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Abstract

Subbisimilarity is proposed as a uniform tool to classify
the expressive power of the process calculi. The relative ex-
pressiveness of the variants of the Pi Calculus is studied in
terms of the subbisimilarity. Some issues concerning the ex-
pressiveness of the Pi are clarified. Several open problems
are solved along the way.

1 Computation and Interaction

A fundamental issue in the process theory is the expres-
siveness of the process calculi. The first problem one en-
counters when studying the expressiveness is how to pin
down a reasonable notion of expressiveness. What does it
mean by one process calculus being (strictly) more expres-
sive than another? We start with an overview of some of
the criteria used in the literature and some expressiveness
results on w-Calculus [13].

1.1 Ciriteria for Expressiveness

One may start looking for the expressiveness criteria by
asking the following question: What is the essential differ-
ence between the expressiveness of the process calculi and
the expressiveness of the Turing computing models? Pro-
cess calculi are the operational models of the open com-
puting systems that formalize the interactions between sys-
tems. In this sense process theory is a theory of interac-
tion [12]. On the other hand the Turing computing mod-
els like the A-calculus study the closed computing systems
whose only interactions with the environments are the in-
put and output actions. Two Turing computable functions
are compared by their impacts on the environments, which
are nothing but their input-output behaviors. Generalizing
this view, a process is identified by the effect it may in-
flict on the environments. Since processes normally inter-
act with the environments continuously, the behaviors of
the processes have to be compared in a co-inductive way.

The bisimulation approach was introduced precisely for that
purpose [11, 17].

Most current results about the expressiveness of the pro-
cess calculi are actually concerned with the relative expres-
sive powers of the variants of a concurrent model, say the
mw-Calculus. For the purpose of this paper, we say that two
process calculi £; and L5, whose operational semantics
are defined by the labeled transition systems (S, 77, —1)
and (Sa, T3, —9) respectively, are variants to each other
if 77 = 75. In our view two variants may differ in (the
definitions of) the operators they have. But they must have
the same set of action labels to qualify for being variants of
each other. For the variants £ and L5 the following criteria
have been used to compare their expressive powers [16, 14]:

e Interaction Preservation is the minimal criterion for
‘being more expressive’. Process calculi are opera-
tional models. For L, to be at least as expressive as
L1, the former must be able to simulate the operational
behaviors of the latter. This normally means that there
is a translation [_]] from £y to L5 such that whenever

P —/\>1 P, then [P] :’\>2x [P2], where < is an
observational equivalence. From the viewpoint of in-
teractions, the Interaction Preservation alone is just not
strong enough. It may well be that [P] can engage in
an action to which P does not have any counterpart
action. And there is no guarantee that equivalent pro-
cesses are translated to equivalent processes.

e Full Abstraction is often used to remove the second
problem mentioned above. The property, P < (@ if and
only if [P] < [Q]., meets all the criteria from an alge-
braic point of view. The advantage of Full Abstraction
is its wide applications. It can be applied to compare
two process calculi with quite different action sets, say
the w-calculus [13] and the ambient calculus [5]. From
the viewpoint of interaction, Full Abstraction is not of
much use without Interaction Preservation. A transla-
tion from £; to Lo may still suffer from the first prob-
lem even if it satisfies the Full Abstraction and Interac-
tion Preservation. Full Abstraction is, in our view, best
seen as a fallout property rather than a criterion.



e Interaction Reflection requires that whatever [P] can
do are the translations of the actions of P. Formally

[P] :’\>2 P; implies that P :)\>1 P, for some P,
such that [P,]] < Ps. Interaction Reflection guaran-
tees that [P] can not place more effect on an environ-
ment than P. Itis easy to see that Interaction Criterion
(Interaction Preservation + Interaction Reflection) nor-
mally subsumes the Full Abstraction with respect to <.

e FEquivalence Criterion is used in [16] to compare two
process calculi which are variants to each other. If for
every P in £; there is some P’ in L5 such that P < P/,
then L5 is at least as expressive as £1. Like Full Ab-
straction, it is subsumed by the Interaction Criterion.
But unlike Full Abstraction, it can not be applied to
compare process calculi with different action sets.

Other criteria have been used in the previous studies.
In [16], Palamidessi used Uniformity and Reasonability
as criteria to compare the expressiveness of the m-calculi.
These criteria are weaker than the Interaction Criterion from
the viewpoint of interaction. In [3, 4], Busi, Gabbrielli and
Zavattaro made use of decidability to tell apart process cal-
culi. How can computational properties be used to classify
interactions? Well in a theory of interaction, computations
are internal interactions of systems. If a process is exclu-
sively engaged in an infinite computation, the process will
never get a chance to interact externally. So computations
may interfere with interactions by not giving the latter any
chance! An encoding [_] is said to meet Computation Cri-
terion if it satisfies the property that P is terminating if and
only if [P] is terminating, where P is terminating if it does
not have any infinite sequence of 7 actions. The importance
of this criterion has been emphasized in the previous work.

1.2 Results and Open Issues

We now sketch some of the relative expressiveness re-
sults about the variants of the m-calculus. Let 7 be the 7-
Calculus with the binary choice, 7™ the 7 with the mixed
choice, 7° the 7 with the separated choice, 7’ the 7 with the
input choice, 7~ the 7 without the choice, and 7 the asyn-
chronous 7. In [16], Palamidessi summarized the existing
relative expressiveness of these variants by the diagram in
Figure 1. The sub-calculus relationship is indicated by the
hooked arrow —. The plain arrow — indicates the exis-
tence of a uniform and reasonable encoding. Boudol, who
proposed 7%, gave in [2] a translation from 7~ to 7 that
preserves a Morris style contextual equivalence. Honda and
Tokoro provided a different encoding whose correctness is
proved for some weak bisimilarity [10]. Their notion of the
asynchronous bisimilarity has been subsequently adopted
as the standard equivalence for the asynchronous calculi.
Nestmann and Pierce studied in [14] two encodings from
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Figure 1. Encodings Between Pi Variants

7 to m@. One is fully abstract with respect to the asyn-
chronous bisimilarity but not termination preserving. The
other is termination preserving but not fully abstract. Nest-
mann has examined some encodings of 7° in 7% [15] and ar-
gued without a proof that no fully abstract translation from
the former to the latter exists. Palamidessi proved in [16]
that there is no uniform and reasonable encoding from 7™
to 7°.

How forceful are the results stated in Figure 1? One fact
that must be pointed out is that two uniform and reasonable
encodings could exhibit quite different interactional behav-
iors. For example there is an encoding from 7 to 7 that
satisfies the Interaction Criterion [14]. On the other hand
the known encoding from 7° to 7 is much weaker [15].
There are certainly processes in 7m° whose interactive effect
on the environments is different from any process in 7.
The second point is that the subcalculus relationships indi-
cated in Figure 1 are not all trivial. For the identity encod-
ing from 7% to 7, how do we reconcile the asynchronous
equivalence of the former to the (synchronous) equivalence
of the latter? What does the Interaction Criterion mean in
this case? Another important point is that the negative re-
sults, crucial to the classification of the expressive hierarchy
of the process calculi, depend on our choice of the expres-
siveness criteria. The selection of a set of criteria could be
subtle because both the positive results and the negative re-
sults should speak with the same potence. For instance, the
nonexistence of a uniform and reasonable encoding from
7™ to ° does not rule out the existence of a fully abstract
encoding from 7™ to 7® with respect to the weak bisimilar-
ity. On the other hand it seems that the arrow from 7™ to
7%, as indicated in Figure 1, can be understood as anything
but a fully abstract encoding with respect to the weak bisim-
ilarity. Finally there is a point about the Equivalence Crite-
rion. One way to understand the negative result of Figure 1
is that there is no encodings from 7™ to 7 that satisfy the
Equivalence Criterion and the Computation Criterion. Even
if we relax on the Computation Criterion, there are strong
arguments that the arrows 7° — ot — T, —
and 7~ — 7 fail the Equivalence Criterion. Using the
simple arguments, as we shall see later, one can show that



the ‘tossing-the-coin algorithm’, which can be coded up in
7 by ¢f + ¢t, can not be programmed in any of the 7%, 7@
and 7w~ . These negative results are in a sense even stronger
than the negative result offered by the Leader Election Sys-
tem [16].

According to the above analysis, there is really a need
to clarify the picture about the relative expressiveness of
the m-variants. It would be fruitful to look at the models
from the point of view of interactability. The computational
factor should also be considered since they interfere with
the interactions. In other words we expect to strengthen the
results stated in Figure 1 by answering the following:

Question 1: What are the relationships among the
variants of m-Calculus if the Interaction Criterion
is adopted? What if the Computation Criterion is
also adopted?

In Figure 1 the asynchronous w-calculi are compared
against the synchronous 7-calculi. The equivalences used in
the full abstraction results are the asynchronous bisimilarity
in the former and the various (synchronous) bisimilarities
in the latter. A better understanding of the relationships can
be achieved by considering the following:

Question 2: What is the uniform framework to
study the expressiveness of the synchronous -
calculi and the asynchronous 7-calculi?

To answer the two questions, some open problems need be
solved. The relative expressiveness of m over 7' has stood
unanswered for quite some time. From the viewpoint of
interactions, the problem can be formalized as follows:

Problem 1: Is there a (termination preserving) en-
coding [-] from 7 to 7™ such that P ~ [P]?

The answer is not just practically interesting, it is also the-
oretically important. Similarly the relative expressiveness
of # over 7° is not completely clear, despite the result
in [16]. Hence

Problem 2: Is there a (termination preserving) en-
coding [_] from 7™ to 7* such that P ~ [P]?

The above two problems are about the relative powers of
the choices. There is also a question on whether any form
of the external choice is redundant.

Problem 3: Ts there an encoding [] from 7* to
7~ such that P ~ [P]?

The choice operator is often used in specification [11],
whereas the concurrent composition ‘|” is an implementa-
tion operator. Problem 3 can be equivalently stated as fol-
lows: Is there a specification that can not be implemented
without the choice operator? The asynchronous m-calculus

is often presented without the choice. But intuitively 7 is
strictly less expressive than all the synchronous 7-calculi
interactively since the output actions do not have any con-
tinuations. So we pose the following:

Problem 4: Is 7%, and 7’ as well, strictly less ex-
pressive than 7w~ interactively?

Sometimes two variants only differ in the ways the infinite
behaviors are introduced. The well known recursion mech-
anism used in the m-Calculus are the fixpoint operations,
recursive constant definitions, replications etc.. It would be
interesting to see if different recursion mechanisms make a
difference interactively

Problem 5: What are the comparative expressive-
ness of the various recursion mechanisms from
the viewpoint of interaction?

Solutions to the above five questions should allow us to
have an improved understanding of the relative expressive-
ness of the m-calculi appeared in Figure 1.

1.3 Contributions

This paper sets out to answer the two questions and solve
the five problems stated in the previous subsection. Our
contributions are both methodological and technical.

o We will propose a methodology to compare the expres-
sive powers of the process calculi in a uniform man-
ner. This methodology is inspired by the Interaction
Criterion. The advantage of our approach is that it fits
well with the observational theory. It can also be easily
adapted if different observational theories are adopted.

e Technically we introduce subbisimilarity and asyn-
chronous subbisimilarity as tools to measure the rel-
ative expressiveness of the process calculi. The for-
mer works for the synchronous calculi and the latter
for both the synchronous and the asynchronous cal-
culi. Computation Criterion can be easily incorpo-
rated. Using the asynchronous (termination preserv-
ing) subbisimilarity, we clarify all the relationships
among the variants of the m-Calculus present in Fig-
ure 1. The theoretical framework also allows us to
study the independence of the operators of the pro-
cess calculi. We show that all the operators of the -
calculus are independent to each other.

The paper is organized as follows: The subbisimilarities
for CCS variants are introduced in Section 2 to study the ex-
pressiveness of the choice operators and the recursion. The
approach is extended to the setting of the 7-calculus in Sec-
tion 3 to investigate the relative expressiveness of the syn-
chronous variants of the 7-calculus. It is further extended in
Section 4 to cover the asynchronous 7-calculi. Some com-
ments are made in Section 5.



2 Interaction Hierarchy of CCS

As an operational model of interaction [12], CCS [11] is
a test bed for studying the expressiveness of process calculi.
Apart from serving as a technical preamble, the results in
this section are also interesting on their own.

We shall assume that there is a set of names A ranged
over by the small letters. The set of action labels A" U A U
{7} is ranged over by A. The syntax of CCS is as follows:

E = O|X|\E|E|E'|(2)E|E+E' | uX.E

We have left out the relabeling operation for the following
reason: Our interest in CCS is to obtain results that can be
easily transplanted to the w-Calculus. For that purpose the
relabeling operation is not necessary.

The standard operational semantics of CCS is induc-
tively generated by the following rules:

Prefix, Restriction

ESE 2 Z n(\)
\NE 2 E (z)E 2 (2)E'
Composition
BB E-“FE F-

E|F 2 E'|F E|F S E'|F

Choice, Fixpoint

E{uX.E/X} 2 E
uX.E 25 B

E E
E+F 2 B

Notice that the symmetric rules are omitted. We will

write = and =2 for their standard interpretations. The
a-conversion applies to this version of CCS. The standard
reference book on CCS [11] covers the fundamental the-
ory about the model. We will assume that the reader is fa-
miliar with the labeled transition semantics and the basic
operators in process calculi. We will use the standard no-
tations in process calculi. For instance we write o to stand
for substitutions of names like {y1/z1,...,yn/xn}t. We
write {E1/X1,...,E,/X,} for substitutions of variables.
When applying the substitution to a process expression F,
notation E{E /X3, ..., E,/X,}, we get a process expres-
sion obtained by replacing Xy,...,X, by E1,..., E, re-
spectively. Bound names need be renamed to avoid name
capture. For instance (z)(y)(cx|dy|X){az |by/X} is
the expression (v)(w)(cv|dw |@x |by). Sometimes, es-
pecially when studying dynamic binding calculi, we need
substitutions that does not admit a-conversion. For that
purpose we introduce the dynamic substitution of vari-
ables [E1/X4,...,E,/X,]. For instance the syntac-
tic object (x)(y)(cx | dy | X)[ax | by/X] is the expression

(7)(y)(ex | dy | @z | by). The substitutions of variables will
be ranged over by .
A descendant of a process expression E is an E’ such

that B 2L ... 2o, E’, where n > 0. Let Dscd(E) be
the set of descendants of E. By definition E € Dscd(E).
A computation of E' is either an infinite internal action se-
quence F —— ... - E; —— ... or a finite internal action
sequence E —— ... —— E’ such that E’ can not perform
any internal actions. Let Comp(E) be the set of all compu-
tations of E. The expression F is terminating if Comp(E)
does not contain any infinite computation. It is divergent
otherwise.

In order to compare the expressive powers of the vari-
ants of CCS, we introduce the subbisimilarity between the
variants. For that purpose we need the following definition:

Definition 1. A binary relation R C §1 x S, is left surjec-
tive if VS7 € §1.35 € §5.51RS,. It is right surjective if
VSy € §5.351 € §1.51R.Ss.

Intuitively a subbisimilarity interprets every process of a
variant by (at least) one process in another variant in such a
way that the related processes have the same operational im-
pacts on the environments. In other words the related pro-
cesses satisfy the Interaction Criterion. In Milner’s termi-
nology [11, 17], a subbisimilarity is a left surjective bisimu-
lation between two process calculi. The following definition
is almost the same as the definition of bisimulation in [9].
Throughout this paper we confine our attention to the rela-
tions on the processes without the free process variables.

Definition 2. A subbisimilarity from the variant CCS' to
the variant CCS? is a left surjective relation R such that the
Sfollowing bisimulation property holds whenever S1R.Sa:

If Sy —A>1 S’ then Sy :>\>2 SER-LS] for an S;

If Sy 2, S then Sy =2, S1RSY for some S.

We shall say that CCS! is subbisimilar to CCS?, notation
CCS' Cees CCS?, if there is a subbisimilarity from CCS!
to CCS?. We write CCS' C¢e CCS? if CCS! Cees CCS?
and CCS? zees CCSt.

The subbisimilarity relationship is transitive. A sub-
bisimilarity from a CCS variant to itself is a special bisim-
ulation [11]. The largest such bisimulation is called bisimi-
larity, denoted by ~. Alternatively P ~ () if there is a right
surjective subbisimilarity from Dscd(P) to Dscd(Q).

In sequel we often say that an encoding [_] from CCS'
to CCS? is a subbisimilarity. This should be understood
that [_] is contained in a subbisimilarity. Such an encod-
ing clearly satisfies the Full Abstraction with respect to the
bisimilarity ~.

To prove CCS? Z°° CCS', one only has to show that
some P of CCS? exists such that for every P; of CCS! the
pair P», P; do not satisfy the bisimulation property.



2.1 Computation and Bisimulation

In process theory, what are the rules that govern the be-
haviors of the computations? From the viewpoint of inter-
action, what can be said about the processes in the sequence
Py P Py...P; 5 Piy(— ...)? Anot well
known fact is that if some P; is equivalent to the initial state
P, then all the intermediate states are equivalent. The fol-
lowing lemma has already been stated in [8].

Lemma 1 (O-Lemma). If Py — P, — ---P, — P,
then Py~ P~ Py~ .- -~ P,.

According to the O-Lemma a computation is carried out
in phases, which can be depicted as follows:

T T T T T T
r——P —PFP 4y — - —F—. .

The phase one consists of all the states from Py to P, .
These states are all equivalent from the point of view of
interaction. From the point of a computing system, what
phase one accomplishes is some internal adjustment. It has
not made any irretrievable decision. The computing step
from P;, to P;, 41 is fundamental. Once the system has
done that, there is no going back. The second phase start-
ing from P;, 1, and ending at P;, consists of the equivalent
states again. These states are not equivalent to any of the
previous states. Generally none of the states in a phase is
equivalent to any state in the previous phases.
In practice the O-Lemma is used in the following form:

P P e s

PP =<---x<P,.

n = Po then P() =

The symbol < stands for an observational equivalence.

The O-Lemma is of crucial importance to some fully ab-
stract encodings studied in this paper. A typical scenario of
using the O-Lemma is the following:

Ao
An P,
2
P,
4

Py

Imagine that there is an agent traveling around the states of
the circle. All the states on the circle are equivalent by the
O-Lemma. So as long as the agent is staying on the circle, it
retains all the powers to kick off any of the possible actions
doable by P;. But at any particular state, say P;, the agent
might decide to kick off the action A;. Once it does that, the
system moves to the next step.

2.2 Choice, or No Choice

Instead of the binary choice +, one could have the mixed
choice ) ;. ; \i.E;, or the separated choice ) . ; a;.F; and
> ic1 @i-Fy, where 1 is finite. The operational semantics of
the mixed/separated choice is defined as follows:

Yier M B 25 B,

We write CCS™ and CCS? for the CCS with mixed choice,
respectively separated choice. In both CCS™ and CCS?® the
prefix operator could be dropped.

Let CCS™ be the CCS without the choice operator. It
is not surprising that CCS™ is less expressive than CCS® in
terms of interactability. What is surprising is that CCS® and
CCS™ are equivalent interactively.

Theorem 1. CCS™ ¢ CCS™ C°® CCS®.

Proof. Ttis clear that CCS™ C°“* CCS™. We have to show
that CCS™ [£®* CCS™. Suppose that P is a process con-
taining no choice operations and that a+b ~ P for distinct
a, b. To match up the action a+b — 0 there must be some
P’ such that P = P’ -%». Now P’ ~ a-+b. Therefore P"
exists such that P/ = P" -, Using the fact that P’ con-
tains no choice operator, it is easy to show that P - (see
Lemma 2 below). But then it follows from Lemma 2 that

P i»i», which contradicts to the fact that P” ~ a+b.

Next we show that CCS™ £°** CCS®. It is enough to
see how to simulate the mixed choice a.P+b.Q) by process
A, or B, defined as follows:

A = aP+7.B
B = bQ+1.A

Using the fixpoint operator one could get the solution to the
above equations:

A © a.P+7.uY.(0.Q+7.(a.P+7.Y))

B Y uY.(b.Q+7.(a.P+7Y))

Obviously A ~ a.P+b.Q ~ B and A, B are in CCS®.
Clearly this is a simple application of the O-Lemma. O

Lemma 2. Suppose E is a CCS™ expression. If E A, gy
and E 22 B such that \1 # Xs, then E 25 E' 22, B/

A A
and E =% E" 2% E'" for some E".

Proof. This is a simple induction on the height of deriva-
tions. O



2.3 Termination Preserving Encoding

The encoding given in the previous subsection is assur-
ing from an external point of view. No environments can
ever detect any difference between P and [P]. There is
however something lost over the translation. The process
a.P+b.Q is translated to a.P+7.uY.(b.Q+7.(a.P+7.Y))
which is divergent. The point is that although the divergent
computations introduced by the encoding only go through
states that are equivalent to the initial state, there is arguably
some difference between a never ending computation and a
terminating computation. One is interested in knowing if
Theorem 1 can be strengthened to meet the Computation
Criterion.

Definition 3. A subbisimilarity R from CCS' o CCS? is
termination preserving if it meets the Computation Crite-
rion in the following sense:

If PRQ then P is terminating if and only if Q is
terminating.

We write CCS! i CCS? if a termination preserving sub-
bisimilarity from CCS' to CCS? exists, and CCS' Cie
CCS? if CCS' £§°° CCS? yer CCS? £ CCS'.

The next theorem says that one must be ready to sacrifice
Computation Criterion if the use of the choice is restricted.

Theorem 2. CCS [£{** CCS™ [£{** CCS”.

Proof. We prove that there are no termination preserving
subbisimilarities from CCS, respectively CCS™, to CCS™,
respectively CCS®.

Suppose that P is a terminating process with only sep-
arated choice. We argue that P is not bisimilar to a-+b. If
not, then for each P’ such that P — P’ and —(P’ L>),
one would have that P’ ~ a+b, which would imply that

P' % and P' % This is an obvious contradiction.

Next we prove that the process puX.(a+b|X), which
is in CCS and is terminating, is not bisimilar to any ter-
minating process in CCS™. Notice that uX.(a+b| X) is
terminating and infinite branching and that it turns into a
process of the form b|...|b after performing an @ action.

—
J times
If 4X.(a+b|X) were bisimilar to some terminating P of
CCS™, then according to the finite branching property of
CCS™, there are only finitely many P;, for ¢ € I, such that
P =% P,. If P were bisimilar to uX.(a+b| X) then
for each ¢ € I there would exist some j; < w such that

pX.(a+b| X) b, b~ P
——
Ji times
Let j,, be such that j,, > sup;c;{j;}. It is clear that the

action puX.(a+b| X) % [1,<;<j,, b can not be matched
up by P. T O

2.4 Static Binding, or Dynamic Binding

The infinite behaviors of CCS could be defined in a
number of ways. Using the fixpoint operator p, interest-

ing process behaviors can be defined. Consider the process

AY uX.(a+b| X). A finite action trace of the process

takes the following shape

b

AL e a2

7 times J times

At first glance the interactional behavior of A has a lot to
do with the fact of A being not finitely branching. But what
really causes the particular pattern of the infinite behavior
is the fact that X is unguarded. For the CCS we have de-
fined, finite branching property is available if one restricts
to CCS™.

Another way to achieve the finite branching property is
to use the replicator with its semantics formulated a la Gi-
ambiagi, Schneider and Valencia [9]:

E X B
IE 25 E'|1E

E-“FE E-*E"
\E - E'|E"|\E

Let CCS' denote the variant of CCS whose infinite behav-
iors are defined by the replicator. Intuitively one has that
IP =~ P|!P. One obvious advantage of using the replica-
tion instead of the fixpoint operation is that one could give a
purely first order presentation of CCS. Giambiagi, Schnei-
der and Valencia have shown that the guarded i and the
replicator ! are equivalent interactively. This result is better
stated in terms of CCS™.

Fact 1 (Giambiagi, Schneider, Valencia [9]). The following
holds: CCS™ C$* CCS' £ CCS™.

Proof. Intuitively ! P of CCS' can be interpreted in CCS™
as uX.(P|X). Conversely uX.E of CCS™ is simulated
in CCS' by (m)(E{m.0/X}|!m.E{m.0/X}), where m
does not occur in E. O

The above equivalence still leaves us with the open prob-
lem: What is the relationship between CCS and CCS'?

Problem 1. CCS C¢es CCS'?

The infinite behaviors can also be admitted through con-
stant definition [11] and parametric definition [9]. We shall
spend a minute to explain the mechanism of constant defini-
tion. Suppose E1, ..., E, are expressions with free process
variables X7, ..., X,,. The following form a finite set of
constant definitions:

¢, = E{Cy/X1,...,Ch/ X0}

Ch

E,{Ci/X1,...,Cn/ X}



We mention that we do not allow recursively defined defi-
nitions using an infinite set of equations. A prominent fea-
ture of the constant mechanism is that it disallows the a-
conversion. Take for instance the constants defined below:

D1 = zy|(2)(y(2).zx| D)
Dy = yz|(y)(x(z).zy| D1)

The free y in the definition of Ds is captured by the localiza-
tion operator (z) in the definition of D; dynamically. One
has that

Dy — wyl(x)@z|(y)(x(z) 2y | D1))
— zy| ()@ | (y) Gy | (2)(y(2) Z2| D2)))

These internal actions are possible only if bound names are
never renamed.

Yet another way of introducing the infinite behaviors is
by using the dynamic fixpoint. For the dynamic binding -
operator, free names might get bound dynamically while
unfolding the recursion. For instance puX.z|(x)(Z|X)
may not do any action if the static binding is adopted. It is
divergent if the dynamic binding is admitted. For the static
fixpoint operations the a-conversion is admitted, whereas
for the dynamic fixpoint operations the a-conversion is
banned.

Let CCSf be the finite CCS with the constant defini-
tion, CCSP°! be the finite CCS with the parametric defi-
nition, and CCS? be the finite CCS with the dynamic j-
operator. It should be pointed out that the a-conversion do
not apply to these three variants. For uniformity, we some-
times write CCS* for CCS with the static u-operator.

Fact 2 (Giambiagi, Schneider, Valencia [9]). One has that
COS™ Cges COS! Cges CCSPIe! Cges Ces™.

Proof. For a proof of CCS®! Cge cespdef i cesdef
the reader is referred to [9]. The conversions between
CCS™ and CCS® are relevant to this paper. So we take
some time to explain them. Given a process P in CCS%,
we may convert it into a finite set of constant definitions in
the following manner:

e To start with we introduce the constant C' = P.

e Suppose the conversion has introduced the following
set of constant definitions:

C = Ey
i = E

C, = E,

If uX.E is a subexpression in one of Ej,..., E,
such that F/ does not contain any occurrence of the p-
operator, then we replace the above set of definitions
by the following set of definitions

C = Ep{Coir/uX.E)
Cl = E1{0n+1/MX.E}
Cn = En{cn+1/,UX-E}

Crt1 = Epp1{Cp1/X}

e The second step is repeated until there is no occurrence
of p-operator in any of the definitions.

It is easy to see that P is strongly bisimilar to C.

Next we explain the converse conversion. Without loss
of generality, suppose we have in CCS?! the following set
of constant definitions:

C: = E{C1/X1,C2/X5}
Cy = Ex{C1/X:,C2/ X2}

Now C1, C5 form a solution to the following equations

X, = E
Xo = Ej

Using the dynamic p-operator of CCS¥, one could
construct the process expression pXi.F;. Substituting
uX1.E; for X, in the second equation gives rise to the
equation

X2 = EQ{/,LXlEl/Xl}

from which we could construct uXs. Fo{uX:.F1/X1}. It
is easy to see that

Cl ~ ,LLXlEl{,quEg{,quEl/Xl}/Xg}
02 ~ /J/X2E2{MX1E1/X1}

We are done. O

Let CCS?~ be the variant of CCS™ with the dynamic
fixpoint operator. Similarly we have CCS™™ and CCS®.
What is the relationship between CCS™ and CCS?™? It is
easily seen that CCS™ Cges CCS?™. Busi, Gabbrielli and
Zavattaro have shown in [3, 4] that the termination prop-
erty is decidable in CCS™ but undecidable in CCS?™. It
is important to notice that this result per se is not about the
interactability! However the dynamic recursion is indeed
strictly stronger interactively than the static recursion in the
setting of CCS. In other words, CCS*™ can not be encoded
in CCS™.



Theorem 3. The following properties hold:
(i) CCS™ Cees CCse;

(ii) CCS® =ees CCS®;

(iii) CCS™ ces CCs™,

Proof. Consider the counter Z defined in CCS¥™:
Z = zZ+a(x)0|z.2)

0 a.T +a.(y)(E|y.0)
E = ay+a(x)O|z.E)

This is a simplification of the counter defined in [3]. It has
the following operational behavior

a a a a z

4 times i times

for every natural number ¢. The process Z is capable of
remembering the difference between the number of a’s it
has performed and the number of @’s it has done. After Z
has done consecutive n a’s, it must do at least n a’s before
it can do a z. This dynamic behavior can not be captured by
any process in CCS™ with the static fixpoint operator.

In view of Fact 1 we only have to show that Z is not
bisimilar to any process in CCS'. The proof of this fact
bears resemblance to the decidability proof of [3, 4], mak-
ing use of the theory developed in [6]. See Appendix A for
a proof.

It is easy to see how to modify the above proof to show
that CCS® ¢ CCS?. In CCSY™, and CCS™ as well,
one could define the internal choice E + F as follows:

E+Fp &

(m)(m.E|m.F|m)

where m does not appear in E | F. Using the internal choice
one could define a weak form of counter in CCS?™ in the
following manner

7' = 127 4 ra.(x)(0'|2.2))
O = raz+ ra(y)(E|y.0)
E = ray+ ra.(x)(O'|z.E")

Although Z’ does not always do what the environments
want, it does exhibit the same memory capacity as Z. For
this reason the approach used in Appendix A can be applied
to prove (i). O

The fact that the dynamic fixpoint operations, or the con-
stant definitions, are much stronger than the static fixpoint
operations, or the replications, is reinforced by another fact.
The CCS with dynamic fixpoint operations and the mixed
choices is strong enough to code up the CCS with arbitrary
choices. It is a phenomenal result that not only points out
the power of the constant definitions, but also pinpoints the
difference between guarded choices and arbitrary choices.

cy = @
R p = Tp+M(x)C%
Cé)a)E = (Q)C%
C%lJrEQ = Tp+ 7-(553)(0%1 | $5-0%1+E2)
+ 7.(25)(CY, | 25.C%, 1 5,)
CZ‘JEI |E, — Ty + T-(“)(VLQHEQ | ng\Ez)
Vig, = 7(@p)(Ch l25.VE m,) +uCh | 5,

where b € {T, L},b = —band zT,x, are fresh names.

Figure 2. Translation from CCS% to CCS%"

Theorem 4. CCS% Cees CCS9™ Cees CCSY,

Proof. The proof CCS™ [Ces CCS®™ can be read-
ily copied from the proof of Theorem 1. To establish
CCS% Cees CCS?™ we demonstrate how to translate a
CCS%process to a CCSY™ process. The transl