or p-RED/BLUE-NONBLOCKER are
Fagin-definable by formulag(Z) negative inZ. The antimonotonicity of formulag(Z) negative inZ
allows to bound the complexity gFMAXIMAL -WD,, as claimed in Theorem 2. We turn to a proof of this
theorem.

As already mentioned in the Introduction, fp(Z) negative inZ, by antimonotonicity, a solution of
sizek is a maximal solution if no superset of it of siket- 1 is a solution; more precisely:
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Lemma 27. Let p(Z) be negative inZ and .S a solution ofy in the structure4. Then the following are
equivalent:

(i) Sis a maximal solution op in A.
(i) Forallb € A\ S the setS U {b} is not a solution ofp in A.
For a formulap(Z2) let
I-maxy(Z) == ¢(Z) AVy(Zy V ~o(Z U {y})), (21)

wherep(ZU{y}) denotes the formula obtained frapby replacing atomic formulagx by (Zx v z = y).
By the previous lemma the proof of the following one is straightforward.
Lemma 28. Lety(Z) be negative irZ.

() p-MAXIMAL -WD,, = p-WD1.max,,- Moreover, the maximal solutions @f Z) coincide with the
solutions of 1-maxs(Z2).

(b) Lett > 1. If p(2) is all;-formula, then 1-max is (equivalent to) &1, ;-formula.
Using these observations we already get a part of Theorem 2:
Lemma 29. Fort > 1and everyll;-formulap(Z) negative inZ we haveo-MAXIMAL -WD,, € W[t + 1].
Proof: Lett > 1 andp(Z) be all;-formula negative irZ. Sincel-maxy is all;;1-formula, the problem
P~WD1.maxy (= p-MAXIMAL -WD,,) is in W[t + 1] by Theorem 1 (a). O

We turn to a proof of the remaining claims of Theorem 2. We need the following well-known variant
of Theorem 4 (c) (for a proof see [19]).
For a sefl” of propositional formulas, we consider tharameterized partitioned satisfiability problem

p-PSAT(T 1)
Input:  Aformulaa € T';; and a partitionts, . . ., X, of the set Vafa)
of variables ofo.
Parameter: k (the number of sets in the partition).

Question: Decide whethefa, X1, . .., Xy) is satisfiable that is, whethew
has a satisfying assignment that sets exactly one variable in epch
X, t0 TRUE.

Lemma 30. Lett > 2. Then:
(a) p-PSAT(T'; 1) is W[t]-complete.
(b) For event, the probIenp-PSAT(Fj,l) is W[t]-complete.
We abbreviate formulas of the forBw(Zx A ¢) andVa(Zx — ) by (3z € Z)y and(Vx € Z),

respectively. Note that in the first formula the displayed occurrenc¢gisfpositive while it is negative in
the second one.

The next proposition contains the main step of the proof of Theorem 2. Since its proof is quite involved,
let us first explain the underlying idea. The proposition claims that theréligaformulay(Z) negative
in Z such thap-MAXIMAL -WD,, is W[t + 1]-complete.

Let us taket = 3. A “typical 113 o-formulap(Z) negative inZ” has the form

YVuyJua (V21 € Z) (V2o € Z)x(u,ug, 21, 22)

with quantifier-freex (by the way the expression “typichl; ,-formulap(Z) negative inZ” can be made
precise by the notion of generic formula; we introduce these generic formulas after the proof of the propo-
sition). Thenp-MAXIMAL -WD,, is Fagin-defined byl-maxsy = ¢(Z) A ¢'(Z), where by (21) up to
logical equivalence

O'(Z) =Vw ¢ ZFu1Vua (321 € Z U {w})(Fz2 € Z U {w})—x(u1, uz, 21, 22).
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At first glance,’(Z) looks like the typicalll, ,-formula positive inZ (so thatp-WD,,, would be W4]-
complete by Theorem 1 (a)). However note that the variabties not occur iry. To remedy thisy has
to be chosen in such a way that one is forced to tales variable:; andz, € Z; then the formulay’(2)
essentially is equivalent to

VwIuiVugIze € Z-x(ug, ug, w, 22),

which is the typicall, /, -formula positive inZ; hence the problem Fagin-defined by it igAVcomplete
by Theorem 1 (a).

Proposition 31. Lett > 1 be odd. Then there isH; /,-formulay(Z) negative inZ such that the problem
p-MAXIMAL -WD,, is W[t + 1]-hard under fpt-reductions.

Proof: For notational simplicity let = 3. We show that the \M]-complete problenp-PSAT(FZl) is
reducible top-MAXIMAL -WD,, for somep(Z) of the desired form.

Let (a, Xy,...,X) be an instance qﬁ—PSAT(PL). Let Tparse := {E,FIR, VAR} and consider the
parse structuredpasd ) of a (cf. Subsection 2.3). We set := 7parseU {DIFF} with a binary relation
symbolIDIFF. Let A; (= A;(a)) be ther-expansion ofdparsd r) Obtained by setting

DIFFA" := {(X, X’) | there are, ' € [k] with i # i’ andX € &; andX’ € X }.
To get ther-structureA (= A(a)) we replace ind; every nodew € FIR! by k many copiegw, 1), ...,

(w, k), that is, we set
A= (FIRM x [k]) U (4; \ FIRAY)

and define the relations id in such a way that the projection: A — A; defined by

(@ a ifae A\ FIRY
Ta) =
w if a = (w,4) for somew € FIRA andi € [k]

is a strong homomorphism from to A;, that is, for alla, b € A we have
(DIFFAab <= DIFF*in(a)7(b)), (FIR'a <= FIRY7(a)), (VAR'a <= VARY7(a)).

We let

O(x1,x2,x3,24) 1= (FIR x1 — (Ez129 A (B9 — Ex3334))). (22)
Clearly, for all(w, i), (w, j) € FIR* and alla, b, ¢ € A, we have

AlE0((w,i),a,b,c) = AE0(w,j),a,b,c). (23)

Moreover, forS C Var(a) one easily verifies

S satisfiesy <= A | Va13zoVaes(Jzy € S) 0(x1, 2, 23, 24). (24)
We set

0(Z) ==Y Jus (V21 € Z)(Vzs € 2) ( ((VARz, A VARzy) — (21 = 25 V DIFF 2125))

X1

A ((-VARz1 A VARzy) — —0(z1, U1, ug, zz))>

X2

and show that
(o, &1, ..., &) is satisfiable<= (A, k) € p-MAXIMAL -WD,,.

19



Sincep(Z) is allz »-formula negative inZ, this yields our claim. Note thgt--MAXIMAL -WD,, =
P-WD1.maxe,» Where (compare (21))-maxe = ¢(Z) A ¢’ (Z) with

O(Z) =Vw & Z Fu1Vuz(3z1 € ZU{w})(F22 € ZU{w})(—=x1 V —x2) -

¢ (w,2)

Clearly (up to logical equivalence)

X1 = (VAR2’1 AVARzy A —z1 = z9 A =DIFF 2’122)
X2 = (ﬁVARZl AVARzy A (9(21, Ui, U, 22))

We have to show that
(a, Xy, ..., &) is satisfiable<= (A, k) € p-WD1.maxe,

which (by Lemma 28) is our claim. In the following, for easier reading, we mostly denote the interpretation
of a variable in4 by the variable itself.
First let.S witness thata, X, ..., Xy ) is satisfiable. ThenS| = k andz; = 2z, V DIFF4 z, 2, for all
z1, 29 € S and hence
A= o(5).

We show thatd = ¢'(S). Choosew ¢ S. If wis a variable, say € X}, then set; := w and letz; be
the variable inSN X;. ThenA E (VARz; AVARzy A=z = 25 A—DIFF 2129) and henced | ¢ (w, S).
Now assume thab is not a variable. Sinc# satisfiesy, by (24) we know that

A |= FuiVug(Fz2 € S)(-VARw A VARzy A O(w, uy, ug, 22))

and henced E ¢ (w, S). Altogether, A |= ¢'(S).

Assume now thatS| = k and A = 1-maxe(S). Choosew ¢ S which is not a variable. Since
A E ¢'(S), we see thaf NVar(«) is nonempty. Thetd = ¢(S) shows thatS NVar(a) = { X3, ..., X}
for somel € [k], andX; € &, for j € [(]andl <i; < ... <ip <k.

Claim: £ = k and hences N Var(a) = S.
Proof: By contradiction assume thag € S \ Var(a). SinceA = ¢(S), we have

A ': VulEIuQ(Vzl S S)(VZQ S S) ((Xl N XQ) A\ (VARZQ — ﬂQ(ao,ul, Uz, 2’2))) (25)

In particular (cf. (22))FIR* ag, say,ap = (w, j). Choose € [k] such tha(w, i) ¢ S (such ani exists, as
S containsk elements, at least one being a variable). Sidde ©'(5), that is,

A EVw ¢ STuVuy(3z1 € SU{w})(Fzg € SU{w})(—x1 V —x2), (26)

choose for fw, i) ¢ S” awu, such that “the rest of this formula” holds. By (25), for thisthere is a:; such
that the rest of the formula in (25) holds. Now, for theseus, we findzy, 2z € SU{(w, )} such that the
rest of the formula in (26) holds. Then not both,andz; can be inS; otherwise this would contradict (25)
and our choice ofi,. Thereforez; = (w,4) andA = 0(z1, u1, us, 22). ButthenA = 0((w, ), u1, us, z2)
andA E —0((w, j), u1,us, 22) which contradicts (23). This finishes the proof of the claim.

So we know thatS = { X3, ..., X} with X; € & for i € [k]. Hence
A ': (V,Zl € S)(VZQ € S)(Zl =29V DIFF leg). (27)
It remains to show tha$ satisfiesy or equivalently (by (24)), that

A |E Vo, JzoVas(Fzy € S) 0(xy, 20,23, 24) .
w(wlﬂs)
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Letz; € A. Ifnot Firtz,, thenA = VaoVasVay 0(xy, 2o, 23, £4) and therefored |= (1, S). So as-
sumeFir“ z;. By (27) we haved = (Vz; € SU{z1}) (V22 € SU{z1})x:1. Sinced = ¢/(S), we getd =
E|u1Vu2(§|zl eSu {11})(322 e SuU {1’1})_‘)(2 and therefored ': 3U1VU2(322 S S)G(ml,ul,UQ, 22))
This just says thatl = ¢ (x1,.S). Altogether, A = Vz1¢ (21, S). O

Lett,d > 1 and fix a(t — 1 + d)-ary relation symboR = R; 4. For oddt > 1 the genericformula
gert, d](Z) is defined by
gert,d|(Z) :=Vy13y2Vys ... Iy 1(Vz1 € Z) .. .(V24 € Z) Ry1 .. . Y¢—121 - - - Z4.
Note thatgert, d](Z) is (equivalent) to dl, 4-formula negative irZ. It is known (cf. [19, 18]):

Theorem 32. Lett,d > 1 witht 4+ d > 3 and oddt. Thenp-WDgeq, 4 is W[t]-complete undefpt-
reductions.

For every formulap(Z) of the form
Yy1JyeVys ... Fy—1(Vz1 € Z) ... (Vzq € Z) 9,

wherey is quantifier-free and does not contafnone easily verifies that MAXIMAL -WD, <Pt p-Maxi-
MAL -WDgeris 4. As the formulap(Z) in the proof of Proposition 31 has this form fér= 2, we get:

Corollary 33. For everyd > 2 and every odd > 1 the problemp-MAXIMAL -WD ey, 4 is W[t + 1]-
complete under fpt-reductions.

In terms of weighted satisfiability problems, by Corollary 17 (c) we have shown:

Corollary 34. For everyd > 2 and every odd > 1 the problemp-MAXIMAL —WSAT(F;d) isWI[t + 1]-
complete under fpt-reductions.

In the proof of next result we need the following lemma, implicitly containps ed in the proof of Theo-
rem 7.29 in [18], the Monotone and Antimonotone Collapse Theorem:

Lemma 35. Lett > 2 andd > 1. Then there is an fpt-algorithm associating with every instaface:)
of p-WSAT(I', ) if ¢ is even, and with every instante, k) of p-WSAT(F;fd) if ¢ is odd, a structure4
(depending onx and k), and all;_s-formulavy;_s(y, x1,. .., xx), (depending ork but not ona), with
guantifier blocks of length 1 such that:

- If {Xy,...,X,}is the set of variables af, then[n] C A.

— The vocabulary of the structurd is of arity < d + 2 (the arity of a vocabulary being the maximum
of the arities of its symbols); it contains unary relation symbols VAR and ROOT ant VAR] and
ROOT is a singleton.

— For a € ROOTF! and arbitrarym, ..., my € [n] we have:
{Xmys-ooy Xom, } sattisfiesy <= AE_a(a,my,...,mg).

Lemma 36. Lett > 2 be even and > 1. Thenp-MAXIMAL -WSAT (I, ;) € W[t].

Proof: Let («, k) be aninstance gf-MAXIMAL -WSAT(T'; ). For the instancéx, k+1) of p-WSAT (I, )
choose the structurgl and the formulay;_o(y, x1, ..., xk, xx+1) according to the preceding lemma.
Then, by this lemmac, k) € p-MAXIMAL -WSAT (I, ) if and only if

A'zflxl...zlzkﬂy(( /\ VARz; A /\ :ci5&9:]-/\ROOTy/\LZJt_g(y,xl,...,zk,xk))

i€[k] i,5€[k]
i#]
AV (VARZ g1 A /\ i # Tpa1) — Wi_o(y, 21, . .. ,mk,xk_,_l))).

i€ (k]
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Since this formula is equivalent to¥ »-sentence, we thus have shown tha¥l AXIMAL -WSAT (L', ;) is
fpt-reducible to the model-checking problesMC(%, ») and hence itis in W] by Theorem 4 (a). O

Proof of Theorem 2Lett > 1 be odd. Then

W[t + 1] € [{p-MAXIMAL -WD,, | ¢(Z) all;-formula negative inZ}]fpt (by Proposition 31)

C [{p-MAXIMAL -WD, | ¢(Z) all;;-formula negative inZ}]fpt

C W[t +1] (by Lemma 36)

In view of Theorem 2 one might conjecture:
If ¢(Z) is all;-formula negative inZ andp-WD,, € FPT, therp-MAXIMAL -WD,, € W(1].
We disprove this conjecture (unlesgW= W]2]).

Theorem 37. The problem

p-CLIQUE-OR-INDEPENDENTFSET
Input: A graphG andk € N.
Parameter: k.
Question: DoesG have a clique of sizé or an independent set of siz@

is fixed-parameter tractable an¢MAXIMAL -CLIQUE-OR-INDEPENDENFSET is W[2]-complete. More-
over,p-CLIQUE-OR-INDEPENDENTFSET coincides wittp-WD., for somell, -formulay(Z).

Proof: We start with the last statemeni-CLIQUE-OR-INDEPENDENTFSET is p-WD,, for aIl;-formula
»(Z) equivalent to the conjunctiovizx—FExx A VaVy(Exy — FEyx) of the axioms for graphs with the
formula

(Vz € Z)(Vy € Z)(Vu € Z)(Vv € Z)((x =y V Bxy) V —|Euv>.

By Theorem 2 this shows thatM AXIMAL -CLIQUE-OR-INDEPENDENTFSET € W([2].

p-MAXIMAL -CLIQUE-OR-INDEPENDENTFSET is W[2]-hard: For a grapl§y andk > 1 let G[k] be the
graph obtained frong by addingk + 1 isolated vertices. Fdt > 2 we have

(G, k) € p-MAXIMAL -CLIQUE <= (G[k], k) € p-MAXIMAL -CLIQUE-OR-INDEPENDENTFSET.

By Proposition 9 this yields the claim.

p-CLIQUE-OR-INDEPENDENTFSET is fixed-parameter tractable: By Ramsey’s Theorem if the géaphs
at least2?* many vertices, then it either contains a clique of $ize an independent set of size o

The fixed-parameter tractability pf CLIQUE-OR-INDEPENDENFSET is from [24].

6.1. Non-maximal solutions of negative formulas. Contrary to the maximality problems, the non-
maximality problems do not increase the complexity for formylé&) negative inZ. In fact, for such a
formulap(Z), by antimonotonicity we have for all structurgsand everyk > 1

(A, k) € p-WD, <= (A,k—1) € p-NON-MAXIMAL -WD.,, (28)

and hence
p-WD,, ="' p-NON-MAXIMAL -WD,,.

By Theorem 1 (b), we therefore get:
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Theorem 38. For oddt > 1,

W] = [{p-NON-MAXIMAL -WD,, | »(Z) aTl,-formula negative inz}]™

= [{p-NON-MAXIMAL -WD,, | ¢(Z) all;-formula negative irZ}}fpt.

Remark 39. It is not hard to show:

— There is dI;-formulay(Z) such that the problem-NoN-MAXIMAL -WD,, is para-NP-hard under
fpt-reductions.

— Unless NP= co-NP, for allt > 1 and everyll,-formula the problenmp-NoN-MAXIMAL -WD,, is
not para-(co-NP)-hard under fpt-reductions.

7. Minimality problems
Recall (from the Introduction and Section 4) that
— p-MINIMAL -WD,, asks for minimal solutions of a given size,
— p-MINIMAL -WD, is trivial for formulasy(Z) negative inZ.

Contrary to the case of maximality problems where we saw ghstAXIMAL -WD,, could be of very
high complexity already forp € II;, the situation is quite different for minimality problems, as shown
by Theorem 3 which we prove in this section. In view of Corollary 17 we get claim (c) of this theorem,
namely

p-MINIMAL -WD,, € FPT for everyll;-formulap(Z),

by Theorem 10.

We show the remaining claims (a) and (b) of Theorem 3 in the terminology of weighted satisfiability
problems. In fact they correspond to Lemma 41, Lemma 42, and Lemma 43.

The proof of the following well-known result is simple:

Lemma 40. Lets > 1 and A a structure containing among others unary relatioRg, . . ., R, which
are pairwise disjoint and nonempty. Furthermore {&{(z) for i € [s] be formulas of first-order logic,
Q € {Vv,3} andu, y distinct variables with: not contained ir¢. Then:

(@) A V3 ( Niegy i — Y A (Rin — 90) )
(b) A= Vf(\/ie[s] i Fu Vg (Rau A @i));
(©) A VoV ( Ay (Riv = Qugs) «— Qu Aiegy (Riu — ¢1) )

(@) A = Vadu( Vi (Riv A Qupi) «— QyViey (Riu A 1)),

In the following proofs we often tacitly use the fact that feiin someF;fd and every assignmerst
satisfyinga, we have:

S is a minimal satisfying assignment of <= for all X € S: S\ {X} does not satisfy.

Lemma 41. Lett > 1 be odd and! > 1. Thenp-MINIMAL -WSAT(F;fd) € W[t —1].

Proof: We show thatp-MINIMAL -WSAT(F?:d) < p-MC(X;_12), which yields the claim by Theo-
rem 4 (a). We use Lemma 35 and its terminology. («etk) be an instance gf-MINIMAL -WSAT(F:d)
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and hence ij-WSAT(de). For the corresponding structusé and thell, _»-formula vy, o, we have
(a, k) € p-MINIMAL -WSAT (I} ) if and only if

AE3Jz ... kaEly( /\ VARz; A /\ z; # x; AROOTY A y—o(y, x1,...,Tk) A
i€[k] i»J_’i[_k]
i)

N _'¢t—2(y,$17~-~,xi—1,$i+1,---7Ik,$i+1)>,
i€[k]

(wherex;11 = zy fori = k). Lety_o(y,x1,...,25) = Yu'(u,y,21,...,2%). Then the preceding
formula is equivalent to

Hxl...ﬂxkﬂyﬂul...fluk< A VARz; A N\ x; # x; AROOTY Aty _s(y. a1, zx)

1€ (k] 1, € k]
i#]

!/
A /\ - (1Li7y’$17--~733i—1,$i+1,---,xk,$i+1))-
i€[k]

If ¢ = 3, then the formula)’ is quantifier-free and the preceding formula is equivalent ¥y a; ;-
formula. Assume > 3. Let R{,.. -,Rf be a partition ofA into nonempty sets. By Lemma 40 (a),
(o, k) € p-MINIMAL -WSAT(szd) is equivalent to

(AR, ... R =32y ... 32, 3yTuy .. Fug Vo
( A VARz; A N # x5 AROOTY Adya(y.a1s..., ax)

i€ (k] 1,5 €[K]
i#]
A /\ (RZU — —Vl/)/(’ui,y7l'1, e ,xil,$i+1, e ,CBk,l‘H_l))).
1€[k]
Now repeatedly applying Lemma 40 (c) we see that this formula is equivaldnt,iRy, ..., R{*) to a
i1 o-formula. O

Lemma 42. Lett > 2. Thenp-MINIMAL -WSAT (T, ;) is W[t]-hard and ift is even, the problemMINI -
MAL-WSAT (T, ) is W[t]-hard.

Proof: We havep-PSaT(T'; 1) <Pt p-MINIMAL -WSaT(I'; 1) as witnessed by the reduction

(X1, &) = (an N\ \/ X, k).

i€[k] XEX;

If a € FZfl, then the formula on the right hand side ismjl, too, so that we get a reduction from
p-PSAT(I'/,) to p-MINIMAL -WSAT (', ). Now the claims follow from Lemma 30. i

Lemma 43. Lett,d > 1. Thenp-MINIMAL -WSAT(T'; 4) € W[t].

Proof: So fixt,d > 1. We show thap-MINIMAL -WSAT (T, 4) <fpt p-MC(X; 3), which proves the claim
by Theorem 4 (a).
Using Lemma 6.31 in [18], it is not hard to see that there is an fpt-algorithm associating with every
instance(a, k) of p-WSAT (I 4) a structureA in a vocabulary- containing a unary relation symbgAR
with VAR* = Var(«) and a formulap(Z) such that
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@) p(Z) = Yy13y2 ... Qus—1X, Wherey is a bounded formula an@ = V if ¢ is even, and) = 3
if ¢ is odd (a formula idbounded if quantifiers only appear in the forifiz € Z)v or in the form
(Ve € Z)y);

(b) forall S C A, if A= ¢(S) thenS C Var(w);
(c) forall S C Var(«) with |S] < k

AlE¢(S) < S satisfiesn. (29)
(We remark that the formula(Z) may depend ot, even though it does not depend @r) For every set

V of first-order variables and every bounded formyléet x[V] be the quantifier-free formula obtained
from x by inductively replacing

—atomsZy by, .,y =2
— every quantifie(Vy € Z)p(y,...) by Ayey p(z,...)
— every quantifie(3y € Z)p(y,...) by \V, ey o2, .. .).
Letp[V] :=Vy13y2 ... Qu:—1x[V]. Then
(o, k) € p-MINIMAL -WSAT (T, 4) <= A=,

where

Y= Ele...Elzzrk< /\ w; £z Npl{zr, . o} A /\ —\c,o[V]). (30)

1<i<j<k Vc{zy,...,x}

Fort¢ = 1 we thus have a reduction fromMINIMAL -WSAT (T'; 4) to p-MC(X,), showing the claim for
t = 1. Lett > 2. Clearly) is equivalent to
Y =3z Elxk(zle)VC{wlwn,Ik}(A1§i<j§k vy # 2y Az, o] A

(31)
Aveien, oy VW23 - Qye—1-x(Tv, 2, - .. ,yH)[V])-

(The formulax(xv, ys, ..., y:—1)[V] is obtained fromy by first substituting the variablg, by = and
then by replacing the bounded quantifiers as explained above.) Mere V if Q = FJandQ’ = T if
Q = V. Applying to /\Vc{zl_’__"xk} ... transformations according to Lemma 40, we géi,g-formula
equivalent ta)’ (and hence t@) in an expansion afd by appropriate unary relations. a

We collect what we have shown over minimal weighted satisfiability results in this section:
Theorem 44. (a) p-MINIMAL -WSAT (T, 4) is W[t]-complete for alt > 2 andd > 1.
(b) p-MINIMAL -WSAT(F;’:d) is W([t]-complete for all even > 2 andd > 1.
(c) p-MINIMAL -WSAT(FZfd) is W[t — 1]-complete for all odd > 3 andd > 1.

Proof: Part (a) and part (b) follow by Lemma 43 and Lemma 42, and part (c) by Lemma 41 and since
F:[Ld is contained (up to logical equivalence)ﬁr;fd. 0

Proof of Theorem 3tmmediate by Theorem 10 and the previous theorem and by Corollary 17. O

Remark 45. Lett,d > 1. Denote byp-MINIMAL S—WSAT(Ft,d) the problem asking, given an instance

(a, k) of p-WSAT(T'; 4), whether there is a minimal solution of sigek. Thenp-MINIMAL =-WSAT (T'; 4) €

WI[t]. This can be shown as Lemma 43. We point out the changes that are necessary. We use the notations
of the proof of that lemma. We have

(o, k) € p-MINIMAL S-WSAT(T; 4) <= A= ¢<,
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where

< = Tzy ... Jzy \/ ( /\ zi Zxj Aol{zr, ...z} A /\ ﬁgo[V]).

0<<k 1<i<j<¢ Vc{z,...,xe}

Fort = 1 we thus have a reduction fromMINIMAL S-WSAT(FLd) to p-MC(X;), showing the claim for
t = 1. Lett > 2. Clearlyy< is equivalent to

’(WS = 31‘1 ce Elxk(gle)VC{asl,...,zk} \/ogzgk (/\19<]‘§z Ty 7é Ty A gp[{xl, cee ,Z‘g}] A

Aveorrmmny 1205 - QX (@, 2, i )IV]).

By Lemma 40 (c), this formula is equivalent @ in an expansion ofd by appropriate unary relations,
where -

Y< =31 3230V ) v (e, 34 Vo< (Rgu ANicicj<e®i 2 Ae[{zr, ..z} A

Aveien, oy Y9235 - Qyr1-x(2v, Y2, - .. ,yH)[V]),

Now one obtains & 3-formula by applying toyZ the same transformations as to (31) in Lemma 43.

Note that fort = 1 we have the stronger statemenM INIMAL S-WSAT(l“Ld) € FPT, as the algorithm in
Theorem 10 lists all satisfying assignments of weight of a givena € I'y 4.

Example 46. We present an example ofii-formulap(Z) such that
p-WD,, € FPT andp-MINIMAL -WD,, is W[2]-complete

in particular,p-WD., <Pt p-MINIMAL -WD,, if FPT # WI2]. This explains why, we made the succinct
formulation “minimality problems do not increase the complexity in terms of the W-hierarchy” used in the
Abstract precise in the Introduction by stating: The quantifier complexity(df) yields the same upper
bounds for the complexity gf-MINIMAL -WD, as for the complexity 0p-WD.,,.

Recall the vocabularypase := {E, FIR,VAR} and the parse structutéparsd ) introduced in Sec-
tion 2.3 fora € I'] . Setr := TparselU {ROOT, U} with unaryROOTandU. Fora € I'] | let A(a) be the
T-structure given by:

Ala) = Apars&a) U {u}

R_A(a) _ RApa,Se(a) (for R e Tparsa
ROOFH® = {r} wherer denotes the root Qflparsd @)
UAD) = {u}.

It is not difficult to write down alls-formulay(Z) such that for every-structure4 and everyS C A we
haveA = (S) if and only if for somex € r;l we have:

(i) A= A(«) (up to isomorphism);
(i) S C VARY(a)U {u,r};
(i) ueS <= r¢s;
(iv) if r € S, thenS\ {r} satisfiesy;
(v) If uw e S, thenS \ {u} does not satisfy.

We havep-WD,, € FPT: Given an instance4, k), first check if, up to isomorphisre has the formA(«)
for somex € Fil. If not reject, otherwise accept if and onlylif< k < |VAR*(a)| + 1.
We get our second claim as

p-MINIMAL -WSAT (T'§ ;) =™ p-MINIMAL -WD,.
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First we showp-MINIMAL -W SAT (Fgﬁl) <Pt p-MINIMAL -WD,,: For every instancgv, k) of the problem
p-MINIMAL -WSAT(T'3 ) with k& > 1 we have:

(a,k) € p-MINIMAL -WSAT(I'S,) <= (A(a),k+ 1) € p-MINIMAL -WD,,. (32)
In fact, note that for € T'j | andS € VAR («):
S is a minimal assignment satisfying <= S U {r} is a minimal solution of>(Z) in A(«).

This gives the implication from left to right in (32). Conversely, assume That a minimal solution of
©(Z)in A(a) of sizek + 1 > 2. By the previous equivalence, it suffices to show that S U {r} with

S C VARY(a). Therefore, by (ii) and (iii), we have to show that¢ 7. By contradiction, assume that
u € T. Then, by (v), the assignmefit \ {u} does not satisfyr. Asa € Fgl every proper subset of
T\ {u}, in particular, the empty set does not satisfyHence, A(«) = ¢({u}), contrary to the minimality
of T'.

Essentially (32) witnesses thatM INIMAL -WD , < p-MINIMAL -WSAT(T'] ). We leave the details
to the reader.

7.1. Non-minimal solutions. Besides fort = 1, non-minimality problems fofI;-formulas behave like
minimality problems:

Theorem 47. (a) If t > 1, then
W([t] = [{p-NON-MINIMAL -WD,, | ¢(Z) aHt—formuIa}}fpt.
(b) If t > 2is even, then

W[t] = [{p-NON-MINIMAL -WD,, | ¢(Z) all;-formula positive inZ}}fpt

= [{p-NON-MINIMAL -WD,, | ¢(Z) all;;1-formula positive inZ}}fpt.

Proof: (a) We have Vit] C [{p-NON-MINIMAL -WD,, | ¢(Z) al‘[t—formula}]fpt, since for all;-formula
©(Z) and(A, k) with k& # 0
(A k) € p-WD, <= (A, k) € p-NON-MINIMAL -WD (,\vp-2za)-

For the reverse inclusion one first convinces oneself using Lemma 15 that it suffices to show that the
problemp-NoN-MINIMAL -WSAT(T'; 4) is in W[t] for t,d > 1. But this is shown as Lemma 43: Instead
of the formula (30), we now have the formula

w::irl...ﬂmk( /\ xi;éxj/\go[{a:l,...,xk}]/\ \/ go[V]).

1<i<j<k V{m1,..ak}
We turn to (b). Forp(Z) positive inZ, we have
(A k) e p-WD, <= (A,k+1)e p-NON-MINIMAL -WD,, (33)
for all (A, k) with |A| > k£ + 1 and hence
p-WD,, =" p-NON-MINIMAL -WD,,.

Therefore we get (b) by Theorem 1 (c). ]
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8. Construction and listing problems

8.1. Listing, construction and counting problems. Often we are not only interested in knowing
whether there is a (maximal/minimal) solution of sizgethe “decision problem,” but we also want to
construct a (maximal/minimal) solution of sizethe “construction problem,” or we want to list all (max-
imal/minimal) solutions of a given size, the “listing problem” or, finally, we want to count the number of
(maximal/minimal) solutions, the “counting problem.” To be precise let us define the construction problem
p-CONSTR-MAXIMAL -WD,,, the listing problemp-LisT-MAXIMAL -WD,,, and the counting problem
p-#MAXIMAL -WD,:

p-CONSTR-MAXIMAL -WD,,
Input: A structure4 andk € N.
Parameter: k.
Problem: Construct a maximal solution ¢f(Z) in A of sizek, if there is one,
otherwise reject.

p-LIST-MAXIMAL -WD,,
Input: A structureA4 andk € N,
Parameter: k.
Problem: List all maximal solutions of>(Z) in A of sizek.

p-#MAXIMAL -WD,,
Input: A structure4 andk € N.
Parameter: k.
Problem: Compute the number of maximal solutionsfZ) in A of sizek.

It is well-known that for Fagin-definable problems the construction and listing problems are reducible
to the corresponding decision problems. This is shown using the “self-reducibility of Fagin-definable
problems.” Since we are going to refer to a proof of this result, when considering construction and listing
for maximality/minimality problems, we present and prove a precise formulation of it (cf. [22], too):
Let+(Z) be a formula of vocabulary and letQ™ and@Q~ be unary relation symbols not in We set

const(Z) :=Vz(QTx — Zz) and list(Z) :=Vz((QTz — Zz) A (Q~z — ~Zx)).

In the stepwise construction of a new solutignof ¢(Z) the relationQ* will contain the elements al-
ready identified as elements gfand @~ (if present) the elements already identified as elements of the
complement ofZ.

Theorem 48. For everyy(Z) we have:

(@) There is a polynomial time algorithm with fpt-queries to an oracle féVD (yconsyy SOIViNg the
construction problemp-CONSTR-WD,;,.2
(By an fpt-query to an oracle fop-WD (ynconsiy We mean a query (A, k) € p-WD yconsty?”
wherek is bounded in terms of the parameter of the input.)

(b) There is a polynomial time delay algorithm with fpt-queries to an oraclepfW D, jisyy SoOlving
p-LIST-WD,,.

Proof: The algorithms ©NSTR,, and LisT,, solve the corresponding construction and listing problems in
the desired time. To be a bit more precise,(ldt k) be an instance gf-WD,, We assume the universe
A of Ais ordered. We denote hy; the ith element of4 in this ordering. The algorithm GNSTR,, on
input (A, 0, k) constructs the first (with respect to the induced lexicographical ordering) solutiomafl

of sizek and rejects if there is no such solution, and the algorithsT). on input(A4, 0, 0, k) outputs all
such solutions in the lexicographical order.

3The reader should note that we SOp#EONSTR-WD,, and notp-CONSTR-MAXIMAL -WD,,, that is, we construct an arbitrary
solution of sizek, if there is one, and reject otherwise.
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CONSTRy(A, (Q1)4,¢)
Il aT-structureA with an ordering(Q*)* C A, and/ € N
if (A, (QM)4),£) ¢ p-WD (ynconsty then reject
if [(QT)A| = ¢ thenreturn(Q*)4
i 14+max{j|a; € (QH)A}  (inparticulari «— 1if (QT)* = 0)
while ¢ < |A| do

if (A, (QM)*U{ai}),£) € p-WD (yconsty

then return @NSTR, (A, (Q1)A U {a;},¢)
1—1+1

N o o~ 0 DN

LisTy (A, (@), (Q7)4,0)
Il aT-structured with an ordering(Q )4 U (Q7)A C A, (QH)AN (@) =10,
/landf € N
if (A, (QT)A,(Q7)A).£) ¢ p-WDyniist) thenreturn
if (Q1)*4| = ¢ then output(Q*+)4
return
i1+ maxj | a; € (QF)AU(Q)4)
LisTy (A, (QF)* U {ai}, (Q7)4,0)
LisTy (A, (@), (Q7)* U {ai}, 0)
return

N o o M w0 DN

O

Clearly, the decision problem is reducible to the construction problem and to the listing problem.
For ¢(Z) € II, the formulas(y A const) and (¢ A list) are IT;-formulas. Hence, by the previous
theorem, ify(Z) € II, andp-WD,; is W[t]-complete under fpt-reductions, then the problem#/D,,
p-CONSTR-WD,;,, andp-L1ST-WD,;, are “Turing fpt-equivalent.”

We turn to maximality/minimilaty problems. As we will see in this section, it is not hard to show the
following using the techniques developed so far:

If by the previous results we know thatMAXIMAL -WD,, is in W[t], then the construction
problemp-CoNSTR-MAXIMAL -WD,, and the listing problem-LIST-MAXIMAL -WD,, are
solvable by polynomial time algorithms with an oracle to a decision problem[ih W

The same holds for minimality problems. For maximality problems the precise result reads as follows
(compare it with Theorem 2):

Theorem 49. Lett > 1 andp(Z) aIl,-formula negative irZ.

(a) If tis odd, then there are a polynomial time algorithm and a polynomial time delay algorithm, both
with fpt-queries to an oracle for a problem W(t + 1], solvingp-CONSTR-MAXIMAL -WD,, and
p-LIST-MAXIMAL -WD,,, respectively.

(b) If ¢ is even, then there are a polynomial time algorithm and a polynomial time delay algorithm,
both with fpt-queries to an oracle for a problem\Mt], solvingp-CONSTR-MAXIMAL -WD,, and
p-LIST-MAXIMAL -WD,,, respectively.

Proof: Let o(Z) be all;-formula negative irZ. We want to apply Theorem 48. So we only need a formula
¥(Z) of the appropriate logical complexity expressing théti$ a maximal solution op(Z7).”
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We first turn to (a). We can take @g~7) theIl;, -formulal-max(Z) (cf. Lemma 28). Theorem 48
shows that we can solve our problems with an orac}e YWD 1-maxaconstr OF 0 p-W D 1-max alist, Problems
in W[t + 1] as1l-max(Z) A consti(Z) and1-maxs A list arell,;;-formulas, too.

Now lett be even. Of course, again we could use an oragheMdD 1.maxe Aconstr OF 10 p-WD 1. maxp alists
but now we want an oracle to a problem inAly We shall see that as such we can takIC(Z,; 5). It
suffices (by Lemma 15 and Lemma 16) to consider the construction and listing problems for maximal
solutions ofp-WSAT(T'; ;) instead of that fop-WD,,. We look at the proof of Lemma 36 and use its
notation. We see that in the structures considered there the formula

Ely(( /\VARa:i/\ /\ z; # x; ANROOTy A y_o(y, @1, ..., Tk, Ti))

i€[k] 1,jE€[k]
i#]
AVzp1(VARZ 41 A /\ Ti # Tpg1) — WPi—2(y, T1, . .. 7xk7$k+1)))-
i€[k]
expresses thafzy, ..., x5} is a maximal satisfying assignment. Now the proof of Theorem 48 can be

adapted to yield our claims by using instead of, 3y ) A list(Z) the formula

Ely(( /\ VARz; A /\ x; # x; AROOTy A Yy_o(y, x1, . .. ,xk,xk))
i€ [k] 1,5 €[K]

i#j
AVZp1((VARZ 11 A /\ T # Tpg1) — Wro(y, 21, . ,wk,fckﬂ)))
i€ k]
AVz((Qtz — \/ =) N(Q z — /\ T = 2;)),
i€lk] i€lk]

which as in the proof of Lemma 36 can be replaced ky; a-formula. Therefore, instead of an oracle to
p-WDyalist We now need an oracle isMC(X, 5). O

Remark 50. The preceding theorem deals wif{Z) negative inZ. Here we consider the case of an
arbitraryp(Z). For such a formula(Z) we set

0*(2) = p(Z U Q) AVe(Zx — —Qa),
where( is a new unary relation symbol agel Z U ) is obtained fromp(Z) by replacing every atomic
formula of the formZy by (Zy Vv Qy). Then we get:

(@) There is a polynomial algorithm with fpt-queries to an oraclefevl AXIMAL -WD,,.. solving the
construction problemp-CoNSTR-MAXIMAL -WD.,.

(b) There is an fpt total time algorithm with an oraclestdM AXIMAL -WD.,.. solving the listing problem
p-LIST-MAXIMAL -WD,,.
We present a proof for (b): L&tA, k) be an instance gf-MAXIMAL -WD,,. We assume the universeof

Ais ordered. We denote hy theith element ofA in this ordering. Then LST-MAX,, on input(A, 0, k)
outputs all solutions in the induced lexicographical order:

LIST-MAX (A, Q4, 0)
Il A an ordered--structure @ a subset of4, ¢ € N.
if ((A,Q4),¢) ¢ p-MAXIMAL -WDpmax then return
if ¢ = 0 then outputQ-
return

i—maxj|a; € Q' +1
while i < |A| do

LIST-MAX (A, QA U {a;}, £ — 1)
return

N o o~ 0 DN PR
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Let{S1,...,Sn} be the maximal solutions ¢f(Z) in A of sizek for somem > 0. It is not hard to show
that after line 1 of LST-MAX,, Q* has to be a subset of sonse. Therefore, the total running time of
LisT-MAX (A, 0, k) is bounded by

02" -m-|A|).

Note that forp(Z) negative inZ the formulap*(Z) is negative inZ, too, hence (a) yields part (a) of
the preceding theorem. The result in (b) is slightly weaker, as we only get an fpt total time algorithm. By
the way the proof method presented for part (b) of Theorem 49 generalizes to minimality problems (see
Theorem 51), while we do not see any formula taking over the rolg"6f') for minimality problems.

We turn to minimality problems. Recall that the case 1 was already solved by Theorem 10.

Theorem 51. Lett > 2 andp(Z) aIl;-formula.

(a) There are a polynomial time algorithm and a polynomial time delay algorithm, both with fpt-queries
to an oracle for a problem itW(t], solving the construction problept CONSTR-MINIMAL -WD,,
and the listing problem-L1sT-MINIMAL -WD,,, respectively.

(b) If t is odd, then there are a polynomial time algorithm and a polynomial time delay algorithm, both
with fpt-queries to an oracle for a problem W[t — 1], solvingp-CONSTR-MINIMAL -WD,, and
p-LIST-MINIMAL -WD,,, respectively.

Since the proof is similar to that of part (b) of the preceding theorem (now using the proofs of Lemma 41
and Lemma 43 instead of Lemma 36) we omit it.

9. Counting problems

We have presented most proofs so far in such a way that they generalize (with small additions or correc-
tions) to the counting context. But it arises the problem that some of the tools we have used have not
been proven for the counting framework in the literature. In this section we start stating the results we get
for counting maximal and (non-)minimal solutions, then we discuss some examples. Afterwards we will
present the precise counting versions of the tools. Concerning the proofs we will be very sketchy and will
only mention substantial changes or additional arguments that are necessary in Subsection 9.4.

We use the notations and results developed for counting problems in [18] (compare also [16]). For
example, the counting version pfWD,, is:

p-#WD,,
Input: A structureA andk € N.
Parameter: k.
Problem: Compute the number of solutions @f2) in A of sizek.

For counting problem® and?’ we write ? <™ P’ if there is an fptparsimoniouseduction fromP to
P

9.1. Counting versions of the results. For counting maximal, minimal and non-minimal solutions (we
address the counting of non-maximal solutions in Subsection 9.5) we obtain the following analogues of the
results for the decision problems, namely :

Theorem 52. If t > 1 is odd, then

#WI[t + 1] = [{p-#MAXIMAL -WD,, | ¢(Z) all,-formula negative irJZ}]fpt
= [{p-#MAXIMAL -WD,, | ¢(Z) all,;,-formula negative inZ}]fpt.

Theorem 53. (a) If ¢t > 2, then

#WIt] = [{p-#MINIMAL -WD, | ©(Z) aHt-formuIa}]fpt.
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(b) If t > 2is even, then

#WI[t] = [{p-#MINIMAL -WD,, | ¢(Z) all,-formula positive inZ}]fpt
= [{p-#MINIMAL -WD,, | ¢(Z) all;;1-formula positive inZ}]fpt.

(c) p-#MINIMAL -WD,, € FPTfor everyIl;-formulay(Z).

Theorem 54. (a) Ift > 1, then
#W[t] = [{p-#NON-MINIMAL -WD,, | ¢(Z) aTl,-formula}] ™.
(b) Ift > 2is even, thep-#NON-MINIMAL -WD,, € #W/[t] for everyll,-formula positive inZ.

Note that part (b) of the preceding theorem is weaker than part (b) of Theorem 47. We discuss the problem
whether the full analogue holds in Subsection 9.5.

9.2. Examples. First we show thettW/[2]-completeness of two concrete counting problems:

Proposition 55.  p-#MAXIMAL -INDEPENDENFSET and p-#MAXIMAL -CLIQUE-OR-INDEPENDENT
SET are #W/[2]-complete under fpt parsimonious reductions.

Proof: The fpt parsimonious reduction of [16] from theW[2]-complete problem-#(I1? ; [2]) (we define
this class of formulas below) {@#DOMINATING -SET is a reduction t@-#INDEPENDENFDOMINATING -

SET, since the relevant dominating sets of the graph are independent sets, to@-#kusKIMAL -INDE-

PENDENTSET (= p-#INDEPENDENFDOMINATING -SET; cf. the footnote on page 6) #W/[2]-hard un-
der fpt parsimonious reductions. Furthermore,

p-#MAXIMAL -INDEPENDENFSET <™ p-#MAXIMAL -CLIQUE
<Pt p-#MAXIMAL -CLIQUE-OR-INDEPENDENTFSET,

since the corresponding reductions in Proposition 9 and in Theorem 37 also are fpt parsimonious reductions
of the corresponding counting problems. But as the proof of Theorem 37 shows, thdrg if®amula
1¥(Z) negative inZ such that

p-#MAXIMAL -CLIQUE-OR-INDEPENDENTFSET = p-#MAXIMAL -WDy,.

Thus,p-#MAXIMAL -CLIQUE-OR-INDEPENDENTFSET € #W|2] by Theorem 52. O

In [1] it was shown thap-#CLIQUE-OR-INDEPENDENTSET is #W/[1]-hard under Turing reductions.
Unless W1] = FPT it is not #W1]-hard under fpt reductions, since the corresponding decision version is
in FPT (cf. Theorem 37).

Modifying the reduction op-DOMINATING -SET to p-MINIMAL -DOMINATING -SET presented in Pro-
position 11 appropriately, one gets:

Proposition 56. p-#MINIMAL -DOMINATING -SET is #W/|2]-complete under fpt parsimonious reductions.

9.3. Counting versions of tools. We shall need two additional hierarchi@s{ ,);>1 and(I1? ,);>1 for
every fixedu > 1. We let: , = IIf , be the class of quantifier-free formulas. For 1, we letII{ , be
the class of all first-order formulas of the foiir; ... Vaxy, 4, wherek < w andy € ¥9_, .. Similarly,
%7, is the class of all first-order formulas of the forfa; ... 3z, 1, wherek < wandy € TI9_, .
Thus fort > 1, ¥, ,, is the class of all first-order formulas of the forfe, ... 3z ¢, wherek € N and
T/J € Hg—l u*

For a classb of formulas ands € N we denote byp[s] the class of formulag € @ in a vocabulary of
arity < s. If ¢ is a first-order formula we write

(1, xn) and o(r1,...,zy,)
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to indicate that the free variables¢narezy, ..., z, and are amongy, ..., z,, respectively.
If Ais ar-structure, ana(z1,. .., z,) is a formula of vocabulary, then we let

o(A) = {(a1,...,an) € A" | AE¢(a1,...,a,)}.

Thus|p(A)| is the number of tuples satisfying For a classb of formulas we denote by-#MC(®) the
problem:

p-#MC(®)
Input: A structureA andy(z1,...,z,) € .
Parameter: |¢p|.
Problem: Computejo(A)].

Itis shown in [16]:

Proposition 57. For s > 2 andu > 1, the problemg-#MC(IIJ , [s]) and p-#MC(II} ,[s]) are #W(1]
and #W/[2]-complete under fpt parsimonious reductions, respectively.

In the proofs of the previous sections we often made use of Theorem 1 and Theorem 4. The following
theorem contains the counting analogues:

Theorem 58. Lett > 1.
(a) #WI[t] = [{p-#WD,, | ¢(Z) aHt-formuIa}]fpt.
(b) If ¢ is odd, then
#W[t] = [{p-#WD,, | ¢(Z) aTl,-formula negative inz}]™
— [{p-#WD,, | ¢(Z) all,;;-formula negative inz}] ™.
(c) If tis even, then
#WIt] = [{p-#WD,, | ¢(2) all,-formula positive inZ}]™
= [{p-#WD,, | ¢(Z) all;;-formula positive inZ}]fpt.

(d) Lets > 2 andt,u > 1. Thenp-#MC(IT)_, ,[s]) is #W(t]-complete under fpt parsimonious reduc-
tions.

(e) Lett,d > 1 andt + d > 3. Thenp-#WSaT (T, 4) is #W[t]-complete under fpt parsimonious reduc-
tions.

() Lett,d > 1andt +d > 3. If ¢t is even (odd), them—#WSAT(F;fd) (p-#WSAT (I, ) is #W([t]-
complete under fpt parsimonious reductions.

It should not be difficult to derive the statements of this theorem for a reader familiar with the proofs of
these results for the decision problems in [18].

We also need the counting version of Lemma 30:

Lemma 59. Lett > 2. Then:
(@) p-#PAT(T';,1) is #W[t]-complete under fpt parsimonious reductions.
(b) For event, the problenp-#PSAT(F,fl) is #W([t]-complete under fpt parsimonious reductions.

Proof: The reductions in Lemma 7 and Lemma 8 of [19] are parsimonious. |

It has been pointed out in [27] that FPT #W]1] for the “liberal” definition of the class FPT of
counting problems given in [16, 18]. In fact, by this definition a parameterized counting problethis
in FPT if there is an fpt-algorithm with respect &athat computed”. Such functions can have “quite big
values.” On the other hand .
#W(t] == [{p-#WD,, | ¢ € I1,}]™
and the number of solutions of an instar(cé, ) of p-#WD,, is bounded by|A|*. However, every
parameterized counting problem in FPT relevant in the context of this papegi#/in], as we show:
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Proposition 60. Let (F, x) with F : ¥* — N be a parameterized counting problgif, <) in FPT. Then
the following are equivalent.

() (F,x) € #W[1].

(i) There is a computable functignsuch that for allz € ¥* distinct from the empty word
F(z) < (2]z|)9@),

Proof: We sketch a proof for the reader familiar with the exposition in [18]. There it is shown that an
arbitrary parameterized counting problém «) is in #W[1] if and only if there is a tail-nondeterministic
k-restricted progran® for an NRAM (a nondeterministic random access machine) such that for every
x € ¥*, the valueF(x) is the number of accepting runs Bfon inputz. This immediately yields the
implication from (i) to (ii).

For the reverse implication assume thial ) € FPT. Letz € ¥*, n := |z| andk := g(k(z)). By
assumptionF(z) < (2n)*, hence thé2n)-ary representation df (=) has length< k. An NRAM program
P witnessing that" € #W][1] first computesF’(z) and stores the correspondif®y)-ary representation.
ThenP guesses a number< k. If the ith “bit” of F(z) is O, it rejects. Otherwise} enters a loop that
is calledi times and ther® stops accepting; each run of the loop consists of a single step, namely of the
guess of a number if2n). |

9.4. Proofs of the counting versionsSimilarly as for the decision problems the correspondence between
weighted satisfiability problems and Fagin-definable problems plays a very important role in the counting
context. To prove a counting version of Corollary 17 we need to strengthen Lemma 15 to the following.

Lemma6l. Lett,d > 1 and ¢(Z) be all, q-formula of vocabularyr. Then there is a polynomial
time algorithm associating with everystructure A a propositional formulad € T’y maxa,2) Such that
Var(3) ={X,|a € A}andforallS C A

AE ¢(S) < {X,|be S} satisfiess.

Furthermore
(@) If ¢(Z) is positive inZ, then the polynomial time algorith can be chosen such that F:fmax(dg)
with Var(g8) = {X, | a € A} U{Y} (whereY is new propositional variable) and such that
—forall SC A (AE ¢(S) < {X,|be S}U{Y} satisfiesd);
— every assignment satisfyirigand distinct from{ X, | « € A} must set” to TRUE.
(b) If ¢(Z) is negative inZ, then the polynomial time algorithm can be chosen suchﬁih@tF;maX(d’Q)
with Var(5) = {X, | a € A} U {Y} and such that
—forall SC A (A ¢(S) < {X,]|be S} satisfiesd);
— every assignment satisfyirigand distinct from{Y} must sel” to FALSE.

Proof: We show how to get the desired formuldrom the formulax of Lemma 15. Recall that V) C
{X. | a € A}. Welet
8 :=aA /\ (Xa V-X,).
acA
In casex is positive, we take
Bi=aA /\(Xa\/Y);
acA
and for negativex
B:=aAl /\(—\Xa\/—\Y). ]
a€cA
In the proof of the translation of Lemma 41 to the counting context (Lemma 62 below) we more or less
have to use all the tricks which are necessary in the corresponding task for other results. So we present a
proof of it. Moreover an additional argument is necessary in order to obtain some of the extensions; for
example, Lemma 63 is needed to get Theorem 54 (b).
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Lemma 62. Lett > 1 be odd and! > 1. Thenp-#MINIMAL -WSAT(szd) € #WJ[t — 1].

Proof: We show thap-#MINIMAL -WSAT(T'},) <™ p-#MC(TI]_, ,[d + 2]), which yields the claim by
Theorem 58 (d). We use Lemma 35 and its terminology.(bek) be an instance gf-#MINIMAL -WSAT(F:fd)
and let{ X4, ..., X,,} be the set of variables ef. Let thell,_,-formulay,_» and the structurel be as in
Lemma 35. Thern] C A. We add the natural ordering ¢ny to .A, thereby obtaining a structuf Then,

by Lemma 35, we have

— Fora € ROOT and arbitrarym, ..., my, € [n] withm; < ... < my
{Xmys-ooy X, } satisfiesy < BEi_a(a,my,...,my). (34)

and henc€ X,,,,, ..., X,,, } is @ minimal satisfying assignment ofif and only if

BE (( /\ VARz; A /\ x; < x; AROOTy A ¢y_a(y, x1, . .. ,mk)) A
i€[k] i,j€[K]
1<J
/\ _"l/}t72(y7$17 ... 7xi717wi+17 ceey Ty 3ji#»l))) (CL, mi,... 7mk‘)7
i€[k]
wherexy 1 = z1. Lety_o(y, z1,...,2k) = Vuy' (u,y,21,...,2). LEtZ =z1 ... 2, @ = uy ... U,
and fori € [k] set

Vi ‘= m17 L) axifla mi+1a ceey $k7xi+l'
We introduce the formula:

ply, T, a) := (( /\ VARz; A /\ x; < zj AROOTY A ¢y_a(y, x1, . .. ,a:k))

i€[k] i,j€[k]
i)
A /\ (ﬁW(Ui,y’T)i) AVz(z < u; — wl(%y,@i))))
i€[k]
Hence,{X,.,,..., Xm,} With m; < ... < my is a minimal satisfying assignment afif and only if
there is a tuplé ¢ B* such thatB |= p(a,m1,...,ms,b); moreover, in the positive case, this tuple is

uniquely determined. Thus the number of minimal satisfying assignmentgoinhcides with the number

of tuples satisfying(y, z, @). So it suffices to show that(y, z, u) is equivalent to a‘1§’_214-formula. First
note that(ﬂ/(ui? ;) AVz(z < u; — (2, Ei))) is equivalent to 417 , ,-formula. Applying Lemma 40
repeatedly as it was done for the corresponding formula in the proof of Lemma 41, one easily seés that
equivalent to d1I7_, ,-formula. ]

Lemma 63. Lett > 3 be odd. Them-#NON-MINIMAL -WSAT ('}’ ) € #W[t — 1].

Proof: We show our claim by proving-#NON-MINIMAL -WSAT (T} ,) <P p-#MC(IT}_, ,[d + 2]). Let

(o, k) be an instance of-#NON-MINIMAL -WSAT(F:fd) and let{Xy,..., X,} be the set of variables
of a. Let thell,_o-formula;_o(y, z1,...,xzx) and the structured be as in the preceding proof. Then
[n] C A and as there we add the natural orderingrgrto A, thereby obtaining a structuf® Then (34)
holds. ForV C {x1,...,z}, sayV = {x;,,...,x;,  with i; < ... < iy, we set

wt—?(y7 <V>) = wt—z(yvxila e 7xigaxiz7 L 7xi()'
Then, by (34), fora € ROOT and arbitrarym,, ..., m; € [n] with m; < ... < my, the assignment

{Xm,, .-, Xm, } IS @anon-minimal satisfying assignment®ff and only if
B ( A VARz; A A\ @i <2; AROOTy A \/  dhialy, (V)))(a,ml,...,mk).
iE[k] l,]E[k} Vc{xlﬁ"'aajk}
1<J
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Note that a non-minimal satisfying assignment maybe an extension of various minimal satisfying assign-
ments. It is convenient to “fix the first one” by passing to the formula

A VARz; A N\ @i <az; AROOTy A \/ (wt_2<y, VA N ey, <V’>>)
1€[k] i,5€[K] Vc{zi,...,xk} Vi<V
1<J
(hereV’ < V means thaf’’ is less thanV in the lexicographic order induced by the order of the
variables). Again let);_s(y,x1,...,zr) = Yu)' (u,y,21,...,2,). Take new variables anduy for
V C {x1,...,z,} and consider the formula

A VARz; A A\ i < 2;ARO0Ty A

i€ [Kk] i,je[}c]
1<J
Vo (Rreznvia (V) A N Bvaven N 6 aluvny, (V)
Vc{zi,..,xr} Vv Vi<V
Now the proof is finished as the preceding one. m]

9.5. Differences between counting and decision problema/hy cannot we generalize the result for
the non-maximality problems contained in Theorem 38 to the counting context and why is part (b) of
Theorem 54 weaker than the corresponding statement in Theorem 4772 To derive the (non-counting) results
we used the equivalences (28) and (33); both do not survive for the counting problems, that is, the number
of solutions for the problems on the left side of the equivalences might be different from the number of
solutions for the problems on the right side.

We already mentioned in the Introduction thapi#NON-MAXIMAL -WD,, € #W][t] for all p(Z) €
I1; negative inZ, then for odd: some#W(|t + 1]-complete problem would be solvable by an fpt-algorithm
with an oracle to some problem #W[t]. We can show even more. The following theorem contains the
corresponding results for non-maximality and non-minimality problems P8y WPt we denote the
closure of FPT under quite weak randomized reductions (a precise definition of this class is given later).

Theorem 64. (a) Lett > 1 andy(Z) all;-formula negative irZ. Then
(i) p-#NON-MAXIMAL -WD,, € #W[t + 1].

(i) If W[t] # W[t + 1], thenp-#NON-MAXIMAL -WD,, is not#W(|t + 1]-hard under fpt parsimo-
nious reductions.

(iiiy If W[1] ¢ [FPTWIPH® thenp-#NON-MAXIMAL -WD,, is not#W/[1]-hard under fpt parsimo-
nious reductions.

(b) Lett > 1 andp(Z) all;-formula positive inZ. If W[1] ¢ [FPT)WIPIP thenp-#NON-MINIMAL -
WD, is not#W/1]-hard under fpt parsimonious reductions.

In the proof of part (a)(1) we will use the next lemma. WhitdVD,, € W[t — 1] for everyX,-formula
©(Z) (cf. Lemma 5.4 in [18]), only a weaker statement is true for the counting problems:

Lemma 65. Lett > 1 andp(Z) a X;-formula. Therp-#WD,, € #W/[t].

Proof: Let p(Z) € ¥, be of vocabulary-, say,
o(Z) =3z, ... Jxp (21, ... T, Z),

wherey € II,_;. We assume that the variables, . . ., z,, are not quantified in). Letzy,...,z,, be
new variables and defing, to be the formula obtained from by substituting every occurrence f for
i € [m] by z;, Moreover, letY” be a new(m + 1)-ary relation symbol. Let)’ and«) be the formulas
obtained fromy and+), by replacing each subformula of the fody by Y, ... 2,y andY z; ... z,,y,
respectively.
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Let A be ar-structure. We expand with a total order< on its universed. Let

X =V .. .meHVyl .. .Vym+1 ((Y{I,‘l Tl A Yyi ... ym+1) — /\ T; = yi)
i€[m]

and letp(Y") be the formula
XAVZL Vg1 (Y21 o B — ) AVz1 L Ve (lessz, .o 2, @1, - @) — —0))),

where

|eS$27 .i‘) = \/ (Zz < @x; N\ /\ zZj = l'j).

i€[m] j€eli—1]

It is routine to check that fok > 1
]{S | SC A, |S| =k, andA = <p(S)}| = |{T | T C AmtL |T| = k,and(A, <) E p(T)}\.

Sincep is equivalent to dI;-formula, this shows that-#WD,, € #W[t]. O

Proof of parts (a)(i) and (a)(ii) of Theorem 64a)(i) By antimonotonicityp-NON-MAXIMAL -WD,, =
p-WD,, where
W(Z) = @(Z) N x(~Zx N p(Z U {x})).

Sincey is equivalent to &, -formula, we gep-#NON-MAXIMAL -WD,, € #W[t + 1] by the previous
lemma.

(a)(ii) Assume thap-#NON-MAXIMAL -WD,, is #W[t + 1]-hard under fpt parsimonious reductions.
Every fpt parsimonious reduction of th&W[t + 1]-complete problenp-#WSAT(T';+; ) to p-#NON-
MAXIMAL -WD,, yields an fpt-reduction of the W+ 1]-complete problenp-WSAT (I';41,2) to p-NON-
MAXIMAL -WD,,. However from Theorem 38 we know that the latter problem is i WHence Wt] =
Wit +1]. O

We turn to the remaining parts of Theorem 64. We will need:

Lemma 66. Let (A, k) be an instance gi-WD.,,.
(@) If ¢(Z) is negative inZ and there is a unique non-maximal solutiong@(f?) in A of sizek, then

k=0.
(b) If ¢(Z) is positive inZ and there is a unigue non-minimal solution ofZ) in A of sizek, then
k=|Al|

Proof: Assumep(Z) is negative inZ and S is the unique non-maximal solution @ Z) in A of sizek.
Choose a solutiofi’ > S withessing the non-maximality. By antimonotonicity, every subsét of sizek
is a solution, too. By uniqueness 6f we getS = () and hencek = 0. The proof of (b) is similar. O

We need the following lemma. It is a consequence of a much more general result diideo[RE],
which generalizes the Valiant-Vazirani Lemma to the context of parameterized complexity.

Lemma 67. There is aW[P]-randomized fpt-reductioi?,,; from p-INDEPENDENTFSET to the problem
p-UNIQUE-INDEPENDENTSET.

Here

p-UNIQUE-INDEPENDENTFSET
Input: A graphg andk € N.
Parameter: k.
Question: Doesg have a unique independent set of size
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We do not introduce the notion of W[P]-randomized fpt-reduction, but we introduce the/leREE P!,
the class of problems solvable by a W[P]-randomized fpt-algorithm, thereby using some concepts defined
in [18]:

Definition 68. We let [FPT|WIPHt pe the class of all parameterized problef#s«) such that there is
an exactx-restricted tail-nondeterministic prografg for an NRAM (a nondeterministic random access
machine) having uniform guess bounds and there are a computable fufietiwha polynomiap € N[ X]
such that for all instancesof (P, x) we have:

1
— If z € P, then P (P, acceptst) > NGO

— If z ¢ P, then Pg (P, accepts:) = 0.

Thereby a program for an NRAM isxactif for every instancer it performs the same number of non-
deterministic steps on every run on inputind ithas uniform guess boundsfor every run on inputz

the contents of the register 0 (containing the bound for a nondeterministic step) is the same for any two
nondeterministic steps. Moreover,Rtenotes the uniform measure on the set of runs of the profjgam

on inputz.

How strong is the assumption\y ¢ [FPTWIFIt in Theorem 64 (a)(iii)? In the following discussion
we assume that the reader is familiar with the classical complexity classes RP and BPP.

Proposition 69. (a) [FPTWIPIPt C para-RP
(b) If PTIME = RP, thenFPT = [FPT]WIPHft

Proof: (a) One easily verifies that a parameterized prob{éin) is in para-RP if and only if there is a
nondeterministic fpt time-bounded Turing machiMesuch that for each instanee

— If z € P, then Pg(M acceptse) > 1/2.
— If z ¢ P, then Pg(M acceptse) = 0.

Now assume that an NRANR, together with a computable functighand a polynomiap witness that
the parameterized proble(®, ») is in [FPT]WIPHPt | et M be a nondeterministic Turing machine that on
every instance: simulatesf (x(z)) - p(Jz|) many times a computation &, on inputz and accepts if at
least one of the computations was accepting. It is easy to seklthétnesses thatP, x) € para-RP.

Since para-PTIME= FPT, part (b) is immediate by (a). a

By [23], one would conjecture that PTIME BPP and hence, PTIME RP. So, by the proposition,
one conjectures that FPF [FPT)WIPITPt and hence, \W| ¢ [FPT]WIPIRt,

Proof of parts (a)(iii) and (b) of Theorem 64For (a)(iii) lett > 1 and¢(Z) be negative inZ. By
contradiction assume that there is an fpt parsimonious redu&jofrom the #W1]-complete problem
p-#INDEPENDENTSET to p-#NON-MAXIMAL -WD,,. Let Ry, be the reduction fromp-INDEPENDENT
SETto p-UNIQUE-INDEPENDENTSET of Lemma 67. By Lemma 66(a) it is easy to see that for any instance

(G, k) the following W[1]-randomized fpt algorithm decides whett{gr, k) € p-INDEPENDENTFSET.

(G', k') < Runi(G, k)
(A ka) — Ro(G', k')
if k4 # 0thenreject
forall a € Ado
if A= ¢({a}) thenaccept
Reject

2R
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Hence W1] C [FPTWIPI-rpt,
The proof of part (b) using Lemma 66 (b) is similar. 5

In particular the preceding theorem shows {h#NON-MAXIMAL -INDEPENDENTFSET is not#W(1]-
hard under fpt parsimonious reductions (unlegs Mz [FPT|WIPHPY) On the other hand:

Proposition 70. p-#NON-MAXIMAL -INDEPENDENTFSET is #W/|2]-hard under fpt Turing reductions.

Proof: We know thatp-#MAXIMAL -INDEPENDENTFSET is #W|2]-hard under fpt parsimonious reduc-
tions (compare Proposition 55). Therefore by the equality (1) of the Introduction, it suffices to give an fpt
Turing reduction fromp-#INDEPENDENTFSET to p-#NON-MAXIMAL -INDEPENDENFSET.

LetG = (V, F) be a graph ané& € N. We define the grap§’ = (V', E’) by

V=V x 2] x [k]
E= |J {{wid), (0,5} [uveVwithu o}

i€[2],j€[k]
U U {{(u, 1,9),(v,2,5) | u,v € V with u # v}
JE[K]
U U {{(u,i1,51), (v,i2,52)} | u =vor {u,v} € E}.

i17i2€[2]
J1,52€[k],51<j2

One easily verifies that:

— For any independent sét= {v1, ... v} of G of sizek, there aré! distinct independent sets of size
2k of G’ of the form
{(uly 1, 1)7 (Ul, 2, 1)) B (uka 1, k)? (uka 2, k)} (35)

with {vy, ... vp} = {u1,...ur};

— Any independent set of sizz of G’ is of the form (35) and therebfu,, ... u;} is an independent
set ofG’ of sizek.

Clearly every independent set 6f of the form (35) containgk independent sets of siz& — 1. On
the other hand it is easy to verify that any independent sét iof size2k — 1 is contained in a unique
independent set of sizz:;, which has to be of the form (35). Hence

the number of independent sets of sizef G

1 L
= or 7l the number of non-maximal independent sets of &Ze— 1) of G'.

This yields the desired reduction. ]

10. Conclusions, extensions, and open problems

In this paper we have analyzed the relationship between the complexity of a parameterized problem and the
corresponding maximality (minimality) problem asking for a solution of gizmaximal (minimal) with

respect to set inclusion. We believe that our results show that the notion Fagin-definability yields a very
natural, far-reaching, and appropriate framework to define and study maximality and minimality problems.
In the Introduction we have summarized our results for the maximal (minimal) weighted satisfiability
problems. For many of them we do not see a direct proof using propositional formulas or circuits and
the methods developed for them in parameterized complexity. In other words, the characterizations and
the study of the classes of the W-hierarchy in terms of Fagin-definability and of model-checking problems
turned out to be a very powerful tool in our context (at least for us).

39



We have seen that in terms of the W-hierarchy, some maximality problems increase the complexity
while all minimality problems do not. We could extend nearly all results to the corresponding construction,
listing, and counting problems; there were a few exceptions for counting problems.

The class W[P] and the classes of the A-hierarchy also have characterizations in terms of Fagin-
definability and one can extend some of the results to them. For example, the class W[P], which often is
seen as the parameterized analogue of NP, consists of the problems fpt-reducible to a problem of the form
p-WD.,, wherep(Z) is a formula of fixpoint logic. Clearly, for such a formulethe formulal-max«(Z2)
in (21) is again a formula of fixpoint logic. Hence, from Lemma 28 we get:

— If ¢(Z) is a formula of fixpoint logic negative i&r, thenp-MAXIMAL -WD,, € W[P].

But besides these “logical techniques” also the machine characterization of the class W[P] given in [6] is
useful for the type of problems we are interested in. In particular, one can use it to derive the previous
result and the first one of the following theorem, which contains some results for W[P] whose proofs we
leave to the reader.

Theorem 71. (a) If p(Z) is a formula of fixpoint logic, thep-MINIMAL -WD,, € W[P].

(b) The maximality problemg-MAXIMAL -WSAT(CIRC) and p-MAXIMAL -WSAT(CIRC™) and the
minimality problemg-MINIMAL -WsSAT(CIRC) and p-MINIMAL -WSAT(CIRC") are W[P]-com-
plete under fpt-reductions.

Here CIRC" and CIRC denote the class of positive and of negative (cf. Subsection 2.3) circuits, respec-
tively.

Let us close by mentioning two open problems. For 6dd 1 we could not settle the complexity of
p-MAXIMAL -WSAT(T'; ;). We know that it is a i¢]-hard problem contained in W+ 1].

The second problem concerns the EW-hierarchy introduced in [L#]MsNIMAL -DOMINATING -SET
EW/[2]-complete? It is contained in EW[2,2] and, maybe, it is complete for this class.
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