The number of spanning trees
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A proof via score

Proposition. Let dq, d,, ..., d,, be positive integers summing up to 2n —
2. Then the number of spanning trees of the graph K,, in which the
vertex i has degree exactly d; forall i = 1,2, ...,n equals

(n—2)!

(dy—D!(dy — D! (d, — D
Proof. (By induction on n) T: the set of STs of K,, with given
degrees.
e n = 1,2, the proposition holds trivially.
e n > 2:there mustexistaniwithd; =1. w.l.o.g.d,, = 1.

e Forl<i<n-1, T; €T, whereT;isthe STs with {i,n} €
E

 Delete v, from each tree in T; to get T;: STs of K,,_; with
degrees dq,d,,...d;_1,d; — 1,d;+1, ..., dj;_1.
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A proof via score

Proposition. Let dq, d,, ..., d,, be positive integers summing up to 2n —
2. Then the number of spanning trees of the graph K,, in which the

vertex i has degree exactly d; forall i = 1,2, ..., n equals
(n—2)!

(d— D! (dy— Dl (dy, — D'

Proof. (Continue)

oI = T — (n-3) !
ITil = 1Ti1 = (d1—D!-(di—1—DI(d;=2)(djp1-1)! +(dp—1—1)!
. (n—3)!(d;—1)
~ (d1—DN(dz—1)!+(dy—q1—1)!
n n—1
ITI—ZITI—z (n—3)!(d;— 1) _
L Li(d - DIy - D (g DY
= =
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A proof via score

Proposition. Let dq, d,, ..., d,, be positive integers summing up to 2n —
2. Then the number of spanning trees of the graph K,, in which the
vertex i has degree exactly d; forall i = 1,2, ...,n equals

(n—2)!

(d— D! (dy— Dl (dy, — D'

Finally
IT(Kn)| = 2 (n—2)!
o —1)! —1)!... EPEY
dq,d2,..,dn21 (dl 1) (dZ 1) (dn 1)
d1+d2+...+dn=2n_2
= (n—2)!
- I el ees o |
ki+ko,++kp,=n—2 k1- kz. kTL'
kl,...,anO

=A+1+-+D"2=n"""
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A proof with Vertebrates
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A Proof using the Priifer code
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8 @ 5
1
6 4 7
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A Proof using the Priifer code
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A Proof using the Priifer code
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A Proof using the Priifer code
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A Proof using the Priifer code
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A Proof using the Priifer code
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A Proof using the Priifer code
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A Proof using the Priifer code

8 &—

(5)

(5, 1)

(5, 1, L

(5, 1, 1, 4)

(5, 1, 1, 4, 5)
(5, 1, 1, 4, 5, 1)

* Priifer code for a spanning tree T of K,,:

p =P(T) = (p1, 02, - Pn—2)-
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A Proof using the Priifer code
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* Priifer code for a spanning tree T of K,,:

p =P(T) = (p1, 02, - Pn—2)-
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A Proof using the Priifer code

(5, 1, 1, 4, 5, 1)

* Priifer code for a spanning tree T of K,,:

p =P(T) = (p1,p2) ) Pn—2)-
Mapping between Priifer codes and spanning trees.



A Proof using the Priifer code
(5, 1, 1, 4, 5, 1) :

e min ([n] \{5,1,1,4,5,1}) =2 /
5
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A Proof using the Priifer code
(5, 1, 1, 4, 5, 1) 3 :

e min ([n] \{5,1,1,4,5,1}) =2 \ /
\{1,1,4,5,1} . 5

e min ([n] \(2) ) =3
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A Proof using the Priifer code
(5, 1, 1, 4, 5,

1) 3 2
e min ([n] \{5,1,1,4,5,1}) =2 /
. (In1\{1,1,4,51}\ 5
e IMiIn ( \{2} ) = 3 1
6

. (In]\{1,4,5,1}\ _
o (P55
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A Proof using the Priifer code
(5, 1, 1, 4, 5,

1) 3 2
e min ([n] \{5,1,1,4,5,1}) =2 /
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6 4 7

. (In]\{1,4,5,1}\ _
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A Proof using the Priifer code
(5, 1, 1, 4, 5,

1) 3 2
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e min

e min

A Proof using the Priifer code
(5, 1, 1, 4, 5, 1) 3 :

e min ([n] \{5,1,1,4,5,1}) =2
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\{2}
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A Proof using the Priifer code
(5, 1, 1, 4, 5, 1)

min ([n] \{5,1,1,4,5,1}) = 2
\{1,1,4,5, 1})
\{2}

1\{1,4,5, 1})
\{2,3}

("
min ("
( n] \{4,5, 1})
(¢
(

min

':S

\{2,3,6}

\{5,1}
\{2,3,6 7})

n] \{1} )
\{2,3,6,7,4}

—{2,3,6,7,4,51} = 8 62
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A Proof using the Priifer code

Priifer code for a spanning tree T of K, :

p = P(T) = (p1, P2 --+» Pn—2)-
Bijection between Priifer codes and spanning trees.
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Proof working with determinants

G =(V,E), whereV ={1,2,...,n} n > 2,
E ={eq ey, .., e}

Define n X n matrix Q -- the Laplace matrix for G:

q;; = degg (i) i=12,..,n

_1 {i’j} E E(G) Ll . . .
= i, =1,2,..,n,1 % ].
1ij {0 other wise J J
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Q;; denote the (n—1)Xx(n—1) matrix
arising from the matrix Q by deleting the ith
row and jth column.
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Theorem. For every graph G, T(G) = detQ,;.

Application: G = K,

Inxn
n—1 -1 —1

01y = —1 n — 1 —1
-1 -1 n= g yxm-1

det(Q,1) = n"~?
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Theorem. For every graph G, T(G) = detQ,;.

* Proof. (By induction) We show that the
theorem holds for multigraphs (i.e., for
graphs with multiple edges, no self-loops).

* For an edge

(D G — e Graph (V,E\ {e})
(2) G:e contraction
Remove the edge e

|. Merge the endpoints of e
Il. Remove self-loops




Theorem. For every graph G, T(G) = detQ,;.

* Proof. For an edge

T(G)=T(G—¢e)+T(G:e)
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Theorem. For every graph G, T(G) = detQ,;.

* Proof. Foran edgee € G
T(G)=T(G—e)+T(G:e) e={12}
Q': the Laplacian of G — ¢
Q"": the Laplacian of G: e

Q',; = Q1, except the element in the
upper left corner minus 1.

Q11 Q1122

69



Theorem. For every graph G, T(G) = detQ,;.

* Proof. Foran edgee € G

T(G)=T(G—e)+T(G:e) e={12}

I

11= Q1122
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Theorem. For every graph G, T(G) = detQ,;.

* Proof. By induction on m that the results holds
for every multigraph ¢ with at most m edges.

e Base: m = 0 works.

* Vertex 1 is incident to at least one edge. Fix one
of them and call it e. Numbering the other end of
e to be 2. By induction

T(G)=T(G—¢e)+T(G:e)

C

d

let Q11 +detQqq 2,

C

let Q14
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