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Abstract

In this paper we define a logical framework, called Arr, that is well-suited for semantic analysis.
We introduce the notion of a fibration £1 : 71 — C; being internally definable! in a fibration
Lo : Ty —> Cy. This notion amounts to distinguishing an internal category L in L and relating
L1 to the externalization of L through a pullback. When both £; and L2 are term models of typed
calculi £! and £? respectively, we say that £' is an internal typed calculus definable in the frame
language £2. We will show by examples that if an object language is adequately represented in Arr,
then it is an internal typed calculus definable in the frame language Arr. These examples also show
a general phenomenon: if the term model of an object language has categorical structure S, then
an adequate encoding of the language in Arr imposes an explicit internal categorical structure S in
the term model of A7 and the two structures are related via internal definability. Our categorical
investigation of logical frameworks indicates a sensible model theory of encodings.

1 Introduction

The notion of logical framework first appeared in Martin-Lof’s work ([?]). It is meant to be a simple
language with which his type theory can be precisely defined. The idea is picked up and extended in [?, ?].
According to the authors, logical frameworks are languages in which logics can be adequately defined.
The good properties of the meta-languages then guarantee that all manipulations of the defined logics
are correct and easy (or even decidable). The language in [?, ?], now known as ELF, consists of kinds,
constructors and objects. Types are constructors of kind Type. In addition to the usual type theoretical
features, it has signatures which declare constant terms. In other words, signatures are constant contexts
in which one can declare both constant objects and constant constructors. When coding up an object
language, one first defines an appropriate signature so that logical operators become constant objects
or constructors. An important feature about ELF is that rules in object languages are presented as
objects in the framework. Logical derivations then amount to function applications. To guarantee the
correctness of the encoding, an adequacy theorem must be proved each time a logic is defined in the
framework. The adequacy theorem basically says that what has been formulated in EFLF is sound and
faithful with respect to the object language of interest.

The core of Martin-Lof’s logical framework and that of ELF are the same. But their emphases are
different. Martin-Lof sees his logical framework as a foundational language upon which his constructive
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type theory is built. For that to be possible, he needs to talk about definitional equality for the object
languages. His solution is to use equational theories of his framework. So to be precise, Martin-Lof’s
monomorphic type theories are equational theories in the underlying calculus. On the other hand, the
motivation in [?, ?] is to design a meta-language once and for all, so that logics can be represented and
proof-checking be mechanized. To keep the calculus decidable, one has to settle for internal represen-
tations of the definitional equalities in object languages. Now =, like €, plays a special role in proof
theory. But ELF treats x = y as a judgement just like other judgements. This is a price one has to pay
to retain decidability.

A prominent question a designer of a logical framework must address is this: How are the variables
in an object language represented in the framework? FELF’s answer is to identify the variables in an
object language with those of the framework itself. One of the observations in this paper is that this
variable-identification has serious impact on model theory.

The proof theoretical and pragmatical aspects of logical frameworks have been extensively studied ([?,
?, ?]). The model theory of them however has not yet been paid enough attention it deserves?. This
paper sets out to remedy this. But first, we need to make clear what we mean by a logical framework in
this work. A logical framework is a typed calculus upon (or in) which typed calculi are defined. Putting
differently, the theory of logical framework is about internal type theory. This unifies the views taken in
[?, ?] and [?] and, arguably, also covers other more complex languages. The various well-known coding
techniques ([?, ?]) belong to internal type theory. This viewpoint is semantically motivated. What
internal categories to an ambient category, object languages are to a logical framework.

In this paper we introduce the notions of internal definability, internal typed calculi and frame languages.
Examples are given to show the potential usefulness of these definitions. We propose an alternative pre-
sentation of Edinburgh LF based on the idea of internal typed calculi and frame languages. The system
is analyzed in terms of internal definability. We show that the new presentation makes it convenient
for an algebraic investigation. We use three examples to illustrate some new observations about logical
frameworks. Category theory is used to relate the model theory of the logical framework to those of the
represented languages.

Section 2 fixes some notations that will be employed later. Section 3 gives the definitions central to later
development. Section 4 is an undemanding introduction to our logical framework Appr. Some sample
encodings are given in section 5. Section 6 details the fact that App has built-in mechanism to generate
internal full subcategories, whose relationship to the variable convention is also explained. Section 7
and 8 reveal some further categorical properties of Apr. Section 9 outlines the idea of model theory for
encodings. Finally in section 10, we take a brief look at some questions in terms of internal definability.

2 Preliminaries

The technical definitions given in this section are necessary to describe the categorical properties of Apr.
The material is standard; see [?, 7, 7, ?] for more on the theory of fibration and [?, ?] for relevant internal
category theory.

Suppose p : F — B is a functor. The morphism Y ., X in F is said to be a cartesian lifting of J —= I
in B if (i) pf = uw and (i) for any Z % X in F and pZ - J satisfying pg = m;u, there is a unique
morphism Z %, ¥ with pp =m and g = ¢; f. The functor p is a fibration if for every morphism J —— I
in the base category B and every object X in the fibre category F with pX = I, there is a cartesian lifting

uw*X 5 X of u. A cloven fibration is a fibration equipped with a cleavage which is a choice {ﬂ}Ji»IeB
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of cartesian liftings. A cloven fibration is split if Id = Id and T;7 = T7u for every pair of composable
morphisms in . When this is the case, p can be presented as an indexed category P : B°? — Cat which
is a ‘functor’ from B°P to the ‘category’ of categories. Suppose I is an object in the base category of a
split fibration p : F——B. The category p~*(I), the fibre over I, is the one whose objects and morphisms
are those of F that are mapped by p onto I and Id; respectively. For each morphism J — I in B, we

have a reindezing functor p~(I) - p~(J). The construction tells us how to transform a split fibration
into an indexed category. The opposite construction is the so-called Grothendieck construction ([?]). A
split fibration has a fibred cartesian closed structure if each fibre has a cartesian closed structure and
the reindexing functors preserve the structure on the nose. A split fibration p : F——B has A-indexed
products, where A is an object in B, if for each I in B, the reindexing functor over IxA—1I has right
adjoint IT; and these right adjoints satisfy the Beck- Chevalley condition: for each J —— I in B, we have
(uxIda)*; My =T;u*. A cartesian functor H from p: F — B to q¢: & — Bis a functor H : F — &
such that p = H; q and H sends cartesian liftings to cartesian liftings. A cartesian functor is full (faithful)
if and only if its fibrewise functors are full (faithful). More generally, a cartesian map from p : F — B
to ¢ : G — C consists of two functors H : F — G and K : B — C such that H;q = p; K and H
sends p-cartesian liftings to g-cartesian liftings. If both p and ¢ are split, then the cartesian map (H, K)
is strict if H sends the chosen cartesian liftings to the chosen cartesian liftings. An object U in a locally
small category B determines a representable functor B[_, U] : B°? — Set which sends A € B to B[A, U]

and A~ B to B[f,U] : B[B,U] — B|A,U].

Let F and B be two categories. A D-category ([?]) is given by three functors p,G : F — B and
I: B — F such that (i) p is a fibration; (ii) I is the fibred terminal object functor of p (so I;p = Idp,
p I and T is full embedding) and (iii) I 4 G. We say that the D-category is split if p is split.

An internal category C in B consists of objects Cy, C1, Co and morphisms as shown in the diagram below.

I, do
Cp— Y —d ¢,
IT, dy

These morphisms in B must satisfy the well-known conditions: (i) IIy (II;) is the pullback of dy (dy)
along dy (dp); (ii) the (co)domain of the composition of a pair of composable arrows is the (co)domain
of the first (second) arrow: ~;dy = Ilp;dy and ~v;d; = Ily;dy; (i) id;dg = id;dy = Ide,; (iv) id is a
unit for composition: (idxoIdc,);y = II; and (Idc, xoid);y = Ilp; and (v) composition is associative:
(yxoldc,);y = (Idc, x07);7v. The externalization of C is a split fibration domc : [C] — B. An object
in [C] is a morphism I %+ Co. A map from (I - Cq) to (J 2, Co) is a pair (I L, J, I ™ Cy) such
that the two diagrams below commute.

I ——C I ——C
[0 do f dl
Co JT’CO

The functor domc sends (I N J, I ™ Cy) onto T L, J. The canonical cartesian lifting over I L
with respect to J A, Cois (I 4, J, I EE N Co , C1). The corresponding indexed category is

denoted by [_,C] : B> — Cat. A morphism (I = Co) — (I LR Co) in [I,C] is a morphism I % C;
in B such that the following diagram commutes.



Co‘ do C1 dl > Co

Let D be a collection of morphisms, called display maps ([?, ?]), of B such that for any A 4. XinD

and any morphism Y £, X, there is a (unique) morphism A[f] Wy b rendering the diagram

Alf] A
d[f] d
Y X

a pullback. Let B/D be the full subcategory of the arrow category B~ determined by D. The definition

cod

of D simply says that B/D — B is a (cloven) fibration. The fibration B/D 4 B is split if it is cloven
and for each display map d, we have d[Id] = d and d[f; g] = d[g][f].

Suppose B has finite products and D is a family of display maps. Let V' <, Co be in D. We can transplant

the well-known construction of an internal full subcategory in a locally cartesian closed category ([?]) to
cod

B if there are enough exponential structure in B/D — B (notice that B already has enough pullback

structure guaranteed by D). We will call the resulting C the internal category induced by V <, Co.
For any I - Cy, we have a display map G[a] that is the pulling-back of G along a. We say that the
G-induced internal category C is an internal full subcategory of B relative to D if

(I = Co) +— Glal,
(I % Co) @™ (12 C) v (a,m*): Gla]—GY]
establishes a full embedding cartesian functor from domc : [C] — B to B/D <4 B. We remark that we

could not afford to give a detailed explanation of this construction. The construction however will be
given for the specific examples used in this paper.

We say that the internal category C induced by v - Co has emplzczt cartesian closed (object) structure

if there are morphisms 1 1, Co, CoxCy = Cy and CoxCy —> Cqy such that we have pullbacks as
follows:

1 Vv . Vv . Vv
G Gl XchQ G Gl —>ch2 G
1 CO CO X C() CO CO X Co CO

_i,

where G; is the pulling-back of G along CoxCy — Co for i = 1,2 and Xcz (—¢z) is the product
(exponential) functor on (B/D)~1(CoxCp). We say that C has explicit A-indexed products if there is a



morphism (A—Cy) A Cp such that we have a pullback diagram as follows:

IT4(Glev)) G

AHCO H CO

where Glev] is the pulling-back of G along (A—Cp)xA % Cy and II4 is the right adjoint to the
weakening functor over (A—Cp)xA =5 (A—Cy).

If C has explicit cartesian closed structure (A-indexed products), then the externalization of C has
fibrewise cartesian closed structure and the reindexing functors preserve the structure on the nose (right
adjoints to the weakening functors over morphisms IxA =5 I) and the Beck-Chevalley condition is
satisfied.

3 Internal Typed Calculi and Frame Languages

The central theme of the theory of fibration is that an object in a base category should be regarded as
a ‘set’ (and a morphism a ‘function’). A fibration p : £ — B is a mathematical discipline in which one
carries out mathematical activities with respect to the ‘set theory’ B. Thinking ‘set theoretically’, it is
important to distinguish between ‘small’ fibrations and ‘non-small’ ones. Roughly speaking, a ‘small’
fibration is obtained by externalizing some ‘set-theoretical’ gadget in B. An externalization process
transfers internal notions in B to external ones. The famous Yoneda lemma then acts the role similar
to that of extensionality axiom; it says that a ‘small’ fibration is essentially the same thing as a ‘set’
(‘small’ category etc.) in B. So a ‘small’ fibration is a fibration that is ‘definable’ in the ‘set theory’ B.

Given so many papers dealing with relationship between typed calculi and fibrations, it is perhaps
surprising that in type theory we have not yet proposed the notion of ‘internal definability’, a notion
that is fundamental in the theory of fibration. In this paper, we will show that this concept is potentially
useful to type theory, especially to the study of logical framework.

Type theoretically, a strict cartesian map (H,Z) from a split fibration £; : 73 — C; to another Lo :
Ty — Cs is a translation from the language £ to the language £o. When both H and 7 are embedding
functors, the translation is faithful. In this case £; can be seen as a sublanguage of Lo. If furthermore
both H and 7 are full, then L5 is a conservative extension of £1. A special case of this conservative
extensionality relationship arises when the whole extension £, — L5 is determined by C; — Cs, part of
the extension. Categorically, this means that £, is the pulling-back of L5 along 7.

In the present, it is most useful to combine the notion of ‘internal definability’ with that of conservative
extensionality. So typically, we have a strict cartesian map (H,Z) from a language £ : 7 — C, viewed
as a fibration, to an externalization fibration domy : [U] — D, where U is an internal category in D;
both H and 7 are embedding functors. Because domy is completely determined by the internal category
U in D, it makes sense to require £ be totally determined by Z : C — D (i.e., L : T — C is the
pulling-back of domy along Z : C — D).

To introduce the central notion in this paper, we find it helpful to give an auxiliary definition.

Definition 3.1 Suppose py : & — By is a split fibration and By a category. Then py is said to be
internally codable in By by L via T if (i) T : By — By is an embedding functor; (ii) L in Bs is an



internal category and (i) there is an embedding functor H : & < [L] such that (H,T) is a strict
cartesian map from py to domy : [L] — By. The fibration p; is said to be internally definable in By by
L via Z if in addition both H and T are full and the following square is a pullback.

H

& (L]
D1 domy
By 7 Ba

Example 3.2 Given a second order A-theory, we can construct its term model as a split fibration with
fibred cartesian closed structures. In [?], it is shown that this fibration is internally definable in a topos
by an internal category equipped with explicit cartesian closed structure. O

Example 3.3 The higher order polymorphic A-calculus is a two level type system. At the first level we
have kinds and constructors. The valid kinds are defined inductively as follows:

= T akind

= Type a kind
K, kind, K5 kind = K;xKj kind
K kind, K5 kind = K;— K, kind.

A kinding context is a finite set of constructor variables with their specified kinds. Suppose A is [X; :
Ki,...,X, : K,]. Then A, X : K denotes the kinding context [X; : Ky,..., X, : K,,X : K]. Given
a kinding context, we can form valid constructors whose constructor variables are all declared in that
context. These are the rules:

AFX K

AbFxr:T
AF(Cy,Cs) : K1x Ko
AFmC:K; fori=1,2
AFXx:K.C: Ki—Ky
A+ FC: Ky
AF1:Type

AF AxB : Type

A+ A—B : Type
AFVX:K.A: Type.

A a kinding context, X : K € A
A a kinding context

AFC;: K; fori=1,2

AFC: KixK,

Az KiFHC: Ky
AFF:Ki—Ky, AFC: K,

A a kinding context
AFA:Type, A+ B:Type
AFA:Type, A+ B :Type
AX:KFEA:Type

L 2

Constructors of kind T'ype are called types.

A typing context I is a set of statements of the form z : A indicating that A is the type of the free variable
x. Let T' be [z1 : Ay,...,2, : Ay]. Then T', 2 : A denotes the typing context [x1 : Ay, ...,z Ay, 2z A
At the second level we have rules concerning objects. In these rules I' Fa a : A presupposes that I' is
well defined under A and A + A : Type. Here a typing context [z1 : Ay,...,z, : A,] is well defined
under A if A+ Ay :Type, -+, AF A,y : Type and A F A, : Type. Here are the rules:

I" well defined under A, z: A€l = T'kaz:A
I' well defined under A = T'hFax1:1
T'ka ai:Ai fori:1,2 = I'ka <CL1,CL2>SA1XA2



I'Fac:AixAs = Thame:A; fori=1,2
Ix:AFAb:B = T'kaAx:Ab: A—B
I'ba f:A-B, Tkaa: A = T'ka fa:B
FFaxke:C, X¢T = ThaAX:Kc:VX:K.C
kA F:VX:K.C, AFD:K = TkaFD:C[D/X],

where X ¢ T' means that the constructor variable X does not appear in any type in I'. The set of
equations is standard:

Ax:K.F)C L Flo/x)
AX:KFX Z F

Oa:Afla 2 fla/z]
\e:Afr L f
m1(t1,ta) 2
Tty ta) 2ty
(mt,mat) = ¢
U s *T
T

where u is of kind T, v is of type 1 and ¢ for example is either of type A;x Ay or of kind K7 x K.

We can construct a split fibration £¥ : 7% —C% from the terms of the higher order A-calculus: the
objects and morphisms of C¥ are kinding contexts and realizations respectively; an object over A is a
typing judgement A F A : Type and a morphism from Ay F Ay : Type to Ay B As : Type is a pair
(A 5 Ag,Fa, f @ Ai—Ay[r]), where Ay[r] is obtained from Ay by applying to Ay the substitution
prescribed by 7. The functor £ sends (A; —— Ao, Fa, f: Aj—As[r]) onto A —— A,. There is an
internal category in 7% constructed as follows:

<
5t
¢
dg
dy
1
1Ty
id*

w

v

def
def

def

X :Typet 1:Type

XY : Type F X—=Y : Type

XY, Z : Type - (X=Y)x(Y—2Z) : Type
(15, : Type] 22 [X < Type], b xyrgpe AF:X—Yors : (X—Y)—1)
(1Y« Type] 22 1Y < Typel, Fxyemype Af:X—Yory 1 (X—Y)—1)

(1X,Y, 2 : Type] “2 [X,V : Type], b xy. zerype Mi(X—Y)x (Y —2).71 f)
(1X.Y, 2 : Type] 2 [V, 2 : Typel,F .y 279pe MH(X—Y)x(Y—Z).72f)
([X : Type) (XX) [X,Y : Type], - x.rype Az: 1Az X )

[

(X,Z

(X, Z : Type] T2 [X,Y : Type], b x vy zerype MfA(X—Y)x (Y= 2Z) Az: X (ma f) (1 )

It can be readily shown that there is a pullback as shown by the diagram:

y R L1
LY domcw
T

where T¢ sends A onto A - 1 : Type. This means that £ is internally definable in 7% by C“.



Now we come to the central definition of this paper.

Definition 3.4 Suppose both fibrations p1 : &4 — By and py : & — Bo are split. Then py is said
to be internally codable (definable) in py (notation py < (x)p2) by L via T if (i) py is internally codable
(definable) in By by L via T and (i) there is a full embedding functor L : [L] — &; that is cartesian
from domy to ps.

H L
&1 - [L] > &y
D1 dom D2
B B

We call the cartesian map (H,T) the interpretation map.

For typed A-calculi £! and £2, if their term models are split fibrations £; and Lo respectively, then £
is the internal typed calculus coded (defined) (notation £! < (o<)£?) in £2 by L via Z if £; is internally
coded (defined) in £ by L via Z. When L o £2, we say that £? is a frame language for £!.

The internal definability results to be established in section 8 all possess some additional properties.
Typically, the fibration p; has a fibred categorical structure S, say a fibred cartesian closed structure,
and the internal category L is induced by a generic morphism and is equipped with explicit internal
categorical structure S; besides the interpretation map (H,Z) preserves the fibred structure S. The
structure S is different in each application. To avoid criticism of being imprecise, we refrain from giving
a stronger definition.

Example 3.5 (continued from example 3.3) There is a set D* of display maps such that cod” = I -
dom® : T¥/D¥—T% form a D-category. The set D“ consists of all the maps in 7% of the form
(Ida,Fa m : AXxB—A) : (A F AxB : Type)—(A + A : Type). The functor I* sends an object
A+ A: Type in T% onto the object (Ida,bFa m : AXxT—A) in 7%/D¥. Tt can be readily shown that
C¥ is an internal full subcategory of cod® : 7% /D¥—T%. So L% is internally definable by C* in the
fibration cod® : 7% /D“—T%. For a categorical account of this example and more, see [?].

When the notion of internal definability is employed in this paper, ps is typically a D-category. Having
a D-categorical structure allows one to switch between fibre category and base category. For example,
if the base category of a D-category has an internal category, then that internal category can be passed
to the fibre category, and vice versa. We are going to prove a result about the relationship between
the internal definability in the base category of a fibration and that in the fibre category of the same
fibration. The next two lemmas will be used to prove the result.

Lemma 3.6 Suppose I : B — & is a full embedding functor and U is an internal category in B. If 1
preserves finite limits, then there is a pullback diagram as shown below and (K, I) is a strict cartesian
map from domy to domyy.



Proof: K sends an object X = Uy onto IX ELN IUp, a morphism (X EN Y,X % U;) onto (IX EER
IV, IX ™ 1U;) and so on. O

Lemma 3.7 Suppose the left exact functor F' : C — D is left adjoint to G : D — C. Let U be an
internal category in D. Then the externalization fibration of domgy : [GU] — C is the pullback of the
fibration domy : [U] — D along F : C — D and the pullback forms a strict cartesian map from domgy
to domy.

Proof: Because G is a right adjoint and thus preserves limits, GU is an internal category in C. First we
need to define a functor K : [GU] — [U] such that the following square commutes.

[GU] [U]
domauy domy
C 7 D

For X L qy € Cand FX % Y € D, write f and g to denote respectively their transposes across

the adjunction. K sends an object I’ 4, GUp to FT AN Up and a morphism (T S AT S GUq) to
(FT ey FAFT kit Uy). Tt can be easily seen that K preserves identities. Suppose (I' = A, T % GU,) :
o — 7and (A > 0,A 5 GU;) : 7 — § are composable morphisms in [GU]. Their composition is
(r; s, {m, r;m)0; G7)). This morphism is mapped onto (F'(r; s), (m,/r;\n)g; v) by K. On the other hand we
can first apply K and then compose. What we get is (F'r; F's, (m,T7;n)o;v). So the problem is reduced
to showing that if ' ™0 GU; and I' ™ GU; are composable then <m;7712>0 = (i, Ma)o. By definition,
(mﬁm)o is F'(my,m2)o; €u,. The map F(my,ma)o is (Fmy, Fms)o because F preserves limits. By the
naturality of € and a diagram-chasing, we have ey, = €y, Xo€y,. Therefore
<m1/777\12>0 = (Fmq, Fma)o; eu,
= (F'ma;ey,, Fma;ey,)o
= <7’ﬁ1, 7ﬁ2>0.

Conclude that K is a functor. It is easily seen that K renders the square commutative.

Next we must show that it is a pullback. Suppose M; F' = N;domy.

GU—2—
N
domGU B dOmU
A
C D




The functor H : B — [GU] is defined as follows

X — Mx Y au,,
XLy — (MfNF)

where we have confused notationally N f with its second component. H so defined clearly preserves

identities. For morphisms X LyandY % Zin B, the composition of N f and Ng is

(FM(f:9), (Nf, FMf;Ng)o; 7).

So H(f;9) = (M(f;9),(Nf,FMf;Ng)o; Gv). On the other hand
H(f);H(g) = (M(f);M(g),(Nf, Mf;Ng)o;G)
= (M(f;9),(Nf,FMf; Ng)o; Gv).

So it is reduced to showing that if FA % U; and FA 5 U; are composable, then (7,7)g = (o, T)o. But

@ 7)o = (na;Go,ma;GT)o
= n4;(Go,GT)o
= na;G(0,T)o G preserves limits

= <O',T>0

Finally, we mention that (K, F') is a strict cartesian map from domgy to domy because it sends a canonical

cartesian lifting I' = A % GU, ¢hd) GU; onto the canonical cartesian lifting FT Fapa S5 Uo LY u,. O

Theorem 3.8 Suppose p1 : &1 — By is a split fibration and po 4 1 4 G : & — Bs is a split D-
category. Then py is internally codable (definable) in By via T : By — Bs iff it is internally codable
(definable) in Ey via T;1 : By — &s.

Proof: One direction is established by lemma 3.6.

& ——~ (U ]
P1 domay domy
By 7 -5 7 )

Suppose (H,Z;I) is a strict cartesian map from p; to domy. By lemma 3.7, the right square in the above
diagram is a pullback. So H factors as J; K for some J : & — [GU]. If the outer rectangle is a pullback,
then the left square is a pullback. If H sends a canonical cartesian lifting to the canonical cartesian

lifting (IM g IN,Ia;0;id), then J must send the former cartesian lifting to the canonical cartesian
lifting (M % N, o;7; G(id)). That is (J,Z) is a strict cartesian map from p; to domguy. O

4 Introducing \pr

The purpose of the first two subsections is to refresh our memory on ELF and Martin-Lof’s logical
framework. In order to compare our logical framework to these two languages, we will give a complete
presentation of both of the languages. It is our hope that by analyzing these calculi at an elementary
level, we can bring out the point and the advantage of Apr. Having reviewed the two languages, we will
then introduce our logical framework Apr.
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4.1 Martin-Lof’s Logical Framework

Martin-Lof’s logical framework ([?]) has the following rules with the definitional equality being exten-
sional. Since the language is only used for comparison, we omit the details of the judgemental equality
rules. This comment also applies to the presentation of ELF given below.

Context p f
' Atype xfresh _ .
WEmpty Context F, z: A valid Context Extension
Assumption
I',z: AT valid Variabl
To: AT Fa:A oave
Type
I'FAtype T',xz:AF Btype Prod
T'F (z:A)B type rro
Construction
Nz:AFb: B Ptf:(z:A)B TFa:A
'k (z)b: (z:A)B Abs T f(a) : Bld] App
Set
I' valid ¢ I'-S:Set Reflecti
TF Set type ~-~ T+ EI(S) type o
Conversion
P }_ a . A F }_ A = B ~
I'ta:B ~onv

Using this framework, the II-types in Martin-Lo6f’s monomorphic type theory can be defined as follows:

I : (X:Set)(Y:(z:El(X))Set)Set
A o (X:Set)(Y:(x:ElU(X))Set)(f: (z: EI(X))EU(Y (z))) EI(II(X,Y))
o : (X:Set)(Y:(x:ElUX))Set)(f: EI(II(X,Y)))(z: EI(X))EI(Y (x)).

The computational rule can be described as
*(A,B,A(A, B, f),a) = f(a) : EI(B(a))
where we assume

A Set

B : (z:Eil(A))Set

[ (@ El(A)El(B(x))
a El(A).

We finish this section by pointing out an important feature of Martin-Lo6f’s framework:

In Martin-Lof’s logical framework, the definitional equalities of type theories (object lan-
guages) are identified with the definitional equality of the framework.

We will call this the equality convention.

11



4.2 The Edinburgh LF

ELF is based on the idea of Martin-Lof’s logical framework. Its purpose is to code up a whole range
of logics instead of just one group of them as in the case of Martin-Lof’s framework. The system is
structured into three levels: objects, constructors and kinds. The top level kinds provide the mechanism
to introduce different universes. In any particular application, a fixed number of constants are introduced,
which form a signature. These are the rules of ELF:

Valid Signatures
¥ Sig Fs K a fresh 3 Sig Fy A:Type c fresh

TEmpty Sig S a: K Sig Kind Sig S.c: A Sig Type Sig
Valid Contexts
> Sig FesI' T'kFx A:Type x fresh
=0 Empty Ctxt FeT.z: A Type Ctxt
Valid Kinds A
FE r . F,I : FE K D: W
Ty Type YPeKiInd A T Kind
Valid Constructors
Fes[' c:KeX Nz:Abs B:Type . I'Nx:Abs B: K A
I'tye: K Cst Con I'Fs Iz:AB: Type i Con 'k Az:AB:Ilz: A K Abs Con
Fy A:llz:BK Tk M:B C Fy AK Ths K T K~ K C
T by AM : K[M]a] AP L-on Thy A: K’ ~onvon
Valid Objects
Fe ' c:AdeX . FeI' 2:Ael ) Tx:AFs M : B )
I'ktygc: A Const Obj I'kyax: A Var Obj Tty Ax:AM :1lz:A.B Abs Obj
. . . . / ~ A7
FI—X;MH.CL‘AB Fl—gNAAppObJ FFzMA Fl—gA F'—EA_A COﬂVOb_j

T by, MN : B[N/x] TFy M: A

To give an idea of how encodings in ELF look like, we present a fragmentary encoding of simply typed A-
calculus. A complete formalization should include encodings of the equation rules for lambda abstraction
and application. The signature should contain at least the following constants, where =, stands for = (7):

U : Type
T : U—Type
= : Io:UT(0)—T(c)—Type
= : U=-U-=U
abs : Io:UN7r:U.[T(0)=T(7)]|=T(c=7T)
app : Ho:UIlr:UT(o=71)—T(0)—=T(T)
8 : MNo:Ur:UILf:T(0)—T(r).z:T(c).[app(c, T)(abs(c, 7)(f),x) =, fx].

We should remark that in FLF equalities in object languages are ‘internalized’ by appropriate construc-
tors. Following Martin-Lof’s logical framework, FLF employs the following principle:

Variables of object languages are identified with the variables in the logical framework.

We will call it the variable convention.
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4.3 Arr: A Framework for Defining Type Theories

A typed calculus can only be a framework for a certain collection of typed calculi®. Some logics can be
faithfully represented in such a framework because they have type theoretical formulations via Curry-
Howard isomorphism. Some other logics can be mimicked in the framework because some aspects of
them can be captured type theoretically and these aspects are considered to be important. A well-
known example that can not be coded up in FLF is relevant logic. Moving to a stronger type system is
not necessarily a good idea. As far as logical frameworks are concerned, the priority should always be
with simplicity and good meta-theoretical properties. So as long as one’s logical framework is a typed
calculus, what one can code up in this framework are some other typed calculi; and that is all. It is for
this reason that we think of Ay as a framework for defining type theories. It should be emphasized that
Arr is not meant to be a stronger logical framework. It is meant to be a manifestation of our view that
a logical framework is a setting for defining frame languages.

The language A\ is designed with the following goals in mind: it should incorporate ideas from both ELF
and Martin-Lof’s logical framework; it should simplify model theoretical investigations; and it should
have a built-in mechanism that formalizes processes to define internally definable typed calculi. There
are several design decisions one has to make. Let’s mention two of them: (i) we decide that App should
have finite product types and (ii) we decide that Apr should be an explicit language. Both decisions are
in line with the second goal mentioned above. As for pragmatics, we adopt the well-established variable
convention and the well-behaved equality convention.

There are usually two ways to present a typed calculus. In both approaches, one first defines the abstract
syntax of the entities of the calculus and then gives rules defining the well-formed entities. A type theorist
would go on to formulate reduction rules and define the definitional equality in terms of reduction. The
notion of reduction is essential in proof-theoretical studies ([?, ?]). A mathematician on the other hand
prefers to define the definitional equality via judgemental equality given by judgemental equational rules
([?, ?]). This latter approach is favoured in semantical investigations as it renders no proof-theoretical
problems when forming term models. Our logical framework Arr as used in this paper will be given in
the second style for the obvious reason.

The abstract syntax for types and objects in Apr is described by the following grammar:

Types A == C|U|1|AxA" |Hz:A.A" | ty(M)
Objects M == c|z|x|(M,M') | mM | moM | \Xe: A.M | M(M")

where C' is a type constant declared in a signature, U a universe declared in a universe declaration,
¢ an object constant declared in a signature and x an object variable. Types of the form ty (M) are
nonstandard. The role of the type constructor t will be explained after the rules. App has assertions of
the following forms:

Q Uni—Q is a list of special types called universes. A universe is a type whose inhabitants can be
lifted to types.

Fq X Sig—X is a list of constant types and/or constant objects whose types may contain universes
declared in ().

Fos I' Con—T is a well-formed context under 2 and .

Fq.» Th Theory—Th is a finite set of definitional equations under Q and X.

e The other assertions are obvious.

Substitutions into terms are defined as usual in metalanguage. The only case that is worth mentioning

18
def

ty (M)[M'/z] = tu (M[M'/x]).

3We only consider languages where there is a notion of variable.
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The rules concerning the well-formed entities of App are as follows:

Universe
—  Empty Univer FQ Uni U fresh Uni Int
() Oni pty Universe F Q.U Uni niverse Intro
Signature
F Q Uni ) Fo X Sig C fresh _. [ Fax A Type cfresh _. .
o () Sig TMPY Sig o u CSig e Type Fo ¥, c: A Sig Sig-0bj
Context A
Fq 3 Sig I'Fox A Type -
—’—Q;z [ Con Empty Context Fow I,z : A Con Context Intro
Type
Fox ' Con Uin Q FopT'Con CinX
I'-q.x U Type U-Type I'tq.x C Type C-Type
FQ;E I Con Unit r I—Q;g A Type T I_Q;E B Type Prod
I'q,;» 1 Type I' ks AxB Type
F,I:AFQ;EBType FFQ;EM:U Uin Q .
T Fow Tz: A.B Type 1o T Fom to (M) Type Reriection
Object
Fox'Con c¢:CinX _ . FoxT'Con z:Ainl )
Thrgsc:C C-0bj Thosa:A V-Obj
F,l’:Al_Q;gMZB Ab F"Q;gMiH{E:A.B P"Q;ENZA A
T Fow \e:AM :z:AB T Fo.x MN : B[N/z] PP
l_Q;Z I’ Con Singleto T l_Q;Z M:A r l_Q;E N:B Da:
Thomx:1 o recoen TFos (M,N): AxB o
[Fox M:AxB | . I'Fosx M:AxB .
T rom md A T T hoy mil: B 0
Conversion

Thox M:A Thoy BType Iy A=B
TFox M:B

Conv.

The set of judgemental equational rules contains the following extensional rules

oy M:1
F'_Q;ZM:*:]_

s M:1llz:AB TI',z:AbFqyxs B Type
FFos Az:AMx =M :1lz:A.B

' M:AxB TI'Fqx5s AType I'Fqx5 B Type
I'kFayx (mM,moM) =M : AxB

and the rule that reflects the judgemental equality between objects of a universe to that between the
corresponding types
s M=N:U Uin{Q
I'koxs ty(M) =ty (N)

We omit the rest of the rules since they are well-known.
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In order to have an external view on equations in object languages we need equational contexts:

Fq X Sig
Fao.s () Theory

Empty Theory

s M:A ThlqsN:A Fqs Th Theory
Fo.s Th[I' - M = N : A] Theory

Theory Introduction.

An equational context is just a finite list of definitional equations. When Fq.5» Th Theory, we write
Ftos M=, N: Aif'Fgss M = N : Ais derived from the equations in T'h as well as the definitional
equations of A\pr.

A careful reader must have noticed that by eliminating the higher order structure in ELF we have
collapsed rules about valid constructors and those about valid objects into one group.

A prominent feature of Ay, as compared to ELF, is that there is a built-in operator t;, for each universe
U, that reflects an object M of the universe to a type ty(M). To appreciate this operator, one must
first of all understand the rule played by the kinds in ELF. The basic fact about the kinds in FLF'is that
they are all of the form Ilx;: A;.--- Iz, : A, . Type where Aq,---, A, are types. In ELF it is legitimate
to declare a constant constructor of a closed kind in a signature; but it is banned to declare a variable
constructor of any kind in a context. It follows that ELF is not a full-scale higher order language. In
ELF one never quantifies over a kind. The purpose of kinds is to introduce constant families of types
indexed over types. This is the only place where genuine dependent types come into the language. It
is this property that enables us to imitate ELF by a first order language App through the use of the
lifting operator t. The role of Ilxy : Ay.---Ilx, : A,.Type is now played by Ilz;: A;.-- -1z, : A,.U in
Arr where U is a universe. This is possible because in ELF we never talk about variables of a kind. The
type Ilxzy: Ay, - -1z, : A, .U classifies the families of names of types indexed over types A1, ..., A,.

In true type theoretical spirit, Apr is an extension of Martin-Lof’s logical framework. The additional
features are product types and universe declaration?. The universe declaration is the best way of getting
rid of higher order operators like those in FLF while retaining all the expressive power. The product
types are a compromise between having Y-types, which is troublesome, and having only II-types, which
sometimes does not produce encodings in the way we want (the problem is even more serious when we
have universe declaration). For instance, in ELF the plus operator 4+ : N—N—N has a drawback: +(n)
usually does not correspond to anything in object language. In Appr we can declare + to be of type
NxN—N. The problem now disappears.

There are at least three questions concerned with Apr:

1. If we forget about the equational contexts of Apr, we get a sublanguage we call App. Is App
confluent and strongly normalizing? More generally, is A\;r decidable?

2. How do we carry out meta-theoretical investigations into a typed calculus formulated in App?

3. What is the proper notion of semantics of Apr?

The answer to 1 is believed to be yes. But so far its combinatorial complexity has defeated all attempts
to prove it. The problem is that the proof of subject reduction and that of Church-Rosser property are
heavily interwined. No trick has been invented to break the cycle. Our intuition tells us that App is a
kind-free formulation of ELF with finite product types. Unfortunately, we haven’t been able to give a
reversible translation between them.

Question 2 is harder. It can not be tackled before the proof theory of Arp has been fully understood.
Suppose we have defined a language £ in App and want to show that a property P holds of £. Suppose
further that P holds of Ap7. From that we need to prove that P holds of the extended language A\pr+ L.

4As we have seen, Martin-Lof deals exclusively with only one universe Set.
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So the problem is closely related to that of compositional understanding of type theory—an issue that has
not yet been properly addressed (To our knowledge, the proof theory of the monomorphic Martin-Lof’s
type theory is unknown.).

This paper attempts to give an answer to question 3.

5 Coding Object Languages

In this section we give four examples of how to encode typed calculi and logics in Apr. The reader is
encouraged to compare examples 5.1 and 5.3 to those given in sections 4.1 and 4.2. In sequel, we often
use subscript for application. For instance, app, , stands for app(o)(7).

Example 5.1 Throughout the rest of this paper, we fix a simply typed A-calculus with a finite number
of constant types. The following is a formulation of this calculus in App.

Q)\ is U
A o UxU—=U
= : UxU=U
o U
Q tU(<>)

Yy is  abs : Ho:UIr:U.[ty(o)—ty(7)| =ty (o=71)
app : Ho:UIlr:Uty(o=7)xty(o)—ty(r)
pair : Ilo:UIlr:Uty(o)xty(r)—ty(oAT)
pry : Ho:Ullr:Uty(oAT)—ty (o)
pro : Mo:UIlr:Uty(oAT)—ty (1)

Foslo:UT:U,f: tU(a)—>tU(7-),x tty(o) Fapp, . (abse - (f), 2) = fx : ty(7)]
Fos [o:U,7:U, f:ty(c=7)F abs, (Az:ty(o). appU,T(f, x))=f:tylo=71)
Thy s oz lo:UT:Ux:ty(o),y: tU( ) (prl)a,'r(paira,r(xay)) =z :ty(o)]
A [0:U,m: Uz :ty(o),y: tu(r) b (pra)oq(pair, (2,9)) =y : tu(7)]
Fos [0 U, : U,z ty(oAT) = pair, ((pry)o,r2, (Pra)or2) = 2 tU( AT)]
[z:tu(e) F O = :ty(o)]

Here ¢ codes up the unit type in the simply typed A-calculus; © provides an inhabitant of the type
ty(¢); and the accompanying definitional equality forces this inhabitant to be unique. £, will stand for
this encoding. We do not give the encoding of the constants since it is apparent. The same remark also
applies to the following examples. O

Example 5.2 Again fix a higher order polymorphic A-calculus with a finite number of constant types.
To formulate the language in App, one must have an operator that transforms higher order functionals
to types. So in addition to the encoding for the simply typed A-calculus, we need to add constants and
equations that deal with kinds and constructors.

The encoding goes as follows:

QPL is U,K
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A KxK—K

= KxK—K

$ ¢+ K

T : K

Q tr (%)
abs : IIk:K.Ilp:K.[tx(k)—tk(0)] =tk (k=0)
app : Ik:K.Ilp: K.tk (k=0)xtx(k)—tx(0)
pair : Tlk:K.Ip: K.ty (r)xtr(0)—tx(kAo)
pry : Ik:K.Ilp: K.tk (kA0)—tk (k)

pro : Ilk:K.Ilp: K.tk (kA0)—txk(0)

in : tgx(T)—=U

out : U—tg(T)

BPLAS (T b (T)— b (T)

<& tK(T)

v Ik K.(tg (k) —tx (T) =t (T)

O ¢ ty(in(o))
abs : Io:tg(T)I7:tx(T).[ty(in(o))—ty(in(T))] =ty (in(c=7))
app Mo:tg(T)Ir:tx (T).ty(in(o=7)) xty(in(o))—=ty(in(r))
pair Ho:tx(T).J7r:tx (T).ty(in(o)) xty (in(r)) =ty (in(e AT))
pri : ot (T) 7t (T).ty(in(cAT))—ty(in(o))
pro : Io:tg(T)Ir:tx(T).ty(in(oAT))—ty(in(T))

Abs : TIk:K.IIF :tg(k) (Mo st (k) b (in(Fo))) =ty (in(Ve(F)))
App : Tk:KIIF:tg(k)—tx(T .tU(in(V,i(F)))—d_[a:tK( )ty (in(Fo))

Fos [k K 00 K, f ttr (k) =tk (0), 2 tr (k) Fapp, (abseo(f) ) = fo : tk ()]
Fox [k K 0 K, f 1 tg(k=>0) b abs. o (Az:tk (K).app, ,(f, @) = [ : tx (k=>0)]
Fos [k K0 Kot ti(k),y tK( ) (Br1) o, (Pair, , (2,y)) = @ : ti(x)]

Fow [k K 00 Kox st (k),y  tic(0) - (Bra)or (pair, o (2,1) = y + tx ()]

Fax [k: K, o: K7.z ttx (kAQ) I— pair, ((Pri)o,r2, (Pra)or2) = 2 1 tx (K Ao)]

}_Q;Z [a: K(o)l—@—a: tK( )]

FQ;E [J? : tK(T) F out(ln(x)) =x: tK(T)]

Fa.s [z : U Fin(out(z)) =z : U]

}—Q;Z[ ZK F tK( ) K(T , L Ilo: tK(K).tU(in(FU))

= App,, r(Abs, p(7)) = 2 : o tK(n).tU(in(FU))]
 bax [k KCF st ()=t (T), 2ty (in(Ve(F)))
Ther s - Abs,. 2(App,, (7)) = @ : tu (in(Ve(F)))]
}_Q;Z [0’ tK(T) T tK( ) tU(In( ))HtU(in(T)),x:tU(in(a))
= app,, - (abss.-(f), ) = fx : ty(in(7))]
Fax [o:tg(T),7:tx(T), f : ty(in(c=71))
= abs, - (Az:ty(in(o)).app, . (f,2)) = f : ty(in(oc = 7))]

Fax [0 tx(T), 7 tx(T),x : ty(in(o)),y : tu(in(r))
F(Prl)m(Pa'rm( y)) =2 : ty(in(o))]

Fas oty (T), 7 K(T) z :ty(in(o)),y : ty(in(7))
= (pra) ar(Pa'r TE y) =y ty(in(7))]

}—Q;Z [0’ tK( ) T:tK T) VAN tU(In(O'/\T))
= pair, - ((Pri)o,r2; (Pra)e,rz) = z t tu(in(o A T))]
Fox [z tU(ln( N E QO =2:ty(in(e))]

In the above encoding, K is the universe of kinds; the constant ¢ codes up the unit kind, 7" the kind T'ype
of all types. The map in helps to code up the objects. Notice that the map out and the two accompanying
equations, which forces in and out to be inverse to each other, are unnecessary from the proof theoretical
point of view. They are included in the encoding to achieve a better categorical description. We will
refer to the entire encoding of this higher order polymorphism as Epy,. O
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Example 5.3 We now give an encoding of Martin-Lof’s type theory built upon a finite number of
constants. The encoding should look familiar. In this example, we leave out the subscript in tg.; and
abbreviate the context [A : Set, B : t(A)—Set] to T

QML is Set
77 I1X :Set.(t(X)—Set)—Set
o : IIX:Set.(t(X)—Set)—Set
A 0 TOX:SetIY :t(X)—Set.IIf : (TIz: t(X).t(Y(z))).t(m(X,Y))
Yy is o : IIX:SetIIY :t(X)—SetIlf:t(n(X,Y)).Iz:t(X).t(Y(x))
pair : IIX:SetIY:t(X)—Set.Ilz:t(X).Iy:t(Y (x)).t(c(X,Y))
P, : IIX:SetIlY:t(X)—Set.Ilf:t(c(X,Y)).t(X)
Py : IIX:SetIlY:t(X)—SetIlf:t(c(X,Y)).Y(P1(X,Y, f))
s [0S £ (L) 6(B(2). 0 6(4) - o4, B, A(A, B, ), a) = (a) : 6(B(a)]
Fa [0 7 6(r(A, B)) - A(A, B A:t(d). o (A, B, [,2)) = [ : t(o(A, B))]
Thyr is  Faox [Cya:t(A),b:t(B(a)) F Pl(A B,pair(A, B,a,b)) = a: t(A)]
Faox [Ta:t(A),b:t(B(a)) F Pa(A4, B,pair(4, B,a,b)) = b : t(B(a))]
I_Q;E [Faf't(a( aB)) palI'(A,B,Pl(A,B,f),PQ(A,B,f)) :f:t(U(A7B))]

We denote this encoding by Epp.

The examples given above are all about encodings of typed calculi. That does not mean that App can
not describe logics within it. In fact, App can deal with logics just as well as ELF. In the following
example, we only give fragmentary encodings. The reader is advised to compare them with those given

in [7].

Example 5.4 When formulating an object language in App, the first thing one has to decide is wether
a syntactical class is coded by a universe in ) or a constant type in 3. The general principle is that
if an entity of a syntactical class is itself inhabited by other entities, then that syntactical class should
be coded up by a universe. For instance, in first order logic, there are a class of terms and a class of
formulas. As formulas are inhabited by proofs, the latter syntactical class is encoded by a universe

The other syntactical class is coded by

Some of the constants in ¥ are:

0

s

+

\%

v

RAA
ALL - E

o in Q.

K in 2.

K

K—K

KXK—K

KXK—Q

0—0

0X0—0

(k—0)—0

Ip: 0.t o(==p) = t,(p)

IIF:k—pIlx:k.t,(V(F))—t,(Fx).

The last two code up reductio ad absurdum rule and the elimination rule for the universal quantifier
respectively. The situation in the case of higher order logic is however slightly different. We still have

the universe

o in €,
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but it no longer works to interpret the syntactical class of terms as a constant type in . In order to
code up higher order quantifications uniformly, the class of terms and the ‘name’ of p must be encoded
by the constants of the same type. So we have in 3

where
H is in Q.

Also in the X are

in : tg(g)—o
All—1 : Tlo:HIIF:ty(o)—ty(9).(Ilz:ty(o).t,(in(Fz)))—t,(in(Vs(F))).

In the full encoding, there should be application and abstraction constants and the accompanying defini-
tional equations which ensure that t(o01—02) and tg(o1)—ty(0o2) are ‘isomorphic’. As in example 5.2,
the constant in helps to code up the logical rules. O

6 Internal Categories in \pp

What does it mean to code up an object language in App? Since the term model of App is a fibration, we
can rephrase the question as this: how do we say “coding-up” in the language of fibrations? Our view,
which is motivated by the example given in section 3, is that a coding-up process amounts to defining
an internal category (internal categories). In Apr there should be a routine way of constructing internal
categories. It is the purpose of this section to show that Apr has a built-in mechanism for defining
internal categories.

Let € be an encoding in App. We can build a term model (Apr, E) from the constants in the universe
declaration and the signature of £ using the equational contexts in £ ([?, ?]). It is common knowledge
that the term model forms a fibration (Arp, &) : 7 — C. Here C is the category of contexts and context
realizations. A context realization r : T' — [x1 : Ay, ...,z : A,] is a tuple (a1, a3,...,a,) such that

I' + ap IAl
I + CLQIAQ[al/xl}

L' + a,:Anar/z1,. .. an-1/Tn—1].

The objects of T are types. For instance I' F A is an object in 7 (We have left out the meta-symbol
type). A morphism from T' - A to A F B is a pair (r, f) where T' 7 : A is a context realization and
Ik f: A—>BJ[r]. Notice that strictly speaking f should be the equivalence class [f]. We will however
always confuse an equivalence class with one of its representatives. The functor (App, &) : 7 — C takes
I'AtoI and (r, f) to 7.
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There is a collection D of display maps in C. A realization I' —— A is in D iff it is of the form
[x1: A1y n s Any Tt - Apga] (@101, [x1: Ay, ..,y 0 Ay]. Tt is readily seen that T (Arr,£) Cis
essentially the same as the fibration C/D «d e,

In category theory, there is a well-known technique of constructing an internal category from a generic

morphism T’ U ([?, ?]). In type theory this generic morphism becomes a generic type judgement
z: UF G type. Not every type U has this property. We have called universes those which have this
property. Suppose a universe U is declared in the encoding £. A distinguished feature of Arr is that 7°
contains an internal category U constructed from U. This is made possible by the lifting operator ty.
Using de Bruijn’s notation, the components of this small category can be defined as follows:

U & Ur1
U ¥ 02 Ftp(1)—tu(2)

Uy & U3 [to(1)—tu(2)]x[tr(2)—tu (3)]

dy ' (m, U2 F dw: [by(1) —tu(2)] %) m s [ Uy : U] 2 [z U)
di Y (o, U aw: [ty (1) =ty (2)] ) mois [o: Uy : U] 2 [y: U]
Mo ' (1, m2), U3 F Mw: [ty (1) =t (2)] x [ty (2) =ty (3)].m1w)

M, Y (o, m3), U3 F Aw: [ty (1) =t (2)] x[to (2) =ty (3)] . maw)

id % (60, UF Aw:L ity (1)) Sy is [I:U](’ [z1: U, g : U]
v Yy, m3), U dw: [ty (1) =t (2)] % [t (2) —tu (3)] Mt (1) (maw) (mw)v)).

In the above definition, U? is the context [x1 : U, x5 : U]; the pair (m1,72) is the context realization

[z1 : Uyzg : Uyzg : U] (z1.72) [z : Uy : U]; and U? F ty(1)—ty(2) for instance is x1 : Uyze : U +
tU("El)—ﬂIU((Eg).

Lemma 6.1 The above data form an internal category in the fibre category T of the fibration (Arr,E) :
T — C associated with the encoding £.

Proof: Routine. Let’s just mention two things. First it can be easily checked that the following di-
agram is a pullback. Here ! is Az : A.x for appropriate A. The objects p; and py are U? F Aw :
[t (1)—ty(2)]x[ty(2)—=ty(3)].mw : ty(1)—ty(2) and U3 F Aw: [ty (1)—ty (2)] X[ty (2)—ty(3)].mw :
ty(2)—ty(3) respectively.

U - [ (1)t (2)] <[t (2)—t0r(3) 22222 | (1)t (2)

((m1,m2),p1) (m1,1)

Uv2 |_ tU(l)—>tU(2)

(71—2’ ')

Second, to prove that compositions are associative one needs to form an object Us. It is the type
U F ([t (1) =ty (2)] x[tr (2) =ty (3)]) x [ty (3)—ty(4)] of course. O

Apart from (Arp, £), there are another two obvious functors. The functor {-+ 1} : C — T embeds C
in 7 by sending a context I' to T' - 1. The functor {_[]} : 7 — C on the other hand is basically the
context extension. Its actions on objects and morphisms are defined as follows:

'tA +— T,z:A,
(r,f/): THA)—AEFDB) — (r,fz): (T,z: A)—(A,y: B)

To our knowledge, the following fact was first observed by Ehrhard ([?]).
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Lemma 6.2 (Apr,&) 4 {_F 1} 4{_[]} form a D-category.

It is a direct consequence of lemma 6.2 that if we apply the functor {_[_]} to U we get an internal category
U in C. This U is isomorphic to the following internal category:

U <

U, Y [ Uy U f o to(an)—tu(zo)]

a: Ul

U/ déf [Il UZZ?Q U.Ig Uf tU(l‘l)—>tU(I2) g:tU(zg)—ﬂ:U(fﬁg)]
a, (x1) : U=V

= () U=

id 4 (z, 2, \y:ty(z).y)

My < (o122, f): U=V,

1 def (w2, x3,9) : Uy—U]

Y E (@@ Myt (e)-g(fy)) - Up— UL

From now on, we take U to be this internal category.

Proposition 6.3 U is an internal full subcategory of C, relative to D, induced by the display map
. . @),
[z:Uy:tu(z)] — [z:U].

domy, cod Arr, &)

Proof : In the above diagram, H sends an object (a) : I' — [z : U] onto the display map I, z : ty(a) —
T'; it sends a morphism (a,b, f) : I' — [z : U,y : U,z : ty(x) — ty(y)] in the fibre domal(l") onto the
morphism (Idr, fz): (T,z:ty(a) = T) — (T, z : ty(b) — T'). It is full and faithful by n-rule. The fact

that U is induced by [z : U,y : ty(z)] (=), [ : U] is also routine to check. O

Since C/D ol ¢ i isomorphic to 7 Az £) C, it makes sense to say that U is an internal full subcategory

of T M9 ¢,

If there are more than one universes declared in an encoding, then for each universe one can construct
an internal full subcategory.

More light can be casted on the above result if we look at it from a proof theoretical point of view.
Suppose & encodes L. As in ELF, variables of the encoded version of £ in A7 are identified with those
in App. What is the model theoretical implication of this decision? Suppose I' Fo s a : U. Then a
‘variable’ of @ in the encoded language is an indeterminate of the object (a,) in the fibre [I,U]. On
the other hand, a ‘variable’ of a in Apr is an indeterminate of the object I' F ty7(a) in (Apr, &)~ ().
If we are to identify a variable in the encoded language with the corresponding variable in Arr, then
[T, U] should be a full subcategory of (Arr,E)~1(T"). We therefore conclude that the result stated in
proposition 6.3 is the categorical counterpart of the variable convention. This categorical explanation
has a feedback to type theory: the variable convention forces a conservative extensionality relationship
between an encoded calculus and the framework Apr.

21



7 Structures of Universes

We have not told the full story about the internal categories discussed in section 6. When defining a
typed calculus in App, we force those internal categories to have specific structures. In this section we
show that the internal categories induced by the universes declared in the first three examples in section 5
have the necessary categorical structures that are usually associated with the categorical models of the
three typed calculi respectively. More specifically, we will show that in the encoding of the simply
typed A-calculus, the internal full subcategory U induced by the universe U is equipped with explicit
cartesian closed structure. The internal categories U and K induced by the universes in the encoding of
the polymorphic A-calculus also possess the same structure. In addition, U has explicit products over
the encoded kinds. For the encoding of Martin-Lof type theory, one can show that the internal full
subcategory Set induced by the universe Set has appropriate explicit internal structure which, when
externalized, gives rise to the left and right adjoints to weakening functors. We will omit an account of
the Martin-Lof case since the proofs are similar to those in the polymorphic case. In this section, we
omit systematically the subscript in Fq.x.

Lemma 7.1 The equations in Thy imply that the following diagrams are pullbacks in the base category
of the fibration (Arr,Ey), where @ is = (or A) and @ is — (or x); m is absy, +,(f) when ® is = and
is pair,, ., (f) when @ is A.

I ﬂ' [: Uy : ty(a)] (71 : U290 : U, f : ty(x1) @ty (22)] (w) [: Uy : ty(a)]

9) (x) (1, 22) (z)

[z : U] [x1: U, 29 : U [z : U]

(71®72)

[
(0)
Proof: Routine. Suppose we have a commuting diagram like this

FM» [:U,y: ty(z)]

(a,b) ()

[€1: U, 29 : U] [z : U]

(.’L‘limg)

Clearly ¢ = a=b and I' - f : ty(a=b). Let (a,b,?) be the mediating morphism. Then
abs, ,(?) = f.

Therefore
7z = app, (absa,(?), 2) = appy 5 (f; 2)-
It follows that
7= Xz:ty(a).app,;(f; 2)-

The proofs for the other cases are similar. O

The categorical implication of lemma 7.1 is obvious once we notice the facts in the next lemma:

Lemma 7.2 (i) Both [z : ty(o)] and [ are terminal objects. (i) [x1 : U, xo : U] is the product of [z : U]
and [x : U], (@) [v1 : Uyze = U,y = tu(z;)] (z2.22) [z1 : Uyzg : U] is the pulling-back of [z : U,y :
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ty(z)] ©), [ : U] along the projection [x1 : U, zg : U] St [z:U]. (i) [x1: U,z : U, f : ty(xr) xty(x2)]

(or [x1 : Uyxs : U, f : ty(x1)—ty(x2)]) is the product (or exponential) of [x1 : U,zo : U,y : ty(x1)] and
[x1: U,z : U,y : ty(z2)] in the fibre over [xy : U, x5 : U].

We conclude that the internal full subcategory U has explicit cartesian closed structure.

In the case of Epy, this property holds for both U and K. But now the diagram associated with U need
be modified as follows: in the first diagram, ¢ should be replaced by in(¢); in the second diagram, when
® is —, ® is in(out(z1) = out(x2)) and m is abSout(z, ) out(zs) (f); When ® is x, ® is in(out(x1) A out(zz))
and m is pairout(m)’out(m)(f). In addition we have

Lemma 7.3 In the encoding Epy, of the higher order \-calculus, the following is a pullback in the base
category of the fibration (Arr,Epr) for any Fo.x k: K.

(il’l(vM (out o -Tf)), Absn,outow(z))

[z : tr(k)—=U, 2z : Myt (K).ty(2y)] x:U,y: ty(x)]
(x)\ ()

[ :tx(k)—=U] (in(Vn(outo2))) [z : U]

Proof: Suppose the following diagram commutes.

PGy )
(F) (z)
[z : tx(k)—U] - =[x : U]

(in(Vx(out o z)))

Clearly G = in(V,(out o F)). Assume the mediating morphism is (F,?). Then we have

Abs, outor (?) =t : ty(in(V.(out o F))).
So
7= Appn,outoF(AbSH,OUtOF(?)) = Appn,outoF(t)'
This completes the proof. O

Lemma 7.4 (i) [z : tx(k)—U] is the exponential of [x : tx (k)] and [z : U]. (it) [z : tx(k)—U,y :

tx (k)] is the product of [z : tx(k)—=U] and [z : tx(k)]. (i) [z : tx(k)—U,y : tx(K)] e [z : U]

is the evaluation map. (w) [z : tx(k)—U,y : tx(k),z : ty(zy)] i) [z : tx(k)—U,y : tx(k)] is the

pulling-back of [z : U,y : ty(x)] @), [x : U] along the evaluation map in (ii). (v) [x : tx(k)—=U, z :
Myt x (k).ty(zy)] =), [ : tx(k)—U] is obtained by applying to [x : tx(k)—U,y : tx(K), z : ty(xy)] i)

[z : tx(k)—=U,y : tx (k)] the right adjoint to the relabelling functor over [x : tx(k)—U,y : tx (k)] =),
[z : tx(k)—U].

In summary, lemma 7.3 and lemma 7.4 together say that the internal category U has explicit products
over types lifted from ‘kinds’.

We can generalize what is embodied in the above examples: If a collection of certain entities in an object

language is represented by a universe in App, then to code up the operators associated with the collection
is to equip the internal full subcategory, induced by the universe, with explicit categorical structures.
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8 Syntactic Adequacy and Internal Definability

This section reveals the close tie between syntactic adequacy, a linguistic notion, and internal definability,
a semantic notion. This is done by examining the encodings defined in section 5. We should point out that
in order to demonstrate the relationship, we need not know if the encodings are syntactically adequate,
nor do we have to know any specific proof theoretical properties of Apr.

In this section there are two kinds of models we are interested in: the closed term models and the open
term models. In the former we consider only closed terms whereas in the latter we consider terms with
free variables. For instance the closed term model of a simply typed A-calculus is a cartesian closed
category [?]; on the other hand the open term model of the same calculus is a fibration £y : 7y, — Cy.
Here C, is the category of contexts and their realizations; a morphism over I' € Cy is an equivalence class
of terms I' - f : A—B. In the case of dependent typed calculi however we always talk about open term
models.

Because of the presence of the equational contexts, the syntactic adequacy as is used in this paper is
slightly different from that defined in [?, ?].

8.1 Adequacy of £, and Definability of Simply Typed A-Calculus

Let £* and Ly : 7n — Cy be the closed term model and the open term model of the simply typed
A-calculus respectively. Here £* has types as objects. A morphism from A to B is a closed term of type
A—DB. The category Cy is the category of contexts and context realizations. An object in 7 is a pair
(I', A) of a context and a type. A morphism in 7 is a pair (r, f) : (I', A)—(A, B) such that I' = A is
a context realization and I' - f : A—B. The functor £ is the first projection. The canonical cartesian
lifting over I' —— A with respect to (A, B) is (r, Az: B.x). The fibration £, has a fibred cartesian closed
structure. For example, the product and exponential of the objects (I, A) and (T, B) in the fibre over T’
are (I, AxB) and (T', A— B) respectively.

The encoding &y provides us with a translation from a type A in the simply typed A-calculus to a closed
term A of type U in Apr and from a judgement

1A, oAy a A (1)

in the simply typed A-calculus to a judgement (In this section, we are not going to distinguish notationally
the universes (signatures) defined in the examples given in section 5.)

x1 bty (A, .. x, sty (An) Fas @ ty(A) (2)

in Arr. We now define the translation inductively as follows:

i &,
AxB ¥ ArB
ASB ¥ i=pB
~ def
x = X
P oo
(f: A—>B, a: A) ﬁ o aPPA,B(JEyd)
(b:B) AwAb E absg p(Az:ty(A).D)
(a:A b:B) {a,b) ¥ pairj 5(a,b)
(c: AxB) ¢ & (Pr1) 4 5(6)
(c:AxB) e = (pry) ;4 5().



The syntactical adequacy for the encoding £, consists of the following statements:

1. The map that sends a type A to its translation A prescribes a bijective correspondence between
types in the simply typed A-calculus and judgements of the form x; : tU(/il), U - tU(An) Fax
M : U in App (with the encoding &£)) for any fixed types Ai,..., A, in the A-calculus. Strictly
speaking, M should be an equivalence class, where the equivalence relation is induced by the
definitional equality of App. Notice that intuitively 7 : tU(Al), e T tU(An) Fox M : U if
and only if Fq.5; M : U. But that belongs to the proof theory of Arr.

2. The map that sends (1) onto (2) is a bijection between the judgements of the form (1) and the
judgements of the form z1 : ty(A41),..., 2y : tu(4y) Fas M @ ty(A). Strictly speaking, M should
be an equivalence class, where the equivalence relation is induced by the definitional equality of
ATT.

3. x1:A1,...,x: Ay Fa=0b:Aif and only if z7 : tU(Al), U tU(An) Faos @ =rh, b tU(/l).
4. The translation is compositional, i.e. a[/b/\x] is syntactically the same as a[b/z].
Proposition 8.1 If £, is syntactically adequate, then both Ly and L are internally definable by U in
(Arr,EX). In addition the two interpretation maps send the fibred cartesian closed structures of Ly and

L respectively onto the fibred cartesian closed structure of domy, induced by the explicit cartesian closed
structure of U.

Proof: Condition (ii) in the definition 3.4 is satisfied according to proposition 6.3. This fact will not be
mentioned in the proofs of propositions 8.2 and 8.3 given below.

(i) Let’s explain the functors Z and H in the following diagram.

H

T3 i
C)\ |d0mU
Cx 7 C
7 sends a context [x; : Ay,...,z, @ Ay] in Cy onto the context [z : tU(Al),...,a;n : tU(An)], the
existence of which is guaranteed by 1. A morphism 7 : [z1 : A1,..., 2 : Ap] — [y1 : B1, -, Ym : Bm]

consists of
ZliAl,...,.TniAn H bliBh

r1: A1, 0 Ay B by B

2 says that we can define Z(r) to be the realization consisting of

I - tU(Al), eyt tU(An) }_Q;g bAl : tU(Bl),

21 tu(AL), . x tu(An) Fas b tu(B).

4 means that Z preserves composition. 3 ensures that Z is well-defined as a functor and is faithful. 3
implies that it is full; and 1 says that it is injective on objects. So Z is a full embedding functor.

Next let’s define the functor H. An object in the fibre £} '([z1 : A,..., 2, : A,]) is a type A in the
simply typed A-calculus. Define H(A) to be the realization (A) : [z1 : tu(A1),... 20 : tu(4,)] —
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[ : U], which is essentially the sequent [z : tU(/il),...,xn : tU(An)] Fo.s A : U. But by the
syntactic adequacy, there is a correspondence between types in the simply typed A-calculus and sequents
like [z1 : ty(A1),...,2n : tuv(4n)] Fax A : U. So H establishes a bijection between the objects
of Ly ([x1 : Ay,..., 2, : Ay)) and those in domu_l([xl S ty(Ay), ... 2, ty(4,)]). A morphism in
E;l([xl c Ay, s Ay]) isaterm [z 2 Ay, ..o, 0 Ap] B f 0 A—B. The syntactic adequacy implies
S : tu(An)] Fas f o tu(A=B). But the

that it is in bijective correspondence with [z : ty(4;), ..
Ar),.oan by (An)] Fas Aw ity (A).apps p(fw)

)y -

latter is in bijective correpondence with [z : ty(

ty(A)—ty(B). Let H(f) be

A N (A, Bawty (A).app s g (fw))
[21 st (AL, ... & : tu (4] RS

Clearly H is full and faithful. It is routine to check the functoriality of Z and H. Here we only show that H
preserves compositions. Suppose [x1 : A1,..., 2, : Ay F f: A-Band 21 : Ay, ... 2n: Ay] F g B—=C

are two sequents in the simply typed A-calculus. Then by the definition of H, the composition H(g)oH (f)
is

[:U,y:Uz:tyx)—=ty(y)]-

. ~ - (AC ity (A).appg & (d,app4 5 (fw)))
[z1:ty(A1),...,zn  tu(4y)] = a [z:Uy:Uz:ty(x)=ty(y)).

whereas H(g o f) is

- (AC A wity (A).app g o (g0f W)

[21 :tU(/il),...,xn sty (4n)] - [:Uy:Uz:ty(x)—ty(y)].
But
appic(go fow) = appye(ha:Ag(fr),w)

= appA,CA(absAC(/\x:tU(/l).g(/f})), w)

—

= (/\/x\:tu(/i)-g(ffC))w
= g(fw)
= apps a(d. fuw)

apps ¢(9,app 4 p(f, w)).

We are done.
The diagram is also a pullback. Conclude that £ o< (Arr, Ey).
The verification that the interpretation map sends the fibred cartesian closed structure of £, onto the

fibred cartesian closed structure of dom,; induced by the explicit cartesian closed structure of U is long
and routine. The following is a snapshot of it. In the fibre £,(T"), (I', A—B) is the exponential of (T', A)

and (T, B). H sends (T, A—B) onto I =9 [z : U]. The latter is the exponential of T @), [z : U] and
2 [z : U] by lemma 7.1.

(ii) For the closed term model £, a similar argument shows that the diagram below is a pullback,

EA

where « is the terminal category and [] sends the only object to the empty context. a
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8.2 Adequacy of £p; and Definability of Polymorphic \-Calculus

For higher order polymorphic A-calculus, there are two open term models: that of kinds and constructors
LE, : T — CK, and that of types and objects over the empty kinding context L%, : 72, — C%,. An
object in C%, is a context z1 : Ay, ..., 2, : Ap where [|F Ay, .. [|F Ap. Let £LPL . TPL — CPL be the
closed term model. Here the objects of CP'L are closed kinds; a morphism from object K to object K» is
a closed constructor F' : K1—K,. An object in 7L over K is of the form x : K = A : Type. A morphism
from @y : Ky = Ay : Type to wa 1 Ko & Ag : Type is a pair (F: K1— Ko, Fpp,.x,] f 1 Ai—=Az[Fry/12]).
Both £, and £, have a fibred cartesian closed structure. It is well-known that £ is equipped with
a PL-categorical structure ([?]). Roughly, this amounts to saying that the base category C*'F has a
cartesian closed staructure and £ has a fibred cartesian closed structure; in addition the fibration has
right adjoints to weakening functors and these right adjoints satisfy the Beck- Chevalley condition.

We now define the translation inductively as follows:

e kind
Tt
Type & T
KixK, ¥ EAK,
K—K, ¥ K=K,
e constructor
N def
X = X
w0
(F:Ki1—kK, C: K1) FC € appg . (F,0)
(C:Ky) Ak .C E absg o (it (Kp).C)
(C:Ki, D:Ky) (C.D)y € pairg o (C,D)
= def . ~
(C : K1 XKQ) 7710 = (prl)thz(C)

(C:KixKs) mC = (PG)KLKQ(CV)

type (special constructor)

i
AxB ¥ ArB
ASB ¥ i=pB
VKA YV Atk (K).A)
e object
~ def
x = X
a %o
o ef N
(f:A—=B,a:A) fa = apps(f.a)
(b:B) AzmAb E absg s(Aarty(in(A)).b)

(a:A, b:B) {a,b) < pairj 5(ab)

— ef ~
(c: AxB) ¢ E (pri) 4,5(¢)



(c: AxB) Tc = (Prz)A’B(é)
(a:d) AmKa € Absg, . e i(Owtx(K).a)
T~ def [ A
(F:Vo:K.A) FC = AppK,Am:tK(R).A(F7C)'

The statements for the syntactical adequacy for £pj, are similar to those for £y:

1. For any fixed kinds K1, ..., K, the map that sends a kind K to the judgement z; : tK([fl), ...

tx(K,) Fas K:Kisa leeCtIOn between kinds and judgements of the form z; : tx (K1), ...

tr(Kp) Fox M K .

2. For any fixed kinds K1, ..., K,and K, the map that sends a constructor Ju@gement x1: Kq,. .. :
K, - C : K to the judgement T tK(Kl) ntr(Ky) Fax C: tx (K) is a bijection between
the judgements of the form z; : Ki,.. xn Kn F C : K and the judgements of the form

z1 b (K1), o an bt (Ky) mz M : tK(K)

3. For any fixed kinds K7,...,Kpand K, z1 : Ky,...,2, : K, FC =D K iff 2y :tK(Kl),...,m

tx(Kn) Fax C =rnp, D:tg(K).

4. For any fixed types Aj,..., A, valid under the kinding context [y1 : Ki,...,ym : K], the map

that sends a judgement y; : Kl, co s Ym 2 Ko B A - Type to the judgement y; : tK(Kl), .

tr(Km),z1 : tu(in(Ay),. .., 2, tu(in(4,)) Fas A : tg(T) is a bijection between judgements of

the fqrm 1t Koo ym Km }— A Type and the judgements of the form y; : tK(KA'l), .
tK(Km),Il : tU(in(Al)), ey Ip t tU(in(An)) I_Q;E M tK(T)

5. For any fixed types Aj,...,Ayand A valid under the kinding context [y1 : K1,...,ym : K

map that sends an object judgement xy : Ay, ... o0 @ Ay By gk

] @+ A to the judgement

Y1 ti (K1) ym b (Ko, @1 s tp(in(A1)), ..., : tp(in(A,)) Fais @ - ty(in(A)) is a bijection
between judgements of the form zy : Ay,... 2y 1 Ay Pk ik, @ 0 A and the judgements of
the form y1 : tx (K1), ..., Ym  tx(Kpm), 21 : ty(in(A41)), ..., 2, s ty(in(4,)) Fas M = ty(in(A4)) .

6. For any fixed types Ai,..., Apand A valid under the kinding context yi @ Ki,...,Ym © .

have z1 @ Ay, 20 0 Ap Pk gk, @ = b0 Ayt (K)o ym 0 b (Kn), 21

tu(in(Ay)), ..., 20 s tu(in(4,)) Fas @ =rnp, b ty(in(A)).

7. The translation is compositional.

Proposition 8.2 If the encoding Epy, is syntactically adequate, then (i) L5, and LXK, are internally
definable in (Arr,Epr) by U and K respectively and the interpretation maps for both L%, and L%,
preserve fibred cartesian closed structure; (i) LTY is internally definable in (Apr,Epr) by U and the

PL
interpretation map (H,T) from TTL £CPL o domy, preserves the P L-categorical structure.

Proof: (i) By proposition 8.1, both £E, and £%; are internally definable in (Arr,Epr,) and the inter-

pretation maps preserve the fibred cartesian closed structures.

H . H :
T K| U]
cx, \domk LL, \domu
CE, I C Ct D C
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Notice that the assumption that the types and objects appearred in £L; do not contain constructor
variables is important; otherwise the situation would not be similar to the one described in the proof of
proposition 8.1.

(ii) First we need to show that we have a pullback diagram.

TPL H [U]
LPL \domu
crr 7 C

In the diagram, 7 sends an object K (a kind) to [z : tx(K)] and a map F : K; — K, onto [z :

o (@Ppg, g, (Fl2) 5 .
tr (K1)] — [ : tx(K3)]. The functor H sends an object z : K = A : Type onto [z :

tr(K)] 2 [ U] and a map (F : Ky—Ks, My [ Ai—Ao[F)) : (3 : K1 b Ay : Type) — (@ ¢

Koy F As : Type) onto a pair whose first component is

L @pg, e (Fo2) ,
ot (K)o e (K)]

and whose second component is

(in(Ar) in(Az[F)) At (n(A))app  — (F.2)

[x:tK(Kl)] — [:U,y:U, z:ty(z)—tu(y)])-

The verification that (H,Z) preserves fibred cartesian closed structure and that Z preserves the cartesian
closed structure in the base category are routine. The proof that it preserves right adjoints to weakening
functors is similar to that in the proof of proposition 8.3 given below. O

8.3 Adequacy of &,/; and Definability of Martin-Lof Type Theory

Let Ty Ly Carr1, be the term model of the Martin-Lof type theory (see [?] for detail). Here Cpp, is
the category of contexts. A morphism in 7y is a pair (r, f) : (' - A)—(A F B) where I' —— A
is a context realization and T' + f : A—BJ[r]. A display map is a context realization of the form

[x1: A1, ooy @ngr 2 Apga] (@1 2n) [£1: A1, .. zn 0 Ay Tt is well-known that the fibration £y, has
left and right adjoints to the reindexing functors over the display maps. These right adjoints satisfy the
Beck- Chevalley condition. For example, the right adjoint to the reindexing functor over I'yxz : A — T
sends the object I';x: A+ B onto I' - IIz:A.B.

The translation from Martin-Lof’s type theory to Exsp is defined inductively as follows:

e context

I — 10
Fz:A — D,z :t(A)

where T Fa:x A : Set is the translation of T+ A;
® type

TMz:AB — T roxsn(A \e:t(A).B): Set
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+Y2:AB ~— T Fax o(A,\z:t(A).B) : Set
TFz:A — Thoyxz:t(A)

Ik fa: Blajz] — D lax (A z:t(A).B, f,a): t(Bla/z])
DHAz:Ab:Tz:AB — T hax A(A A z:t(A).B, Az t(A).D) : t(n(A, \z:t(A).B))
Fa,b): Sx:AB — T Fas pair(A, Az:t(A).B,a,b) : t(o(A, \z:t(A).B))
Tkme: A — T[has Pi(A \z:t(A).B,¢) : t(A)
I+ myc: Blme/x] — T Fax Po(A Az:t(A).B,¢) : t(B[P1(A, \x:t(A).B,¢)/x]),

where f: [Iz:A.B, a: A and c: Xx:A.B.
The syntactic adequacy consists of the following statements:

1. The map that sends I' - A onto T’ Fa.s A : Set is a bijection between judgements of the form
I'+ A and judgements of the form T Fo.x M : Set.

2. ' A= B if and only if I Fa.s A =ThuL B : Set.

3. The map that sends I' - a : A onto r Faos a: t(fl) is a bijection between the judgements of the
form T+ a : A and the judgements of the form I' Fq.x M : t(A).

4. TrHa=0b:Aifand only if T Fo.5 & =1, b: t(A).
5. The translation is compositional.
Proposition 8.3 If the encoding Eprr, is syntactically adequate, then the term model is internally defin-

able in (Arr, Enrp) by Set. In addition the interpretation map (M, T) preserves the left and right adjoints
along the display maps.

Proof: In the diagram below, the functor Z is defined as in the previous two cases. The only difference
is that types are dependent in this case.

Turr [Set]

£ML doms-et

Cmr 7 C

The functor M : Ty — [Sét] is defined as follows, bearing in mind that a map from r (ﬁ) §e\to to

A(i)g-e\to is a pair (f‘ﬂﬁ,f‘ﬂ@l):

r4 — 0% g,

AFB) — (i (A, B[r], \z:t(A
(D

where T' o A @ Set, T Fo.x Erﬂ . Set, T s Aand T Fax f: t(ﬂ(ﬁ,)\w:t(ﬁ).g[?])). Syntactic
adequacy implies that M so defined is full, faithful and injective on objects; it also maps canonical
cartesian liftings to canonical cartesian liftings. It can be readily verified that the diagram is also a

(r.f)
(

(CHA4) — ( Mw:t(A).Blr], f,x)))

). ®
A Seto) (A S 0)

/\
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pullback. We still need to show that M preserves left and right adjoints along display maps in Cpsr. By
the translation we have given, the actions of M : Tp;, — [Setjon ',z : AF Band I' - Ilz: A.B are
respectively as follows:

. F o td) B s
Ie: AFB — T,x:t(A) — Setp

o (m(Aat(A).B))
—_—

I'FIIz:A.B —— T Sety.

The following establishes a bijective correspondence between I' o5 f : X—t(r(A, Az : t(A).B)) and
D,z:t(A) Fax g: X—t(B),

[ hax f: X—t(n(A, \z:t(A).B))
Iy : X Fas fy:t(n(4,  \z:t(A).B))
Iy: X,z :t(A) Faox (A4, A\x:t(A).B, fy,z) : t(B)
Iz t(A),y: X Fax o(A, \x:t(A).B, fy,x) : t(B)
Iz :t(A) Fax Ay: X. e (A4, \x:t(A).B, fy,z) : X—t(B)

and its inverse

D,z:t(A) Fox f: X—t(B)
Dyz:t(A),y: X Fax fy:t(B)
Iy: X,z:t(A) Fax fy:t(B)
I'y: X Fax Az:t(A).fy: Tz:t(A).t(B)
Iy: X Fas A(A, Ax:t(A).B, dx:t(A).fy) : t(m(A4, A\x:t(A).B))
I'Fax A\y: X A(A Az:t(A).B, Az :t(A).fy) : X—t(n(A, Az:t(A).B))

We conclude that M preserves right adjoints to reindexing functors over display maps. The fact that it
also preserves left adjoints to reindexing functors over display maps can be similarly established. O

8.4 Conclusion

In all the three examples we have assumed that the number of constant types is finite. Let’s look at an
example where there is an infinite number of constant types. Forgetting the encoding of constant types,
&y as it stands is an encoding of simply typed A-calculus with an infinite number of constant types. The
idea is to assume a bijective correspondence between the constant types and variables of type U. A type
A in the simply typed A-calculus is now coded up by o1 : U,...,0, : U Fa.» A : U where Oly...,0n
correspond to the constant types occurred in A. It can be routinely checked that proposition 8.1 still
holds for £,. But the functor Cy L, C has to be redefined. Tt now sends [x1 : Ay,..., 2y o Ay] onto
[o1:U,...;0m: U, a1 : t(/il), e, T t(/fn)] where 01, ..., 0, correspond to the constant types occurred
in Ay,..., A, and A.

The technique used above can be applied to the other two examples.

The general phenomenon is this: If the encoding £, of a typed calculus £ in Apr is syntactically adequate,
then in a canonical way (determined by the translation of £ into £¢) L is internally definable in (Ar7,Er)
(or, waving hand, £ o Apr). In other words, a faithful encoding of £ defines a frame language such that
L is an internal typed calculus definable in the frame language by the encoding via the translation of £
into the representation in App.

So to formulate an object language in Apr is to identify a frame language which contains an internal
version of the represented language. The richer the object language, the richer the frame language. A
correct formulation of the encoded language and the frame language involves a build-up of an internal
definability relationship between the two languages. The function of A\pp is to provide a framework on
which this frame language is built. The good properties of Ay ensure that to design the frame language
is the same thing as to give an adequate representation of the object language in Apr.
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9 The Notion of Models for Logical Frameworks

We now turn our attention to semantics. There are two levels of semantics. The model theory of Aprp
has been well-established, see for instance [?]. A categorical model consists of a category B with finite

products and a collection D of display maps. The fibration B/D <4 3 must be a fibred cartesian closed
category and be complete relative to D. A generic judgement z : U Fq.x ty(x) must be interpreted as a
display map.

The proper model theory of logical frameworks is about the meanings of encodings and how to relate
the model theory of an object language to that of a framework. It is this aspect of semantics we have
been trying to understand. Suppose £ is a typed calculus and & = (2,3, Th) is an adequate encoding
of £ in Apr. There are two questions one can ask:

1. Given an interpretation of the frame language (Aprr, £), what does the interpretation of £ consti-
tute? Arguably, we are only interested in those interpretations whose restrictions to £ constitute
internal models of L.

2. Given a model of £, can we fully embed it into a model of (Arr, E)?

A categorical interpretation of £ = (€, 3, Th) consists of a sound categorical interpretation of App and
an interpretation of constants in  and ¥. We say the interpretation of £ is sound if it validates all
the definitional equations in Th. We say a sound interpretation of £ is good if the denotations of the
constants in €2 and ¥ under this interpretation form an internal model of £. We say the encoding £ is
semantically adequate if every sound interpretation of £ is good.

Proposition 9.1 If both £\ and Epy, are syntactically adequate, then both are semantically adequate.

Proof: Lemma 7.1 (7.3) holds for any sound interpretation of £, (€pr). The results follow. O

Suppose [] is a sound categorical interpretation of Ary. Usually there are many ways of extending [] to
[]5 so that it also interprets the constants in both © and X. If the encoding &€ is syntactically adequate
then the translation Z: £ — & gives rise to a map

sound interpretations of & —— sound interpretations of L.

We say that the encoding £ is semantically complete if the above map is surjective.
Proposition 9.2 If both £\ and Epy, are syntactically adequate, then both are semantically complete.

Proof: The semantic completeness for polymorphic A-calculus is essentially the main result of [?]. The
result for the simply typed A-calculus can be proved similarly. O

10 Applications to Other Typed calculi

The central notion introduced in this paper is that of internal definability. We have seen the importance
of this notion to the analysis of the logical framework App. As a matter of fact, internal definability
(codability) can be found in a range of typed calculi. It is the purpose of this section to explain how
some proof theoretical questions can be rephrased in terms of internal definability or internal codability.
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10.1 Polymorphic M\-Calculus, Continued

We have already seen in examples 3.3 and 3.5 that the higher order polymorphic A-calculus is, roughly

speaking, internally definable in itself. For i € {n > 2| n € w}, we can construct a term model 7" £ e
for the i-th polymorphic A-calculus. Similar to £¥, we have an internal category C’ in 7% and a set
D! of display maps such that cod® - I' 4 dom® : T°/D—T" is a D-category and C’ is an internal full
subcategory of cod’. Moreover the following diagram is a pullback.

7i— 1 ey
L domci
O T

Since the i-th polymorphic A-calculus is a sublanguage of the (i + 1)-th polymorphic A-calculus, there
is a natural cartesian map from £! to £*! that sends everything to itself, so to speak. This cartesian
map preserves all the relevant categorical structures. But is it full and faithful? In view of the above
pullback diagram, the question can be couched in more informative terms:

Is the i-th polymorphic A-calculus internally definable in the (i4+1)-th polymorphic A-calculus
by C**! via the natural interpretation map?

As far as we know, the question is open. Notice that C**! has enough explicit categorical structures to
be a model of the i-th polymorphic A-calculus.

10.2 Martin-Lof Type Theory

There are two ways of presenting Martin-Lof’s type theory. One approach is to define the type theory
in a metalanguage. Typed calculi so defined are often polymorphic in the sense that type constructors
in them are not fully specified. For instance in Az : A.b, b could be of any type. The other approach is
to define the type theory in Martin-Lof’s logical framework. In contrast to the polymorphic case, terms
in languages defined in Martin-Lof’s logical framework are fully specified; these languages are therefore
called monomorphic. As a monomorphic type theory is defined to be the encoding in Martin-Lof logical
framework, we have the obvious fact:

Monomorphic Martin-Lof type theories are internally definable in Martin-Lof logical frame-
work.

For a particular polymorphic Martin-Lof type theory, one can ask the question: is it the same as a
monomorphic Martin-Lof type theory? Putting it differently, the question asks if the polymorphic Martin-
Lof type theory can be adequately represented in Martin-Lof logical framework. In our terminology, the
question goes as follows:

Is the polymorphic Martin-Lof type theory internally definable in Martin-Lof logical frame-
work?

There are polymorphic Martin-Lof type theory that are not internally definable in Martin-Lof logical
framework. For example, type theories with “extensional equality types” are not internally definable in
Martin-Lof logical framework ([?]).
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Suppose M LY is a Martin-Lof type theory without universes and M L' is a Martin-Lof type theory which
has a first universe U that reflects the type structures of ML° on object level (M L' must also contain
a copy of the type structures of M L% on type level). We refer to [?] for a detailed account. The point
we would like to make here is that U induces an internal category in the category of contexts of ML'.
There is a structure-preserving cartesian map from the term model of M L° to that of M L' that sends
a type in ML° to its reflection. A question about how faithful ML° is reflected in M L' is this: Does
ML' equates more objects of M LY than ML°? This question can be rephrased as:

Is M LY internally codable in M L' via the said cartesian map?

If there are enough type structures in ML?, then Peano’s fourth axiom is expressible in ML as a type.
This type is inhabited in M L' but not in ML° ([?]). So ML is in general not internally definable in
ML'. A natural question to ask is under what restrictions ML is internally definable in ML!.

10.3 Calculus of Constructions

There are many variants of calculus of constructions. Here we take the view that a calculus of construc-
tions is a Martin-Lof type theory with an encoded logic. The calculus of constructions we usually refer
to is the one with an intended encoding of Church’s higher order logic. To emphasize that the internal
logic in constructions can be seen as an encoded logic, we formulate the language in a slightly different
way.

The Ambient Calculus

'k Atype z¢ FV(T)
[ valid ~ I,z: A valid

I,z : AT’ valid
Nrz:AT'Fxz: A

C2

Var

I'-Atype D' z:AF Btype q -M:(z:A)B FFN:AA
Tk (z:A)B type e TF MN : B[N/a] PP

''Atype T,x:A-Btype T',z:AFM:B
Pk (z:A)M : (z:A)B

Abs

Small Type
I" valid . I'EA: Type C
I'FType type yp ' A type um
I' valid . I' valid
- bj Prop
' Obj : Type '+ Prop : Type
'k A:Type I’,x:A}—B:TypeH 'k f:Mz:AB Thta:A
P+Tlz:A.B: Type 't fa: Bla/z] app
I'FA:Type T,z:AF-B:Type TI',z:AFb:B b
I'EXx:Ab:Tlx: AB abs
Proposition
I'+-P: Prop P I" valid v
T+ Prf(P): Type ' I'EV: (X:Type)(Y:X—Prop)Prop
I' valid A
' A: (X:Type)(Y:X—Prop)(z:(x: X)Prf(Y(z)))Prf(V(X,Y))
I' valid

I'ke: (X:Type)(Y:X—Prop)(z:Prf(V(X,Y)))(x: X)Prf(Y(z))

The definitional equality is defined in terms of the extensional reduction rules.
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The following are the components of an internal category in the category of contexts.

Co = [P: Prop

Ci ¥ [P,Q: Prop, f: Prf(P)—Prf(Q)]

Cs def [P,Q,R: Prop, f : Prf(P)—Prf(Q), g : Prf(Q)—Prf(R)]
def

dy =
d =

(P):C—Cy
(@) : Ci—Co
(P, P, \p:Prf(P).p)
M < (P.Q.f): =G
(@, R,g) : C:—C
(P, R, \x:Prf(P).g(fz)) : Coa—Cy

In [?] the author gives a type theoretical formulation of Church’s higher order logic and shows that a
particular calculus of constructions is a conservative extension of the higher order logic. Notice that
conservativity as is used in [?] is at the level of provability. A stronger property is conservativity at the
level of proofs®. Is the calculus of constructions conservative over the higher order logic in this stronger
sense? The aim of our particular presentation of the calculus of constructions is to make the question
both precise and concise:

Is Church’s higher order logic® internally definable by C in the calculus of constructions via
the obvious interpretation map?

The question adds another dimension to that of conservativity at the level of provability.

10.4 Edinburgh Logical Framework

In ELF, a constant type U : Type and a constant constructor ¢ : U—Type in a signature of an encoding
also induce an internal category in the category of typing contexts over that signature. We can use
the notion of internal definability to give a categorical account of adequate encodings in ELF. But the
situation is less satisfactory due to the absence of equational contexts. The encodings in EFLF definitely
do not have the categorical properties of the kind we have seen in section 7. But our intuition tells us
that still there is something to be said. The reason that an encoding of simply typed A-calculus does
not have an explicit cartesian closed structure on the internal category induced by universe U in the
encoding is that the definitional equality of the object language is now represented by an internal map
=y: Ux U— B. Consequently the diagrams in lemma 7.1 are not pullbacks (in fact they are not even
weak pullbacks). But the map =y induces an equivalence relation ~ on each homset of the category of
typing contexts. If in the definition of pullbacks we replace the external equality = by ~, then the above
mentioned diagrams are ‘pullbacks’. So what we need is a notion of relative categorical structures where
mediating morphisms are required to be unique up to an internal equality (Leibniz equality) rather than
up to the external equality =. This point needs further investigation.

The same can be said about A\ p.

5We propose to call the conservativity of provability the logical conservativity and the conservativity of proofs the type
theoretical conservativity (or just conservativity).
6In this question, Church’s higher order logic is assumed to have extensional definitional equality.
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11 Conclusions and Related Work

This paper attempts to give a model theoretical account of logical frameworks. We argue that the real
issues in the semantics of logical frameworks are about the meanings of encodings and how they are
related to the model theories of the object languages. We propose a logical framework that is well-suited
to model theoretical analysis. Examples are given to show how syntactic conditions force term models to
possess certain categorical properties. One important point taken in this paper is that a logical framework
is a setting for defining frame languages. According to this view, to code up an object language is to
search for a frame language within which the object language is internally definable. In the following
table, the right column contains the semantic counterparts of the corresponding syntactic notions in the
left column.

H syntactical notion

semantical notion H

universes generic objects

encodings of object calculi internal categories

constants other than universes | explicit structures on internal categories
variable convention internal full subcategories

syntactic adequacy internal definability

By characterizing the categorical properties of Apr and some encodings within it, we hope that we have
pointed out a sensible way of semantic investigations. It is our personal opinion that the general ideas
expressed in this paper are helpful when one designs a logical framework or tries to code up an object
language.

A selling point of logical frameworks is that non-constructive logics can also be treated. The point is
that whatever the object logic is, be it classical or intuitionistic, any assertion that holds in the logic
must be constructively verifiable. An assertion forms a range of significance. So by Russel’s principle,
it can be represented by a type and its inhabitants can be represented by its verifiers. In this paper we
have concentrated our attention on constructive logics. For a non-constructive language £, say Church’s
higher order logic ([?]), what we code up in a logical framework is the ‘image’ of £ in a ‘constructive
mirror’. It is this aspect of £ that is captured in an encoding. So in this case, the categorical properties
are characterizations of this ‘image’. In this way, one assigns denotations to classical proofs in suitable
categories. These categories are not degenerated in any sense as we have not imposed any equality on
proofs. An obvious question is that if we have any interesting model theory for classical proofs.

The development in [?] is at a more abstract level. There the author seeks a categorical setting within
which semantical constructions of typed calculi can be carried out. There are two issues: one is to search
for a semantic framework; the other is to study type theory semantically within the framework. The
dichotomy corresponds to the one we advocate in this paper. The difference is that we concentrate on
a particular typed calculus and its semantic description. Our approach emphasizes the importance of
internal categories in semantic studies of logical frameworks.

The language ELF" investigated in [?] is a refined version of ELF. In addition to the kind T'ype, ELF*
introduces two new kinds: Judge and Sort. The basic idea is that in an encoding of an object language,
the basic judgements should be coded by inhabitants of Judge whereas sorts correspond to objects of
Sort. The purpose is to achieve a close correspondence between a language and its representation in
ELF*. We can modify Arr along this line. For instance a universe declaration can be broken into two
parts: one contains universes that encode judgements; the other consists of universes which represent
sorts. Sorts of course can also be represented in Arpr by constant types in a signature.

[?] contains an observation similar to that in section 8. Because of the presence of Judge and Sort, the
author of [?] is able to prove that adequate encodings of a class of logics are essentially the same as
the logics themselves when both are viewed as indexed categories. This ‘isomorphism’ phenomenon is
implicit in our definition of internal definability. The nice thing about our approach is that it brings out
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the internal categorical aspect of this phenomenon.

In this paper, the definitional equality of App is given by judgemental equality. If one is interested
in the proof theory of App, then one uses the version of App where definitional equality is defined in
terms of reduction. In this version we remove the unit type since it complicates the notion of reduction.
Now instead of equational contexts, we have in this version reduction contexts. Definitional equalities in
object languages are all supposed to be defined in terms of reductions and they are represented in Apr
by reduction contexts. This version of Apr is appropriate for the study of proof theory of encodings.
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