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1. Introduction

Computations can be studied in many different models. In computation theory a computation model, say the Turing
machine model [27], the A-calculus model [2], the recursive function model [12], defines a closed system in which programs,
machine configurations, closed A-terms, recursive functions, do not interact. Input and output actions stay at meta level. The
equality relation for computation in all these models is the extensional equality = defined as follows: f = g if and only if
for every x, either f(x) = g(x) whenever one side is defined, or both f(x) and g(x) are undefined. If one program delivers
a result upon an input and another program never stops computing on the input, the two programs are deemed unequal.
Evidently divergence plays a central role in the computation theory. It should also play a central role in concurrency theory,
which is meant to be an interactive extension of the computation theory [18].

As the foundation of the computation theory Church-Turing Thesis [16] is valid at the operational level [4]. There must
be a translation ~ from the computational objects of the form M to closed A-terms. The map _ essentially defines a binary
relation R that satisfies the following property whenever M R L, where M is a machine configuration and L is a closed
A-term: (i) If M — M’ then L —* L’ such that M’ R L’; and (ii) if L — L’ then M —* M’ such that M’ R L'. This is actually
the idea of bisimulation [18,23], or more precisely that of barbed bisimulation [20]. The relation R satisfies an additional
property. If MyR Ly and there is an infinite computation sequence My — M; — M, — ..., then there is an infinite com-
putation sequence from Lg. It is impossible that Lo — L’ for some L’ such that L’ cannot do any computation because a
terminating computation is never equal to a divergent computation according to the definition of extensional equality. In
other words R must be divergence sensitive.

The classic Turing machines have been extended to nondeterministic Turing machines for various purposes. The best
framework to study nondeterministic computations is offered by concurrency theory. In this theory a model defines the
operational semantics of processes whose primary task is to interact with each other [15,18]. Computation is seen as a
cooperation between two interacting processes. When interactions are explicit, the idea of observations as tests for equality
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becomes natural. Bisimulation then comes out as the finest characterization of the branching structure of nondeterminism
caused by interaction, extending the input-output criterion of the extensional equality. It turns out that a minimal formu-
lation of bisimulation gives rise to an equality, the barbed equality, which applies to all concurrent models. Such a model
independent theory was initiated by Milner and Sangiorgi [20] and followed by the work carried out in [22,13,8]. A sys-
tematic study of the model independent theory of interaction is carried out in [6,7]. With this theory it can be argued that
there is a unique equality for both computation and interaction.

There have been many studies on the qualitative aspect of processes [15,14,18,19,25,21]. Algebraic theory of observation
forms a considerable portion of process theory. There has been however little research on the quantitative aspect of pro-
cesses. Given for example an n-state CCS process that may interact at three channels a, b, c, how many unequal processes
are there? Questions of this kind are interesting because they help to see the complexity of nondeterminism. In this paper
we carry out a quantitative study of nondeterministic computational objects. By computational objects we mean processes
that cannot interact with any other processes. We may think of them as processes that pick up some input at the be-
ginning of computation and output a particular value by the end of the computation. The reason that we focus on these
objects is twofold. Firstly the simplification allows us to study the branching structure caused solely by the internal actions
of processes. External actions would complicate the investigation. Quantitative theory of general processes should begin
with a study of the nondeterministic computational objects. Secondly as is pointed out in [5] these objects already demon-
strate nice and rich structures that we understood very little before. Methodologies for the study of the nondeterministic
computational objects could hopefully be applied to the quantitative investigations of interactive processes.

We consider the finite state computational objects defined by a variant CCS* of CCS that admits only 7 actions. Like
in [5] we will focus on an abstract representation of the computational objects called C-graphs. In this paper we classify
computational objects by the worst case branching time complexity; equivalently we classify C-graphs according to graph
height. The main contributions of the paper are as follows:

e A recursive equality for the number L, of C-graphs of height n is derived. Additionally it is shown that the growth rate
of L, is non-elementary. These are reported in Section 3.

o Similar results are derived for k-regular C-graphs. This is done in Section 4.

e The relationship between the number of C-graphs counted by graph height and the number of C-graphs counted by
graph size is characterized by a set of inequalities, giving both upper and lower bounds for one in terms of the other.
This is described in Section 5.

A few comments are made in the final section.
2. C-graph

Nondeterminism is an intrinsic phenomenon of concurrency. Nondeterministic computation is best demonstrated in
a process model. Consider A = uX.(t.0+71.(a|X)+71.Q,) defined in the syntax of process model CCS, where 2, =
uY.t.(a]Y). In a process model a computation step is formalized by a 7 transition. Observe that A N} meaning that
A may terminate after one step computation. Also A Sa |A and A LN Qg are one step computations. The process a| A
is not equivalent to A since in the former the ability to synchronize in channel a is persistent, which is not the case for
A. The process €, is not equivalent to A either because 2, can synchronize at channel a again and again, whereas A
may preempt any synchronization at a from happening. Moreover a|A and 2, are not equivalent due to the preemptive
power of A. Let’s slightly modify this example. Define Ag = uX.(t.0+7.X +7.Q9), where Qo = uY.t.Y. The only action
this process can do is computation. After one computation step it either evolves to the null process 0, or to the divergent
process 2o, or to itself. One may argue that these three processes are not equivalent to each other from the point of view
of resource consuming. The null process 0 does not consume any energy. The divergent process g always consumes more
and more energy. The process Ap may terminate after consuming some energy. The equality to be introduced in a moment
is consistent with this resource consuming viewpoint.

We shall introduce two formalisms for nondeterministic computational objects. Firstly we introduce these objects using
the familiar process notation [5]. Consider a variant CCS* of CCS that admits only 7 actions. The finite state terms are
generated from the following BNF:

T:=X|S|AT)|uX.T,
S:=0|7.T|S+S.

In the above X is a term variable, S is a nondeterministic term, and pX.T is a recursive term in which X is bound. The
term A(T) either behaves as T or evolves to itself. A finite state computational object is a term that does not contain any free
term variables. We write P, Q for finite state computational objects. The operational semantics of CCS* is defined by the
following rules.

Si—> S, ie{0,1) T T{uX.T/X} — T’

T -5 T So+S1— 8] A(T) - A(T) A(T) -5 T/ uX.T T
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The transition A(T) LN A(T) is called a self-loop. The simplest terminating computational object is 0, and the simplest
divergent computational object is 2 = A(0). In the rest of the paper we write == (=) for the (reflexive and) transitive
closure of —.

We now motivate the equality of the paper. From the point of computation a terminating computation is never equal to
a divergent one. An equality on nondeterministic computation objects has to be divergence respectful. There are a number
of ways to define divergence respectful relations [28,1,17,11,8,6,10]. We formulate the dichotomy between termination and
divergence using an idea of Priese [24]. In what follows we write R~1 = {(P, Q) | (Q, P) € R} for the reverse relation of R.

Definition 1. A binary relation R is codivergent if the following statements are valid:

° lfPo’RQo—t>Ql—t>-~~—r>Qn—T>...,then P0:r>P1RQj for some P and some j > 0.
e IfPgR1Qo— Q1 — --- - Qn — ..., then Pg == P; R~! Q; for some Py and some j > 0.

The codivergence property has been used to define process equality, see for example [6,10]. The two processes 0, Q2 for
example are weakly bisimilar. They are not however related by any codivergent relation. The reason that Definition 1 is the
right formulation in our case is that it goes with the notion of bisimulation hand in hand. Bisimulation equality [18,23]
is the standard equality for nondeterministic processes that takes into account of the branching structure. We shall use a
refinement of the weak bisimulation introduced by van Glabbeek and Weijland [9].

Definition 2. A binary relation R is a bisimulation if the following statements are valid:

o If PRQ LN Q’ then one of the following statements is valid:
- P = P’ for some P’ such that PR Q and P’"RQ’.
- P = P"RQ for some P” such that P” - P’R Q’ for some P’
e IfQRIP —%5 P’ then one of the following statements is valid:
- Q = Q' for some Q’ such that Q’R~'P and Q' R~1 P’.
- Q=>0Q"R1P for some Q" such that Q” - Q'R~1 P’ for some Q.

By the standard approach in concurrency theory we can define the equality between the nondeterministic computational
objects as follows: P and Q are equal, notation P ~ Q, if (P, Q) is in a codivergent bisimulation.

There are infinitely many finite state computational objects. In [5] the author defined Yo =0, Y1 = A(7.0), Y2, =7.0+
7.8, and introduced the inductive definition

Yoir1 = A(T.0+ T.Ty)),
Y2i42=T.04+7.Q+ 7. V2i11.

It is clear that Y7 diverges whereas Yy does not, and Y, may terminate but Yy cannot. To help the reader get a glimpse of
the complexity of C-graphs we repeat the argument that the infinite sequence Yy, Y1, Y2, ... are pairwise unequal. Suppose
Vj<2i—1.7j#Yy_1 and Vj < 2i. T # Yy;. For any even number k smaller than 2i + 1, Y} # Y;y1 because Y1 loops
while Y} does not, and Yy # Yyt by induction. If k is an odd number smaller than 2i + 1, then Yy # Y341 by induction,
and Yy # Yo+ because Yo - Q cannot be matched by any computation sequence from Yj. For more examples of
computational objects consult [5].

It is worth remarking that the so-called weak bisimilarity [18] cannot be used to study the branching structure of
computational objects. It would identify all the finite state computational objects definable in CCS*.

A one step computation P 5 P’ can be depicted as a directed edge with the two nodes labeled by P and P’ respec-
tively. A one step computation P -5 P is then a self-loop with the node labeled by P. The set of all computation paths
from P form a rooted graph. If we remove the labels from the nodes of the graph, we get a graph that is an abstract
representation of a nondeterministic computation structure. It is called a D-graph in [5].

Definition 3. A directed graph G = (V, E) is a D-graph if the following hold:
e There is precisely one node, the root, that does not have any incoming edge.

o There is at most one edge from a node to another. There is at most one edge from a node to itself.
e Every node is reachable from the root.

A self-loop is an edge from a node to itself. The out-degree of a node is the number of out-going edges of the node,
including the self-loop. If there is an edge from a node to a different node, the latter is a child of the former. If there is a
path from a node to a different node, the latter is a descendant of the former. For ease of reference we shall often label
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Fig. 1. The left is a D-Graph but not a C-graph. The right is a C-graph.

R

Fig. 2. Height Versus Size of a C-Graph.

a node of a D-graph by a small case letter. We label the trivial single node D-graph by cg and the trivial single self-loop
node by c}). Evidently every D-graph contains at least one of the two trivial D-graphs as subgraph. By D being an (induced)
subgraph of D’ we mean that whenever the two nodes of an edge of D’ are in D then the edge is in D. An internal node
has at least one out-going edge to a different node.

We denote a D-graph by G = (G, c¢), where G is a directed graph and c is the root. A D-graph is a syntax free repre-
sentation of a finite state computational object. Consider the two D-graphs presented in Fig. 1, in which the bullets are the
roots. The left is an abstract representation of the operational behavior of A(t.t + 7.(t.Q2 + 7)) and the right an abstract
representation of A(t.A(t) + T.A(R + 1)). For ease of reference the nodes of the left are labeled. Every node in the D-
graph represents a computational object. The computational object A(t.7 + 7.(t.Q2 + 7)) is represented by the root labeled
a. The object 7.2 + 7 is represented by b. The one step computation A(t.7 +7.(7.Q + 7)) ST Q+tis represented by
the edge from a to b. It is clear that the equality >~ can be applied to the nodes of D-graphs. It equates the nodes labeled
¢ and ¢ because the relation {(a, a), (b, b), (¢}, c}). (c5,cJ), (c, ), (c, ¢D), (¢, ©)} is a codivergent bisimulation. In an abstract
representation of computational object there is no point in introducing equal nodes. Hence the following.

Definition 4. A C-graph G = (G, ¢) is a D-graph in which no two nodes are equal.

The right D-graph in Fig. 1 is a C-graph. When no confusion may arise a C-graph will be referred to by the label of its
root.

Consider another example. Two C-graphs are defined in Fig. 2. In the left one the root is not equal to the node above
the root. This is because the former can reach C8 whereas the latter cannot reach C8 without passing an unequal node. In
the right diagram the root is not equal to the node above it either because the former can loop while the latter cannot. It is
easy to see from this example how to construct a C-graph of n nodes whose height is n — 2. The notion of C-graph height
will be formalized in the next section.

We will call the single node C-graphs cg and c}) the trivial C-graphs. Almost all C-graphs contain both cg and c(1) as leaves.
It is easy to verify that if a C-graph does not contain cg, it is nothing but c(l). If a C-graph does not contain c(l). it is either cg
or the two node C-graph whose root can loop.

3. Counting C-graphs

From the complexity theoretical viewpoint we are mostly interested in the maximal number of steps a computational
object may engage. C-graphs are computational objects. It is therefore natural to classify them by the length of the longest
admitted paths. Here self-loops are ignored when counting the length of a path. So we are counting the number of com-
putational steps that change states. In other words C-graphs are classified by the worst case branching time complexity.
Suppose u, v are distinct nodes in a C-graph G. The distance dist(u, v) is the length of the longest path from u to v that
contains no self-loops. If there is no path from u to v, let dist(u, v) be for instance —1. We define the height h(u) of u as
follows:

b(u) = max {dist (u, cg)  dist (u, c(l))} .
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Fig. 3. Examples of C-graph Classified by Height.
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Fig. 4. Finite C-Graphs Arranged in Levels.

We define the height h(G) of the C-graph G by the height of the root. The height of cg and cg) is 0. Here the subscript 0
indicates the height, and the superscripts 0, 1 are used to differentiate the two nodes. There are three C-graphs of height 1,
whose roots are denoted respectively by c(l’, c} and cf, see Fig. 3, where three C-graphs of height 2, rooted respectively at
c9, cl, 2, are also given.

A C-graph is of height i + 1 because the children of its root are of height no more than i and at least one child is of
height i. This observation allows us to visualize the class of the finite C-graphs as forming a connected infinite directed
graph without any root. The layout of the infinite graph is such that the root of a graph of height i stays at the i-th level.
The picture is given in Fig. 4. The nodes cg, c(]) of Fig. 3 are at the O-th level in the infinite C-graph of Fig. 4. The roots c?,

c! and ¢? are at the first level, and the roots ¢, c}, c2 are at the second level. Inductively a node, say ck, at the n-th level
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of the infinite graph is the root of a finite C-graph of height n. This finite C-graph consists of all the nodes reachable from
cﬁ. In this way we can talk about the number of the finite C-graphs at the n-th level. We further clarify the picture in Fig. 4
by the following observations.

e Nodes at the same level are disconnected. If a and b are distinct nodes at the n-th level and there is an edge from a to
b, then either one of the nodes is in the wrong level or the graph rooted at a is not a C-graph because a >~ b.

e Apart from self-loops, all out-going edges of a node a at the n-th level point to nodes at lower levels. There is at least
one out-going edge that points to a node at the (n—1)-th level, otherwise a would not be in the n-th level.

e Let C(a) be the set of the children of a node a at the n-th level. Let D(a) be 1 if a has a self-loop and be 0 otherwise.
Suppose that b is a node at the n-th level that is distinct from a. Then either C(a) # C(b) or D(a) # D(b). This is because
if C(a) =C(b) and D(a) = D(b), then >~ U{(a, b)} is a codivergent bisimulation, and consequently a >~ b, contradicting to
the assumption.

e Suppose a is a node at the n-th level and a’ is a node at the (n—1)-th level. Then either C(a) ¢ C(a’) U{a’} or D(a) =1
and D(a’) = 0. Otherwise >~ U{(a,a’), (a’,a)} would be a codivergent bisimulation.

In the n-th level the nodes without self-loops can be classified into two groups. The node cﬁ in Fig. 4 is connected to exactly

one node, say Ci_r in the (n—1)-th level. In this case cﬁ must connect to at least one node below the (n—1)-th level that

is not a child of er1—1- The node cf;/ in Fig. 4 is connected to at least two nodes in the (n—1)-th level. It may or may not
connect to any node in lower levels.

Before counting the number of C-graphs classified by levels, let’s introduce some notations. We write £, for the set of
all C-graphs in the n-th level, and L, = |£;,| for the size of £,. To find out the relationship between L, and L,_1 we need
to look at subclasses of £, induced by the degree of roots. The notation E,JL (5 Stands for the subset of £, containing those
C-graphs whose roots have self-loop and have out-degree j. Similarly L‘,]L, denotes the subset of £, containing root without
self-loop and with out-degree j. Let L) s = |} 5| and Lj , = |} ,|. The set of all the C-graphs that stay at or below the
n-th level is S, = U?:o L. Let S; =|Sy|. The following equalities hold by definition.

Ly=Lj+L

Sp—1+1 X
o= Y I (1)
Jj=1
In (1) we have taken into account the self loop of the root. Notice that L,ff‘gﬂ =1. We will derive an equality for L,’.;’. that
Sn—1+1 Sni ’
guarantees L’ =0and L,y =1.

The main result of this section is stated next.

Theorem 3.1. The following recursive equality holds for n > 3.

n
k!
Sp = —Dk = kSt ) — (=)' — D! (03 4 20% +n+1).
n<Z(>k_1 )()( ) (n® 4202 +n+1)
k=2
The theorem enables one to calculate S, in an inductive manner and to compute L, by the equality L, =S, — S;,—1. We
will prove Theorem 3.1 in Section 3.1 through Section 3.4.
3.1. Node with a single next level child

The standard notation for the number of combinations of choosing k items from a total of n items is (’,:) We shall allow
n to be smaller than k. Thus

n! :
m _ | = ifn>k,
k 0, ifn<k.
Recall that 0! = 1. To simplify the combinatorial argument, we even allow n to take the negative value —1. The following
combinatorial equations will be useful in present paper.

K K K+1

060
kK=K [ K K
;( CGE) = () )

1
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Kok
Za’(i) =@+ 4)
i=0

Given a C-graph cp_1 in the (n—1)-th level, we construct a C-graph at the n-th level by introducing a new root cp,
divergent or not, and connecting it to c,—1. We assume that the new node does not connect to any other node in the
(n—1)-th level. Unless c;, is divergent and c,_1 is not divergent, the new root must connect to at least one node in S;_; for

otherwise the new root ¢, would be equal to the old root c;_1. Let A,]; 5 be the subset of Lj O containing all the C-graphs
with precisely one child in the (n—1)-th level, and let Aéqo = |.A |- Similarly we define Al .« and Af“. The next lemma

explains how to calculate Af;yo and A%y,.

Lemma 3.2. The following equalities are valid.

1AL =2 (U (3 + D b o O (151):
2. A,].,’. = an . Z ( n—1l,e’ (S”? 1) : (j—l—t) + L;—l,o : (5"72;l+1) : (],__11_t))

Proof. We prove the first equality. The proof for the second one is similar. Fix j,i. There are two cases.

e The root ¢, of a C-graph in A] .y connects to a root cp—1 in £n le Since ¢, has a self-loop and ¢, does not, ¢, is
already not equal to ¢,_1. This means that we can choose the rest of the j — 2 nodes from S,_» in any way we want.

S
This explains the summand L{_, _ - (73)-
e The root c, of a C-graph in A,’l_o connects to a root c,_1 in 5;1—1,0' The root ¢, should connect to at least one root in
Sp—2; otherwise ¢, would be equal to c,_q. For t € [j—2] the root ¢, may connect to any j — 2 —t nodes among the

i — 1 children of ¢;_1, disregarding the self-loop, and to any t nodes among the other S,_, — i+ 1 nodes in Sp—3. This
explains the summand Y)_7Lf_, o (27(5).

t j—2—t
We remark that (5"—t2_i) for example is equal to 0 when S;,_, —ie{-1,0,...,t—1}. O
3.2. Node with more than one next level child
Next we consider the situation in which the root ¢, of a C-graph at the n-th level is connected to more than one node
in the (n—1)-th level. The notations Bn Ny Bn o Bn o and Bn . are defined in similar fashion. A node that connects to two

distinct nodes in S,_1 must stay at the n-th level. If ¢, connects to t nodes in the (n—1)-th level, it may connect to any
j—t—1or j—t nodes in S;_», depending on if ¢, has a self-loop. Hence the following.

Bl _ = Lp—1 Sp—2 4B - L (Ln1\ (Sn2 5
Te=y c ) Zi)e he=>_ c )Gt (5)
t=2 t=2

3.3. The proof of Theorem 3.1

We now calculate Lﬂ; using Lemma 3.2 and the equalities in (5).

Sn—2+1 j—2 . .
i i Snz Sn72_1+1 i—1
Al s+Aabe= > (L 1( )—l—ZLn "r ( . )~<J._2_t) +
i=1
S"f”i Sp_z—1i AW Sna—i+1 i—1
i Lite” t j—1—t n-1,0" t j—1-t))"

Fix i. In the above expression the coefficient of Li 1o 18

()26 02 )+ G- 2 ()61

and the coefficient of L;F]’O is
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2 (Sua—it1\[ i—1 I Sy —it 1\ [ i-1
(SN2 TGN
0()-( ) (-

i—2) " \y=2)"\i=-1) =1

(2 Sh2+1 i

()=

The two coefficients are the same. Thus

Sn—2+1 . Sn—2+1
i i Sh—2+1 i Sn—2+1 i
] J n—2 _ n—-2
Ano*Ane = Z bt (( -1 )‘(1—1»_“”'( -1 ) Z oot (1—1)

The above equality can be justified by a combinatorial argument. The number A J o +Aﬁ;,. can be calculated in the following

manner: Fix a new root with i children. For each (n — 1)-th level child, there are (i” )+ (S” ) = (S” 2+1) different D-graphs.

j—1
Thus there are L;_1 - (S”j 2H) D-graphs altogether. Let’s calculate the number of those D-graphs that are not C-graphs. For

that purpose we only have to look at the situations where the root is actually equal to the (n — 1)-th level node. There are
two cases.

e Suppose the (n—1)-th level node does not have a self-loop and its out degree is i. The new root is equal to the (n —1)-
th level node if and only if the other j — 1 children of the new root are also the children of the (n— 1)-th level node.
There are ZS“ 2 Lh1.- (171) such D-graphs.

e Suppose the (n—1)-th level node has a self-loop and its out degree is i. The new root is equal to the (n —1)-th level
node if and only if either of the following happens: (i) The new root has a self-loop and the j — 2 children are also
the children of the (n—1)-th level node. There are ZS” 2+l L_ Lo (;:12) such D-graphs. (ii) The new root does not
have a self-loop and the j — 1 children of the new root are also the children of the (n—1)-th level node. There are
le“lz’q L L0 (' 1) such D-graphs. Altogether there are Z n2tlp L1 ( ,) such D-graphs.

By summing up the above two expressions one gets ZS" 2+l an (] 1) We have effectively given two proofs for the

S, 1 Sp—2+1 i
equality An,o + Any. =Lp1-( "]ff ) =L (jil).
Next we count the number of the C-graphs of height n with more than two (n— 1)-th level nodes. It follows from (5)
and the equality L,_1 = Sp—1 — Sp—p that

i1 ;
Ly Sn—2 Ln— Sn—2
B) s +Bl.= "
crste= ()52 ) 2 () (6)
S S Sn— Sn— Sn— Sn—
i(n]) Ln](n2> <‘n 2)+(n'1>_Ln71<‘n 2)_(n'2>
j-1 j—2 j—1 J ji—1 j
@) 5n—1'+1 _ Sn—2‘+1 - Sn'_z—i-] . ©)
J J ji—1

The expression in (6) can also be argued in a combinatorial fashion. To construct a C-graph of height n in B‘ we let the
n-th level root connect to any j nodes in lower levels or add a self-loop and connect to any j — 1 nodes in lower levels.
There are (Sj[f) + (S”J )= (S” ]H'l) different constructions. These constructions do not necessarily produce C-graphs in BY.
We must remove those that are not in B,{. There are two bad cases.

e If the j neighbors of the root are either in S, or is the root itself, the graph is not in B,{. There are (S”*J?H) such

C-graphs.
e The graph that connects to only one next level child is not in B]. There are L,_1 - (S”J 2H) such C-graphs.

This completes the combinatorial argument. We can now calculate L,J;.
Ly=L s+1Lj.
=A}s+B+Al.+B)
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Sp—2+1 .
Sn1+1 Sn— 2—}-1 i
-(") - 2 L (L) 7

We calculate L, by summing up over j and 51mp11fy the expression by making use of (4).

Sn—1+1

o=y I} 8)

Sp—1+1 Sn 1
B Z* (sn_1 + 1) ~ (sn_z + 1) & < )
. J J ji—1

Jj=1
B Sn—1+1 Sp141 Sn—2+1 Sn 5 +1 Sn—2+1Sp—2+1 Ll
=2 (" )X -2 2 b
j=0 j=0 j=1 i=1
@ Sn—2+1 Sn—2+1 i
) 9Sn-1+1 _ 9Sn—2+1 _ Li .
Z e\t
i=1 j=1
4 sn 2+1
(2)25n—1+1 _ 9Snatl _ Z 9 Ln .. 9)

The right hand side of (8), which is equal to Zf” ERTA LJ is unfolded to the expression Z n2tl 2’Ll _1 in (9). The alert
reader might wonder if the unfolding can be done inductively. This is indeed the case.

Sm-1+1 Sm-1+1 Sm—2+1

i (@) il (Sm- 1+1 Sm—+1 t
ZkL_Zk< )= - wa(
i=1 t=1
Sm-1+1 Sm—2+1 Sm—1+1  Sm—2+1
Sm— 1+1 Sm— 2+] t
zk'( )- = k() 21«2%(,_1)
i=0 t=1
4 Sm—2+1 Sm-1+1 . t
I R FRIC LN ST S kH(i_])
t=1 i=1

Sm—2+1 t

it

= (k+ 1+ — ke DSk Y Lh YK (:)
t=1 i=0

Sm—2+1

“) (k + 1)Sm=1+1 _ (o 4 1)Sm-2+1 _ Z Ltm—l(k+ .
t=1
The equality can be manipulated into the following form:
Sm-1+1 (k—|- 1) Sm—2+1
k—1)! Z KL = (k411 — (k+ 1)) =kt Y~ (k+ D Lf 5. (10)
t=1

It is clear from Fig. 3 that Lo =2, L1 =3, L1 =0, [2 =2 and L3 = 1. By repeatedly applying (10) we get the following
sequence of equality.

Sn—2+1
L, = 25m-1+1 _ 2Sna+1 _ Z 2]Ln . (11)
Sn—3+1
— 5Su_1+1 Sp_a+1 Sn_2+1 Sn_3+1
=251+ 82t | 3Siatl _gSiatt o N7 3]
j=1

2! 31 o
= T‘(zsnf1 —25n-2) 3'(35n—2 =3 g (D)= [ 5 Pt — (1) Y 0L



Doctopic: Logic, semantics and theory of programming TCS:13075

Q. Yang and Y. Fu Theoretical Computer Science eee (esee) coe—soe

Z(( 0 . T (k1 — k- k>)+( D" - wZnLﬁ

t=1

=|I

k!
(( 1)k (kan K — kSH)> — (=D)"n!(n? + 2n).
k=2
We are now in a position to calculate Sj,.

SH_ZL,_LO—i—Ll—i—ZL,_S—i-Z(Z( 1)" k! (kslﬂk kS"’<)+(—1)i+1(i—1)!(2i2+i3)>.

i=2 \k=2
Notice that

ZZ( 1)’< k! (kS‘+‘ —k _ kSi- k) Z( 1) Z(ksm & _ kSi- k) Z( ])k k! (k5n+1 —k _ kSO)

i=2 k=2 k=2
Therefore

sn_5+Z( 1)" (kS"“ -k 1<50)+Z( DG — 1)12i% +i3)

i=2

_5+Z( 1)" k5n+1 k— Z( 1) —k2+Z( Dk — 1)12K2 + k)
k=

—5+Z( 1)" k5”+1 k+z<( DRk — DICK> + k) — (— )"%I@)

k=2

_Z( 1) kSn (ke 1>+<Z( DTk — 2)1(k* + 2K3 —2k2)> (12)

k=2
We still need to remove the second summation operator in (12).

3.4. Closed formula for 3 j_5 (=DK1 (k — 2)1(k* + 2k® — 2k?)

Let the alternating factorial function af be defined by

af(n) = Z(—l)”_kkL

k=1
There is a closed formula for af(n). It turns out however that we only need the following recursive equality.
af(n) =n! —af(n — 1). (13)

Let A stand for the summation 3 j_,(—1)¥"1(k — 2)!(k* + 2k* — 2k?). We can rewrite A with the help of the alternating
factorial function.

A= DT k+2) =) (=D)F k4 Z(—l)k—l k=1!+> (=D (k-2
k=2 k=2 k=

k=2

= Z( Dk 1(k+2)'+Z( 1)’<kv+Z( ¥kt — Z( kK1 —

k=1
n+2
= (- 1)”“2( D2k 4 (— )" Z( DKk (=D T - 1)1 -5

k= k=
= (- (af(n+2)—af(n)+(n—1>')—
Oy (+2) =@+ D +n =1 =5
= ()" -1+ 20 +n+1) -5

The proof of Theorem 3.1 is completed.

10
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3.5. Growth rate of Ly,

It should now become clear that L, is bounded by the number of subsets of £, of size at least 2. In other words
Ly, > 21 — [, 4 — 1. The inequality immediately implies that the growth rate of L, is not elementary [3], meaning that
2”

L, cannot be bounded by any function of the form 22 . In this subsection we show that L, can be approximated by
2ln1p, 4, thatis L, = @211, ).

Corollary 3.3. L, and L,_1 satisfy the following inequalities for all n > 2.

LY Y S U (Ln_1 + 4log2(Ln_1)> .

Proof. It is easily checked that the inequalities hold for n = 2. Suppose n > 3. By using the inequality L, < 25-1*1 which
follows from (11), and the equality S,_1 — Sp_2 = L,_1 we derive the following.

Sp—2+1
R S e T S MY Sy
i=1
— 252t 1) > (L DR L —1)
> Ln_12L”’1.

To establish the other inequality consider the quotient of L, over L,_q.

Sp—1+1 Sn_2+1 Sn—2+1 5igi
Ln _2n1 — 2°n-2 _E i 2Ln_]
Ln_ Sp—a+1 _ 9Sp_3+1 _ o Sn=3+1 5jri
n-1 2o 2°n-3 2ty 2,

an—1+1

<
zsn—2+1 _ 2Sn—3+1 _ Ln—225"73+1

= 2L"71 1 + —LH—Z + !
22 — [, 5 —1

<2k (1 + ﬂ;;%”)

Now Lp_q <25n-2F1 =25n-3+1 . oln2 < D[ -2Ln-2 follows from 2L,_y > 25311 Thus

2
Ly <14+ 2Lp2+2 — 14 4Ly 2(Lp—2+ 1) <1+ 4log®(Ln—1)
2Ln_1 Ln—l ZLE—I Ln_] Ln—l
n—2

using the inequalities L,_1 > Ly_p25n-2 > 2ln241
4. Regular C-graph
From the viewpoint of implementation, fixed-degree branching computational objects are much more manageable than

the finite branching computational objects. We consider a subclass of C-graphs where the out-degrees of nodes are bounded
by a constant. Recall that an internal node is a node that has at least one out-going edge to another node.

Definition 5. A C-graph is k-regular if the out-degree of every internal node is at most k.
The simplest regular C-graphs are 2-regular. Let [, be the set of all 2-regular C-graphs in the n-th level and set K, =

IKCn|. The set of all the 2-regular C-graphs that stay at or below the n-th level is 7, = [J_y Ki. Let T, = |Tyl. It is not
difficult to convince oneself that the derivation for (7) can be modified to establish the following equality that is valid for

n>2.
Tho1+1 Tz +1
1<n=(”2 )-(”2 )—21(,1_1.

The right hand side of the equality can be rewritten as follows:

11



Doctopic: Logic, semantics and theory of programming TCS:13075

Q. Yang and Y. Fu Theoretical Computer Science eee (esee) coe—soe

Tho1+1 Tho+1 1 1
( " 5 )—( " 5 )—21<n_1 =5 (M1 + DTn1) = 5 (T2 + DTa2) = 2Kns

1
= E(Tn—l +Tn2+ 1) (Tp—1 — Tp—2) — 2Ky

1
= *(Tnf1 +Tho+1DKyq —2Kn1.

21<n 21<n _

It is now clear that +3=Tn_1+ Ty—> and also ZK" 1 +3 Tp_2+ Th_3. So

= Kn—1+ Kn— 2+ K

Corollary 4.1. The following recursive equality holds forn > 3.

2 2
Ka 4 + Kn—1Kn—2 + Ky

Ky = .
2 2 Kn—2

1<2 K{]
5 >

2
Notice that Ko = Ky =2, K2 =3 and K3 = 12. Thus =L <

12Kn_1 2
2

> 3Kp_1 for n > 4. Therefore 3K,_1K,_2 < K2 . for all n > 4. It follows that Kn1Kna | Ki < Koy for all n > 4.
n—1 2 Kn—2 2
Hence the following.

Corollary 4.2. ”—1 <Ky <K?_,foralln>4.

We conclude that Kj is bounded by a double exponential function of n.

Now consider the general k-regular C-graphs. Let IC" be the set of all k-regular C-graphs in the n-th level and set
K" |IC"| Let ICk(') be the set of all k-regular C-graphs with the out-degree of the root being i and set Kk(') |1Cﬁ(i)|. Let
T" U, lIC" and T" |Tk| Similar to the 2-regular case, the derivation of (7) can be repeated to show that

k k k k k
T 1 T 1 T
1<;;:Z< -1 >_Z( -2t >_Zzll<’,§“) (14)
j=1 J j=1 J i=1
for all n > 2. Notice that
k ) ) k .
Y2l <203k =2k Kk (15)
i=1 i=1
Using (14) and (15) we have
k k k k
T 1 T 1
1<,’§zZ( 1t )—Z( n-2 )—2"1(’,;. (16)
=y =y

The following inequality follows immediately from (14) and (16).

k

k K k k
Z(Tn—}—i_l)_Z(Tn_?—i_l)S(zk"‘l)ka(zk"f_l) Z( +1> Z( 2+1> . (17)

j=1 j=1 =1 j=1
By summing up the inequalities in (17) and bearing in mind that Tf =5, one obtains

k k k k
3 (THJF ]> —64< @+ DT <@+ 1Y (T””.Jr 1). (18)
j J

j=1 j=1
It follows from (18) and the following well-known bound

() =()=(%)

1 T¥ , +1 64 , Tk | +1
- < Tk < ¢k =l ) 19
2k+]§( j 2k+]— n — Z j ( )

j=1

that

The next theorem is an immediate consequence of (19).

12
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K

Theorem 4.3. For k-regular C-graphs and all n > 2, ¢; (T,’L])’
k.

k .
<Tk<c, (T,’L])< for some positive constants c1, c2 that depend on

For fixed k the function TX, and K¥ as well is bounded by a double exponential function of n.
5. Remark on counting by graph size

Theorem 3.1 provides a nice and useful recursive equality for calculating the number of C-graphs counted level by level
in terms of graph height. An obvious question is if there is a closed formula for S, and L, as well. Theory of enumerative
combinatorics [26] might offer help in this regard. Since the focus of this paper is computational, we leave the issue for
future investigation. In enumerative combinatorics, the usual approach is to count C-graphs according to the number of

nodes. How many C-graphs of n nodes are there? The following theorem reveals the relationship between the height and
2

the size of C-graph. Recall that log*(n) is the minimal k such that n < 2'“ }k.
Theorem 5.1. The following statements are valid.

1. For n > 3, the height H(Gy,) of an n-node C-graph G, renders true the following.

log*(n) =1 <H(Gn) <n—2. (20)
2. The size s(Gy) of a non-trivial C-graph Gy, of height h renders true the following.

h+2<s(Gy) <14 Sp_1. (21)

Proof. It is not difficult to see that the C-graphs in Fig. 2 can be generalized to a C-graph of n nodes that is of height n — 2.
So the upper bound of (20) and the lower bound of (21) are tight. For the other inequality in (21) observe that an h-height
C-graph may have all the nodes in the h’-th level for h’ < h. Thus s(Gp) <1+ Sp_1. We now establish the lower bound
in (20). It is easy to see that the inequality holds when n = 3, and the lower bound is tight. For n > 4, the height of an
n-node C-graph is at least h if n > 2 + S,_, since a C-graph of height h — 1 has at most 1+ S,_, nodes. Next notice that
we have the following bounds for Lj.

25h-1 < Ly < 2251, (22)
The second inequality in (22) follows immediately from (11). For the first inequality, observe that
Sh—2+1 ] Sp2t1
25h—2+1 4 Z szﬂ_] < 25h-2+1 4 pSp2+1 Z LIJI—l < 25h-2(2 +2Lp1) < 25h-2. k-1 — 25h-1
j=1 j=1

Using (11) again we conclude that Ly > 25n-1+1 — 25h-1 = 25h-1_ It suffices to prove that 2"~2 > L,_; when h = log*(n) — 1.
This is because 2"~2 > L,_; > 25-2 by (22), which implies n — 2 > S,_,. To establish the inequality 2"~2 > L,_;, we prove
that the following is valid for all h > 2.

2

2
R LPYPPRIPN 5] (23)

1
4
The first inequality is due to Corollary 3.3. One has Ly > L,_125-1 > 2ls-1, We are done by natural induction, bearing in
mind that L; = 3. The second inequality is derived from Corollary 3.3 and induction:

Ly <2M-1(Ly_y + 4log?(Lp—1))

522Lh71
2
0 th+1
52%'2 }
1.7
BRSPS ]h+2’
4

2
where the last step is correct because 25¥ < },2" for x> 6 and L, =40 > 6. The base of the induction is L, =40 < }1222 VIt
2
. o th .
follows from (23) and definition that 2" > 2 } + with h =log*(n) — 1. We are done. O

Theorem 5.1 reveals that the difference between counting by size and counting by height is dramatic. Our initial investi-
gation seems to suggest that the former is a lot trickier than the latter.

13
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Fig. 5. C-Graphs of Height 2.
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6. Comment

By casting computations in the framework of process theory, we are able to study the branching structure of nondeter-
ministic computations in an abstract form. Our definition of the branching time complexity of a C-graph enables us to count
the number of C-graphs. In a C-graph the root is the point an input is picked up, and the trivial node without loop is the
point an output is released. In all other states the capability to engage in any interaction is absent at the point. This way of
seeing the C-graphs helps explain the equality relation for them.

We have already observed that Lo =2 and L; = 3. Furthermore we obtain L, =40 by Theorem 3.1. All the forty C-
graphs are presented diagrammatically in Fig. 5. The number L3 is staggering, it is 246 — 676. If 70 C-graphs of height three

are drawn on one page, it takes 10'? pages to draw all of them. That says something about the quantitative aspect of
nondeterminism.

Declaration of competing interest
There is no conflict of interest concerning the submission of this paper.

Acknowledgements

We thank NSFC (62072299, 61772336) for the financial support. We thank BASICS members for their interest. We also
thank the anonymous referee for the comment and the insight, and for the observation that the non-elementary growth of
Sn has a much simpler argument than we originally provided.

References

[1] L. Aceto, M. Hennessy, Termination, deadlock, and divergence, J. ACM 39 (1992) 147-187.

[2] A. Church, An unsolvable problem of elementary number theory, Am. J. Math. 58 (2) (1936) 345-363.

[3] N. Cutland, Computability: An Introduction to Recursive Function Theory, Cambridge University Press, 1980.

[4] P. van Emde Boas, Machine models and simulations, in: J. van Leeuwen (Ed.), Handbook of Theoretical Computer Science: Algorithm and Complexity,
vol. A, Elsevier, 1990, pp. 65-116.

[5] Y. Fu, Nondeterministic structure of computation, Math. Struct. Comput. Sci. 25 (2015) 1295-1338.

[6] Y. Fu, Theory of interaction, Theor. Comput. Sci. 611 (2016) 1-49.

[7] Y. Fu, The universal process, Log. Methods Comput. Sci. 13 (2017) 1-23.

[8] Y. Fu, H. Lu, On the expressiveness of interaction, Theor. Comput. Sci. 411 (11-13) (2010) 1387-1451.

14


http://refhub.elsevier.com/S0304-3975(21)00486-2/bib22D1B05139D4003B3BB5C2FCB9270B52s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib87C911D53C2D3F52D3BC6B20743A2F86s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib8472E46E97B6BDFE19BFAA0AC2E8671Es1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib12E981E7A2E4454B44A4BB0C55203F3Fs1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib12E981E7A2E4454B44A4BB0C55203F3Fs1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib9D271F45D287BA6922D2191AEB972717s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib225C0EF35BB0F5CA52E02677ADAF3517s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bibC1EF6207A8CCC24CA8F97839DA112D6As1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib2299B916425C4B2F62BFD17A7B675A74s1

Doctopic: Logic, semantics and theory of programming TCS:13075

Q. Yang and Y. Fu Theoretical Computer Science eee (esee) coe—soe

[9] R. van Glabbeek, W. Weijland, Branching time and abstraction in bisimulation semantics, in: Information Processing’89, North-Holland, 1989,

pp. 613-618.

[10] R. van Glabbeek, B. Luttik, L. Spaninks, Rooted divergence-preserving branching bisimilarity is a congruence, arXiv:1801.01180, 2018.

[11] R. van Glabbeek, B. Luttik, N. Trcka, Branching bisimilarity with explicit divergence, Fundam. Inform. 93 (2009) 371-392.

[12] K. Gédel, Uber Formal Unentscheidbare Sitze der Principia Mathematica und Verwandter Systeme, Monatshefte Math. Verwandter Syst. I 38 (1931)
173-198.

[13] D. Gorla, Comparing communication primitives via their relative expressive power, Inf. Comput. 206 (2008) 931-952.

[14] M. Hennessy, An Algebraic Theory of Processes, MIT Press, Cambridge, MA, 1988.

[15] C. Hoare, Communicating Sequential Processes, Prentice Hall, 1985.

[16] S.C. Kleene, Origins of recursive function theory, Ann. Hist. Comput. 3 (1) (1981) 52-67.

[17] M. Lohrey, P. D’Argenio, H. Hermanns, Axiomatising divergence, Inf. Comput. 203 (2005) 115-144.

[18] R. Milner, Communication and Concurrency, Prentice Hall, 1989.

[19] R. Milner, ]. Parrow, D. Walker, A calculus of mobile processes (part I), Inf. Comput. 100 (1992) 1-40;
R. Milner, J. Parrow, D. Walker, A calculus of mobile processes (part II), Inf. Comput. 100 (1992) 41-77.

[20] R. Milner, D. Sangiorgi, Barbed bisimulation, in: Proc. ICALP'92, in: Lecture Notes in Comput. Sci., vol. 623, 1992, pp. 685-695.

[21] U. Nestmann, Welcome to the jungle: asubjective guide to mobile process calculi, in: Proc. CONCUR'06, in: Lecture Notes in Comput. Sci., vol. 4137,
2006, pp. 52-63.

[22] C. Palamidessi, Comparing the expressive power of the synchronous and the asynchronous 7 -calculus, Math. Struct. Comput. Sci. 13 (2003) 685-719.

[23] D. Park, Concurrency and automata on infinite sequences, in: Theoretical Computer Science, in: Lecture Notes in Comput. Sci., vol. 104, Springer, 1981,
pp. 167-183.

[24] L. Priese, On the concept of simulation in asynchronous, concurrent systems, Prog. Cybern. Syst. Res. 7 (1978) 85-92.

[25] D. Sangiorgi, D. Walker, The 7 Calculus: A Theory of Mobile Processes, Cambridge University Press, 2001.

[26] R.P. Stanley, Enumerative Combinatorics, vol. 2, Cambridge Stud. Adv. Math., 1999.

[27] A.M. Turing, On computable numbers, with an application to the Entscheidungsproblem, J. Math. 58 (345-363) (1936) 5.

[28] D. Walker, Bisimulation and divergence, Inf. Comput. 85 (1990) 202-241.

15


http://refhub.elsevier.com/S0304-3975(21)00486-2/bibAA4940BC332005FF70D9EB724300E63Fs1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bibAA4940BC332005FF70D9EB724300E63Fs1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bibE4EC7C7ECCABBFAE976C45054BBECE03s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bibD096A991328DF7F04E0D88E3D65EE8E7s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib4F43C190FE5C79504FB5BE3D7015552Cs1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib4F43C190FE5C79504FB5BE3D7015552Cs1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib5926A4CFEAF4974B5C6F87B08FC49D13s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib8B72F5781DF577C2C5AFAEEC21FE8679s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib57BE258A050F6497E9D393EC5D41B7D1s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bibB2D2A0CC85D48306A7CE506B2851A9E4s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bibD53558F4501E7B4ACA9BFB6137069785s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bibB1CC58A43DC3AD415B4B1EBC007D987Es1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bibB4A5130E065CB0A6E77BCC2F9AEB4F83s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bibB4A5130E065CB0A6E77BCC2F9AEB4F83s2
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib27EB43D0A1962E3D8121C27CF1F85E87s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bibA337B4BE91FD6FEECA1EA90B6D9514E1s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bibA337B4BE91FD6FEECA1EA90B6D9514E1s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bibE03E90A127949B8CC30C15E507E1085Fs1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib7F2622092DB592F55043ED48549A13E0s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib7F2622092DB592F55043ED48549A13E0s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib3CD9D5247F64095FE7CE0232C81B97F2s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib698E78B57C50C65A7837622C5C0CEC6As1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib995E3D80E362269E297A930D17C111A9s1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bib3D5067BE270B83D263DF5127877F2CDCs1
http://refhub.elsevier.com/S0304-3975(21)00486-2/bibA60E57957A38B4C4ADB669B14F82A64Ds1

	Counting nondeterministic computations
	1 Introduction
	2 C-graph
	3 Counting C-graphs
	3.1 Node with a single next level child
	3.2 Node with more than one next level child
	3.3 The proof of Theorem 3.1
	3.4 Closed formula for ∑nk=2(−1)k−1(k−2)!(k4+2k3−2k2)
	3.5 Growth rate of Ln

	4 Regular C-graph
	5 Remark on counting by graph size
	6 Comment
	Declaration of competing interest
	Acknowledgements
	References


