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Abstract

The paper investigates the non-symbolic algebraic semantics of the weak bisimulation congruences
on finite pi processes. The weak bisimulation congruences are studied both in the absence and in
the presence of the mismatch operator. Some interesting phenomena about the open congruences are
revealed. Several new tau laws are discovered and their relationship is discussed. The contributions
of the paper are mainly as follows:

1. It is proved that Milner’s three tau laws fail to lift a complete system for the strong open
congruence to a complete system for the weak open congruence in the absence of both the
mismatch operator and the restriction operator. A fourth tau law is proposed to deal with the
match operator under the prefix operation. It is shown that for this calculus a complete system
for the strong open congruence extended with all the four tau laws is complete for the weak
open congruence.

2. It is verified that the four tau laws are also enough for the weak open congruence of the pi calculus
without the mismatch operator. Two complete systems are given, one using distinctions and
the other using a schematic law for the restriction operator.

3. It is pointed out that the standard definition of the weak open congruence gives rise to a bad
equivalence relation in the presence of the mismatch operator. Two alternatives are proposed.
These are the late open congruence and the early open congruence. Their difference is similar
to that between the weak late congruence and the weak early congruence. Complete axiomatic
systems for the two weak open congruences are given.

Key Words: Process Algebra, Mobile Process, Bisimulation, Axiomatization

*The author is supported by the NNSFC (69873032), the 863 Hi-Tech Project (863-306-ZT06-02-2), the Young Scientist
Research Fund and the University Scholar Funding Scheme. He is also supported by BASICS, Center of Basic Studies in
Computing Science, sponsored by Shanghai Education Commission. BASICS is affiliated to the Department of Computer
Science of Shanghai Jiaotong University.



Contents

1

2

State of Art

The Calculus of Nondeterministic Mobile Processes
2.1 Open Congruence . . . . . . . . . v v v v ittt e e
2.2 Equational System . . . . . . . .. L
2.3 The Insufficiency of Milner’s Tau Laws for Open Semantics . . . . ... .. ... .. ...
2.4 The Failure of Hennessy Lemma for Mobile Processes . . . . . .. ... ... ... ....
2.5 The Fourth Tau Law . . . . . . . . . . . . e
2.6 Saturation . . . . . . . . . L e
2.7 Promotion . . . . . . . . e
2.8 Completeness . . . . . . . . . e e e
2.9 Remark . . . . . .
The Pi Calculus without Mismatch
3.1 Parallel Composition . . . . . . . . . . ... e
3.2 Restriction . . . . . . . .
3.3 System Using Distinction . . . . . . . .. . L
3.4 A Schematic Law for Restriction . . . . . . . . .. . . . . .. . .. ... ... .. ...
The Full Pi Calculus
4.1 Bisimulation Theory of the Full Calculus . . . . . .. .. ... ... .. ... ... ...
4.1.1 Late and Early Equivalences . . . . . .. .. ... ... .. .. .. ... ... ...
4.1.2  Strong Open Bisimilarity . . . . .. ... ... .. .
4.1.3 Weak Open Bisimilarities . . . . . . . . . . ... ... ...
4.1.4 Weak Open Bisimilarities are Equivalence Relations . . . . . ... ... ... ...
4.1.5  Weak Congruence Revisited . . . . . . . ... ... L o oo
4.2 Laws of the Full Calculus . . . . . . . . . . .. . ..
4.2.1 BasicLaws . . . . . . . .
4.2.2 Additional Laws . . . . . . . . .. e
4.2.3 TauLaws . . . . . . . e e e
4.3 Completeness Results for the Full Calculus . . . . . ... ... ... ... .........
4.3.1 Saturation Property . . . . . . . ...
4.3.2 Promotion Lemma . . . . . . . . ...
4.3.3 Completeness Theorem . . . . . . . .. ...
4.4 An Alternative to the Law S6 . . . . . . . . . . . . ...
Comment and Related Issue
Proofs
A.1 The Proof of Lemma 55 . . . . . . . . . . e
A.2 The Proof of Lemma 62 . . . . . . . . . . .. e
A.3 The Proof of Lemma 69 . . . . . . . . . . . ..
A.4 The Proof of Lemma 70 . . . . . . . . . . .
A.5 The Proof of Lemma 73 . . . . . . . . . . e
A.6 The Proof of Lemma 77 . . . . . . . . . . e
A.7 The Proof of Lemma 79 . . . . . . . . . . e
A.8 The Proof of Lemma 80 . . . . . . . . . . . . e
A9 The Proof of Lemuma 81 . . . . . . . . . . . .o

10
12
13
14
15
15
16
17

17
17
18
19
21

21
22
23
24
25
27
28
29
29
31
32
35
35
38
38
39

42



1 State of Art

For more than ten years various calculi of mobile processes, notably the m-calculus ([32]), have been
the focus of research in concurrency theory. These calculi are distinguished from the process calculi like
CCS (]21, 31]) in that they are capable of dealing with processes whose communication structures can
change during their evolution. This ability of dynamic creation of communication link lies at the heart
of mobility. In the calculi of mobile processes mobility is achieved by passing a channel name from one
process to another. The process that receives the channel name may communicate to a third process
through that received channel name. As it turns out the name-passing communication mechanism is a
potent one. This can be seen from the following facts: Firstly name-passing calculi are able to simulate
process-passing calculi in a non-distributed framework ([44, 40, 45, 46]). The idea is simply that, instead
of sending a process to another, the sender may pass to the other a name through which one can access
to the process. Secondly many variants of the m-calculus, the asynchronous m-calculus ([6, 22, 23, 24, 2]),
the wI-calculus ([41, 5]), the local w-calculus ([34]) have all been shown to be able to simulate each other
to a more or less degree. Even the y-calculus (]9, 10, 13]) and Fusion Calculus ([39]), which departs
from the m-calculus more than any of the above variants, does not seem to add any additional expressive
power to the name-passing communication mechanism. One gets the feeling that all name-manipulating
mechanisms are more or less equivalent in terms of expressive power.

Apart from the variants of the m-calculus many other process calculi for mobility have been proposed
in literature. One recent example is the Calculus of Mobile Ambients ([7]). While it is important to give
formal frameworks to capture the rich concept of modern computation, it is equally important, if not
more important, to achieve a deep understanding of these frameworks from a mathematical perspective.
It is in the latter aspect that sustained efforts are called for. Most people would agree that the theory
of m-calculus should be far richer than that of A-calculus. Yet we know a lot more about the A-calculus
than about the w-calculus.

The name-passing mechanism introduces significant difference between the algebraic theory of calculi
of mobile processes and that of CCS ([31]). The difference is mainly caused by three operators:

1. The first is the restriction operator. In CCS this operator is simple. In 7-calculus however it comes
with complications. Operationally there must be labeled transition rules to take care of name
migration. Algebraically distinctions are introduced to define open bisimulations. The restriction
operator allows one to abstract away from internal communications. It localizes, so to speak,
possible actions so that they do not have global impact. This is a fundamental operator since the
theory of process calculus is largely observational.

2. The second is the match operator. This operator is useful at least in two aspects: First it has a very
natural motivation from a programming point of view and is necessary in modelling programming
phenomena. Second it makes possible an expansion law for m-calculus. One aspect of the match
operator is to keep track of the mobility in a nondeterministic fashion. Subsequent research has
shown that the match operator plays a crucial role in the axiomatic theory of the m-calculus.

3. The third is the mismatch operator. Compared to the restriction and the match operators, this
operator is more debatable. The argument is not to do with its practical motivation for in reality
one really needs this operator in a variety of situations where one uses calculi of mobile processes
([38, 39, 1]). It is about if one should introduce such an operator into a basic model for concurrent
computation at all. The mismatch operator complicates the algebraic theory because it renders the
definitions of observational equivalences more involved. On the other hand it also simplifies the
algebraic theory in the sense that it allows to accomplish what otherwise can only be achieved by
introducing more gadgets, like distinction, in the meta theory. The main reason to introduce the
operator is to make easy the axiomatization of the early and late equivalences. On the other hand,
as we shall see later, the open semantics is definitely made more difficult by it.

The match and the mismatch operators help to internalize a lot of meta theory. For instance a condition,
which consists of a set of equality and inequality assumptions, and a distinction, which declares a set
of names to be pairwise distinct, are two meta theoretic gadgets often used in the investigation of the
algebraic theory of mobile processes. Neither a condition nor a distinction is part of the syntax of the
m-calculus. They are extralogical entities. In a lot of cases one can do without them by working with
the match and the mismatch operators. Now these operators are entities of the w-calculus. It is in this
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H early congruence

late congruence

open congruence

strong || Boreale, De Nicola | Boreale, De Nicola Li
weak Lin Lin ?
Figure 1: Symbolic Axiomatization with Mismatch
= || early congruence | late congruence | open congruence
strong Lin Lin Li
weak Lin Lin Li

Figure 2: Symbolic Axiomatization without Mismatch

way these two operators raise the expressive power of the w-calculus. Our personal opinion is that none
of the three operators has been studied in depth. This is sad because, to our understanding, the theory
of the m-calculus is largely a theory about these three operators.

The name-passing mechanism renders bisimulation equivalences more interesting. The idea of bisim-
ulation is the most influential one in process algebra. It has been widely used in mathematical logics and
game theory. The introduction of bisimulation to concurrency theory is due to the work of Park ([35]) and
Milner ([31]). Equality relations based on bisimulation are usually finer than any observational equiva-
lence one finds useful in practice. The virtue of them is that they are subject to algebraic investigation
in a more or less standard manner and that it is usually easy to establish the equality of two processes
by presenting a bisimulation relation. For 7-calculus people have introduced early and late bisimulation
equivalences ([32]), barbed equivalences ([33]) and open congruences ([42]), to name a few. It has to be
said however that although a lot of attention has been paid to these equivalences our knowledge about
them are still preliminary.

The difficulty of bisimulation equivalences is often to do with the weak versions of these relations.
A weak bisimulation equivalence ignores internal (tau) actions, which are deemed unobservable. Two
processes are equivalent if they can simulate each other’s observable actions. A tau law is an equality
that manipulates unobservable internal actions. The three well known tau laws people usually refer to
were proposed by Milner ([31]). They are the following axioms:

aT.P = aP
P+rP = 1P
a.(P+7.Q) = «a.(P+7.Q)+ a.Q

where « is a prefix capable of inducing an a-action whereas 7 is a prefix that codes up an internal action.
The tau laws have been widely used in the theory of process algebra.
There are two main approaches to the semantics of mobile processes:

e One is the symbolic approach ([20, 4]). This approach has been used to study the observational
equivalences of m-calculus. In [26] Lin has constructed complete systems for the strong early equiv-
alence, the strong late equivalence, the weak early congruence and the weak late congruence. The
symbolic approach applies to m-calculus both with and without the mismatch operator. Prior to
Lin’s work, Boreale and De Nicola has studied the strong early equivalence and the strong late
equivalence in the symbolic framework. In [25] Li has worked out the complete systems for the
strong open bisimilarity and the weak open congruence of the w-calculus without the mismatch
operator and for the strong open bisimilarity of the m-calculus with the mismatch operator. The
situation is summarized in Figure 1 and Figure 2. The picture is almost complete, except for the
case of weak open congruence in the presence of the mismatch operator.

e The other is the non-symbolic approach that has been the major choice in semantic investigation.
When it comes to axiomatic investigation of m-calculus, the non-symbolic approach presents a less
clear picture. Here are the status quos of some related issues:

— In the first published paper ([32]) on m-calculus Milner, Parrow and Walker defined four bisim-
ulation congruences. They are early equivalence, late equivalence, weak early congruence and
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Figure 3: Non-Symbolic Axiomatization with Mismatch
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Figure 4: Non-Symbolic Axiomatization without Mismatch

weak late congruence. No complete system was given for any of the four congruences. In [37]
Parrow and Sangiorgi improved the situation by giving complete systems for both the early
equivalence and the late equivalence. The m-calculus used in [37] has the mismatch operator.
Only recently Parrow has provided a proof that adding Milner’s three tau laws to the complete
system of the strong early, respectively late, equivalence is enough to get a complete system
for the weak early, respectively late, congruence ([36]). The approach Parrow has used is to
translate Lin’s symbolic system to a non-symbolic system in a uniform manner.

— We know even less about axiomatization for the m-calculus without the mismatch operator. In
this case the definitions of the early equivalence, the late equivalence, the weak early congruence
and the weak late congruence remain the same. But no axiomatic system for any of the four
has been discovered. The same problem is also open for testing congruence ([8, 3]).

— From a slightly different motivation Sangiorgi proposed open bisimilarities ([42]). His in-
vestigation focused on the strong open bisimilarity for the w-calculus without the mismatch
operator. A complete system for the congruence was presented using distinction indexed laws.
The theory of the weak open congruence was left undiscussed. In particular one does not have
any clue about the tau laws for the weak open congruence except the fact that Milner’s three
tau laws are valid for it.

— The open semantics for the m-calculus with the mismatch operator is virtually unknown. For
one thing nobody even knows how to define weak open bisimilarity in this case. If one uses the
mismatch operator in the study of the late and the early congruences, s/he has little reason
to reject the operator in the open semantics.

We summarize the status quo of non-symbolic axiomatization in Figure 3 and Figure 4.

There are many more open problems, in the theory of 7-calculus, than we have listed above. We give

below two of them that have been known for several years:

e One fundamental question is about the very definition of bisimulation. If we restrict our attention to
the fragment of the m-calculus with none of the choice, match, mismatch and replication operators,
we could define a strong bisimulation equivalence for this fragment completely the same as we have
defined the strong bisimilarity for CCS processes. Our intuition tells us that this is a congruence
relation! But a proof of this conjecture has been so far beyond our reach. A proof of similar result
for the asynchronous m-calculus is available though ([2]).

Another well-known unsettled problem is about the relationship between the weak barbed equiva-
lence and the weak early equivalence. Sangiorgi has proved in his PhD thesis that the two relations
coincide for the m-calculus with the mismatch operator and the big sigma operator ), where the
big sigma operator refers to the choice operator that can be applied to an arbitrary number of
operands. For the m-calculus with only the binary choice operator, the problem is still open. Al-
though most people believe that the coincidence does hold for w-calculus with binary choice, and
some even stated the conjecture as a theorem, the fact remains that nobody has come up with a
proof! All we know so far is that the coincidence holds for the image-finite processes and for the
asynchronous m-processes ([2]). By the way, the relationship of the barbed equivalence to other



equivalences in some calculi of mobile processes is much more subtle than most people would think.
In x-calculus for example the barbed congruence is very different from the ‘standard bisimulation
congruence’. See [12, 14] for details.

In present the biggest problem with the theory of process calculus is that it lacks of proof techniques.
We know how to prove a relation to be some bisimulation using inductions on the complexity of the
structures of processes or on the height of derivations. But that seems to be all we know. Experiments
with mobile processes have told us that a finer-tuned analysis of the operational semantics, as well as
the algebraic semantics, of process calculus is called for. Attacking the open problems in process calculi
may well help us in this direction. Results and proof methodologies obtained in the study of one process
calculus are very likely to be useful to the study of another process calculus.

This paper does not claim to provide any novel techniques for solving problems in process calculus.
Its contribution is to solve some of the problems raised in the above, and therefore to provide some
insight into the weak observational equivalences and the tau laws for m-calculus. Some of the results are
surprising, others are interesting. Our contributions can be summarized as follows:

e We formally prove that Milner’s three tau laws are sufficient to lift the complete systems for the
strong early equivalence and the strong late equivalence to complete systems for the corresponding
weak early congruence and weak late congruence. Our approach is different from Parrow’s and
shows that the mismatch operator plays a crucial role in the resulting systems. This part of work
was carried out independently from Parrow’s.

e We show that Milner’s three tau laws are definitely not enough for the weak open congruence. We
propose a simple and powerful tau law

7.P = 7.(P+[z=y|T.P)

that reveals more of the dynamic aspect of mobile processes than any of Milner’s tau laws. With
the help of this fourth tau law, we are able to construct a complete system for the weak open
congruence. This part of work should not be understood within the framework of open semantics.
The message it conveys has broader implication: For a calculus of mobile processes, one needs the
fourth tau law in general, although in some cases the law is derivable from other laws.

e We point out that the definition of the weak open bisimilarity for the w-calculus without the
mismatch operator can not be applied to the full m-calculus with the mismatch operator. We
propose two solutions. They give rise to early open bisimilarity and late open bisimilarity. So even
in the framework of open semantics there is an early/late dichotomy. The early open congruence
and the late open congruence are completely axiomatized using some new tau laws.

In this paper a lot of attention is paid to the tau laws. Some interesting relationship among the tau
laws used in this paper is revealed. Each of the tau laws is used in one of the complete systems studied
in this paper. There are altogether five complete systems for respective five weak congruences of the full
m-calculus. Three complete systems for strong congruences are also covered. Two of which are presented
for completeness. The other, the complete system for the strong open bisimilarity in the presence of the
mismatch operator, is the first of such system. The proofs of all the completeness results are structured
to bring out a general picture of the completeness proofs.

The main body of the paper is structured into three parts:

1. Section 2 studies the calculus of nondeterministic mobile processes ([42]). It is essentially the
m-calculus without the parallel composition, the restriction and the mismatch operators. Some
general preliminaries, like the open bisimilarity, equational system, Hennessy Lemma, saturation
lemma, promotion property, completeness theorem, are introduced in terms of this calculus. It is
pointed out that Milner’s three tau laws fall short of characterizing the weak open congruence as
far as the calculus of nondeterministic mobile processes is concerned. It is also pointed out that
the well-known Hennessy Lemma fails for the calculus of nondeterministic mobile processes. This
fact is related to the failure of Milner’s tau laws. A fourth tau law is introduced. It is proved that
the four tau axioms are enough to support a promotion lemma for the weak open congruence, from
which the completeness theorem follows easily.



2. Section 3 takes a look at the 7-calculus without the mismatch operator. The impact of the restriction
operator on both the definitions of the open bisimilarities and the equational systems is discussed.
Two complete systems for the weak open congruence are established: One uses distinction indexed
equality laws. This is essentially Sangiorgi’s system ([42]) extended with the four tau laws. The
other uses a schematic law in favour of the indexed equality laws. In both systems the fourth tau
law plays a crucial role.

3. Section 4 focuses on the full m-calculus with the mismatch operator. This part consists of three
subparts:

(a) Section 4.1 introduces equivalence relations for the full 7-calculus. A construction central to
later definitions of open bisimilarities is defined. The definition of strong open bisimilarity is
given by making use of the mismatch operator. It is shown that this equivalence coincides
with Sangiorgi’s open bisimilarity on the set of m-processes without the mismatch operator.
Three weak open bisimilarities for the full m-calculus are introduced. They are the same as
Sangiorgi’s weak open bisimilarity when restricted to the m-processes without the mismatch
operator. For completeness the definitions of strong/weak early and late equivalences are also
given.

(b) Section 4.2 investigates equalities for the full 7-calculus and their inter-dependent relationship.
These equalities include those for the mismatch operator and various tau laws. Using these
equalities, eight axiomatic systems are defined for the eight congruence relations. Some of
these systems are included for completeness.

(¢) Section 4.3 establishes the completeness result for each of the eight systems, introduced in the
previous section, with respect to the corresponding congruence relation. The proofs of these
results are given in a systematic manner.

The rest of the paper complements the main body in two aspects:
1. Section 5 makes a few comments and discusses some related issues.
2. Appendix A collects some proofs omitted in Section 4.

Section 2 is taken from an unpublished paper ([15]) by the first author. The technical results in
Section 3 are also due to him. The rest deal with bisimulation equivalences for the full m-calculus with
the mismatch operator, which is the joint work of both authors. A related piece of work is reported in
two extended abstracts ([18, 19]), also by the present authors, which discusses the y-calculus with the
mismatch operator.

2 The Calculus of Nondeterministic Mobile Processes

The m-calculus of Milner, Parrow and Walker ([32]) is the most widely studied calculus of mobile processes.
Communications in 7-calculus incur changes in topological structures of the participating processes,
causing the configuration of channel connections to evolve dynamically. This kind of mobility is supported
by the simple mechanism of confining the contents of communications to the set of channel names.

For the moment the full m-calculus is unnecessarily large. In this section we will be using a calculus of
nondeterministic mobile processes ([42]), obtained from 7w-calculus by omitting the composition operator
and the restriction operator.

Let NV be a set of names, ranged over by lower case letters; and let A/ denote the set of conames
{Z | x € N'}. The union N'UN will be ranged over by a. The processes are defined by BNF as follows:

P:=0|n.P|P+P|[xz=y]|P

where 7 € {a(z),az | a,x € N} U{r}. Here 0 is the inactive process. A trailing 0 in prefix forms is
often omitted. The process a(z).P is in input prefix form. It must receive a name at a to instantiate x
throughout P before P can be activated. On the other hand @z.P is a process in output prefix form. It
emits x at a first and then evolves as P. The process 7.P can become P after performing an internal
communication. The process [z=y]P behaves like either P or 0, depending on whether x = y or not.
The constructor [z=y] is often referred to as a match operator. The choice operator ‘+’ is well-known.



The process P+Q acts either as P or as @ exclusively, with the choice being made nondeterministically.
The name z in a(z).P is bound. A name appearing in P is free if it is not bound. The notations bn(P),
fn(P) and n(P) denote respectively the set of bound names, the set of free names and the set of names
appeared in P.

A context is a process with a hole. Formally a context C/[] is either [], or 7.C"[] for some context C’]]
and some prefix 7, or C'[| + P (P + C'[]) for some context C’[] and some process P, or [x=y]C’|] for some
context C’[] and some names x and y.

A substitution ¢ is a map from AN to A such that {z | o(x) # x Az € N} is finite. The notation Po
denotes the process obtained by replacing the free names in P according to o. A substitution is often
written as [y1/x1, ..., Yn/Tn], indicating that it maps z; onto y;, 1 < i < n, and is constant elsewhere. If

def def
o= [y1/T1,. .., yn/xn) then n(c) = {z1,. .., 20,91, .,yn} and rng(c) = {y1,...,Yn}
The operational semantics is defined by the following labeled transition system:

Prefiz

PP
Match

P=p

[x=z]P - P’
Choice
P> p Q=@
PrQ = P PHQ = @

In the above rules, 7 ranges over the set {a(z),az | a,2 € N} U {r}. So we have confused the meta
notation for action labels and that for prefixes.

Let = be the reflexive and transitive closure of ——. We will write == for == —"—+==>. We will also
write == for == if 7 # 7 and for = otherwise.

We will need to deal with a sequence of match constructs concatenated one after another. It is
convenient to have a meta symbol for such a sequence. In the rest of this paper u,p’,... denote finite
lists of match equalities. Suppose p is 1=y1,...,Zn=yn. Then pP denotes [z1=11]... [xn=yn|P. If p
logically implies p/, we write u = p'; and if both g = p/ and ¢/ = p we write p < p/. If 4 is an empty
list, it plays the role of logical truth, in which case puP is just P. Clearly a list u of match equalities
defines an equivalence relation on the set N of names. We write o, to denote an arbitrary substitution
that sends all members of an equivalence class to a representative of that class.

We will use the widely adopted a-convention saying that a bound name in a process can be replaced
by a fresh name, a name that does not appear in the process, without changing the syntax of the process.

We will assume throughout this paper that different bound names appeared in a process expression are
distinct. When we write Po =) P’ for instance, the reader should understand that we have applied the

necessary a-conversion so that x appears neither in o nor in P as a free name. The same assumption
will be applied to the names introduced by the restriction operator studied later on.

2.1 Open Congruence

The main focus of the algebraic theory of process calculi is on equivalences of processes. These equiv-
alences are extensional, or observational, in the sense that two processes are deemed to be equal if no
difference between them can be detected by other processes. Many observational equivalence relations
have been proposed in literature. They differ in the way observations are carried out and the extent
observations are made.

In an interleaving framework there are basically two approaches to detect difference between processes.
In the static approach two processes are placed in a same environment and the behaviours of the two
resulting systems are observed to the extent required by a particular application. Here the environment
is assumed static in the sense that it is not affected by external factors. The environment evolves only
as the result of its interactions with the subject processes. This approach is very much influenced by
the traditional view of equivalence of sequential programmes. The most well known equivalence relation
using the static approach is probably the testing equivalence ([8, 3]). The other approach is based on
a dynamic viewpoint. In this latter approach environments are subject to the influence of the outside



world and therefore can change all the time. This open world view is a reasonable one in the light
of modern development of the concept of computation. For mobile computing, distributed computing,
Internet computing or global computing, it is safer to regard the environment as dynamic. Now for two
processes to be indistinguishable in the dynamic viewpoint, not only that the operational behaviours of
the two processes should simulate each other in every environment but also that the descendants of the
two processes after the simulation should be able to simulate each other in every possible environment.
Equivalence relations enjoying the above conditions are various bisimulation equivalence relations on CCS
processes. The idea of Park ([35]) and Milner ([31]) is that two (strongly) bisimilar processes P and Q
should meet the zigzag property:

P and @) are bisimilar if and only if the following two conditions are satisfied:
(i) It P 2, P’ then Q 2, Q' for some @’ such that P’ and @’ are bisimilar.
(ii)) If @ 2, Q' then P 2, P’ for some P’ such that P’ and Q' are bisimilar.

Here X stands for an arbitrary action. The zigzag argument guarantees that whenever P performs an
action and evolves to P’ in an environment then @) can perform the same action and become @’ such
that P’ and Q' are subject to the same zigzag argument. This bisimulation property is strong enough to
ensure that bisimilar processes are observational equivalent in a dynamic computational environment. It
is clear that the above clauses are the description of a property rather than the prescription of a definition.
There are many relations that enjoy the zigzag property. Any one of them gives rise to an equivalence
relation. So what one is looking for is the largest such relation, which is often called bisimilarity. The
strong bisimilarity of CCS is defined as follows:

Let R be a binary relation on the set of CCS processes. R is said to be a strong bisimulation
if PRQ implies the following properties:

(i) If P 5 P’ then Q = @’ for some @’ such that P'RQ’.
(i) If Q = @' then P - P’ for some P’ such that P'RQ’.
The strong bisimilarity is the largest strong bisimulation.

Studies on m-calculus for example have inherited a lot of techniques and ideas from previous investi-
gations on CCS. There is however many phenomena in 7-calculus that call for completely new treatment.
The very definition of bisimulation of 7w-processes for instance poses problems not known in the studies of
CCS. For example, if one simply transplants the definition of strong bisimilarity for CCS to m-calculus,
one would obtain a relation too weak to be practical.

Definition 1. Let R be a binary relation on the set of nondeterministic mobile processes. R is said to
be a strong ground bisimulation if PR implies the following properties:

(i) If P " P’ then Q —— Q' for some Q' such that P'RQ’.

(i) If Q@ > @’ then P "~ P’ for some P’ such that P'RQ’.

The strong ground bisimilarity ~ is the largest strong ground bisimulation.

For one thing the strong ground bisimilarity is not closed under the prefix operation. For a binary
relation on the set of nondeterministic mobile processes to be closed under input operator, it is necessary
that the relation be closed under substitutions of names. One solution is to take the largest bisimulation
closed under substitution to be the equivalence relation. This is precisely the approach adopted by
Sangiorgi ([42]).

Definition 2. The strong open bisimilarity ~, is the largest strong ground bisimulation that is closed
under substitution.

In a standard manner we can define weak open bisimilarity.

Definition 3. Let R be a binary relation on the set of nondeterministic mobile processes. R is said to
be a weak open bisimulation if it is closed under substitution and if whenever PR(Q then the following
properties hold:

(i) If P = P’ then Q == Q' for some Q' such that P'RQ’".

(ii) If @ - Q' then P == P’ for some P’ such that P'RQ’.

The weak open bisimilarity ~, is the largest weak open bisimulation.



M1 uP = WP if psu
M2 [z=y|P = [z=y|Ply/x]

M3 [p=y[(P+Q) = [z=y|P+[z=y|Q

S1 P+0 = P

2 P+Q = Q+P

S3 P+(Q+R) = (P+Q)+R

S4 [z=y|P+P = P

Figure 5: The Core System AS,

The relation =z, is not a congruence relation; it is not closed under the choice operator. From both a
programming point of view and an algebraic point of view one is interested in congruence relations. The
canonical way to obtain a congruence from a bisimulation equivalence is to take the largest congruence
relation contained in the bisimulation equivalence. This approach was adopted by Milner in the study
of CCS ([31]) and is now widely used in process algebra. Alternatively one can define the congruence
in terms of the bisimulation equivalence. For m-calculus this alternative definition can be given in a
uniform manner. In the following definition we assume that &~ is an arbitrary bisimulation equivalence
on T-pProcesses.

Definition 4. Two processes P and @) are weakly congruent, notation P ~ @, if P ~ @ and, for each
substitution o, the following conditions are satisfied:

(i) If Po — P’ then @’ exists such that Qo == Q' and P’ ~ Q'.

(ii) If Qo — Q' then P’ exists such that Po == P’ and P’ ~ Q’.

We will write ~, for the open congruence defined from =, in the manner of Definition 4.

2.2 Equational System

For each equivalence, one searches for an inference system consisting of a finite set of equalities and a
finite set of rules. A useful inference system should be both sound and complete for the observational
equivalence. Soundness means that all derivable equalities are equivalent whereas completeness says that
all equivalent processes can be proved equal in the system. A completeness theorem for an equivalence
is a landmark in our understanding of the relation.

In [32] Milner, Parrow and Walker propose four bisimulation congruence relations, which are respec-
tively strong early equivalence, strong late equivalence, weak early congruence and weak late congruence.
To study the axiomatization of the w-calculus, they introduce the match operator and formulate the
expansion law in terms of this new operator. The importance of the match operator is that it enables
one to code up concurrency of mobile processes in terms of nondeterminism in an interleaving framework,
using the well-known expansion law. In the same paper Milner, Parrow and Walker have initiated the
study of complete systems for mobile processes. Technically speaking the systems they propose are for
the strong late bisimilarity and the strong early bisimilarity. These two relations are not congruence
relations. In the systems for the two bisimilarities there is a noteworthy inference rule:

If Ply/xz] = Q[y/x] for every name y free in either P or @ then a(x).P = a(z).Q.
For systems of congruence relations the above inference rule can be simplified to the following rule:
If P =Q then a(x).P = a(z).Q.

In this paper all axiomatic systems are for congruence relations.

A complete system for a weak observational equivalence consists of two parts. One is the subsystem
complete for the corresponding strong observational equivalence. The other contains the so-called tau
laws. In this section we give an equational system that is the core of all the systems studied in this paper.
This system is given in Figure 5, which was first used by Sangiorgi in [42]. It is actually the complete
system for the strong open bisimilarity on the finite nondeterministic mobile processes.

Suppose Ry,..., R, are equational laws. Provability in system AS. U {Ri,...,R,} is defined as
follows: AS.U{Ry,...,R,} F P =Q if one of the followings holds:

e P = (@, meaning that P and @) are the same syntactical object;

10



MD1 [z=y]0 = 0
MD2 [x=z]P = P
MD3 uP = p(Po,)
SD1 P+P = P
SD2 uP+P = P

Figure 6: Derived Laws of AS,

e Some context C] and processes A, B exist such that

P = C[A]
¢Bl = Q

and either A = B or B = A is an instance of one of the axioms in AS. U{R1,...,R,};

e Some contexts C1[],...,Cy[] and processes Ay, ..., A, B1,...,B,, for n > 2, exist such that
P = Cl [Al}
Cl [Bl] = 02 [AQ]
On—l[Bn—l] = On [An]
CnlBn] = Q
and, for all ¢ € {1,...,n}, either A; = B; or B; = A, is an instance of one of the axioms in

AS. U {Rl, .. ,Rn}

A more popular way to define the provability in AS, is to introduce equivalence and congruence
rules. The equivalence rules say that the provability relation is reflexive, symmetric and transitive. The
congruence rules declare that the provability relation is closed under all the operators of the calculus.
For instance from P = @ one can derive that 7.P = 7.QQ, P+R = Q+R and [z=y]P = [z=y]Q. Write
AS. F' P = @ to mean that the equality P = @ is derivable from the axioms of AS. together with the
equivalence and congruence rules. The following lemma can be proved by simple induction.

Lemma 5. AS.F P = Q if and only if AS. + P = Q.

From now on we will confuse the two notations and use only F.
When AS.U{Ry,...,R,} b P = Q we say that P = Q is provable in AS.U{Ry,...,R,} or that

the major laws and/or rules in the derivation of P = Q. Some derived laws of AS. are given in Figure 6,
which have all been used by Sangiorgi in [42].
For a finite collection {P;}ic(1,....n} Of processes, we write

> h

i€{1,mn}

for the process
(... ((Pr+Po)+P3)+...)+P,

In view of S2 and S3 the order of the occurrence of P; in the above expression does not matter. As a

matter of fact we will often write
Pi+P+P3+...+P,

without any parenthesis since it does not cause any confusion in the algebraic investigation.
A process P is in normal form if it is of the shape

Z piaqi(z). Py + Z HiG; T Py + Z i B

i€y i€ls i€ls

11



T1 T.7.P
T2 P+7.P
T3 7.(P+1.Q)

m.P
T.P
7.(P+71.Q)+ 7.Q

Figure 7: Milner’s Tau Laws

in which x does not appear free in P and Iy, I5, I3 are pairwise distinct. The depth of a normal form

process, notation d(P), is defined as follows: (i) d(0) ef 0; (ii) d(w.P) 4 d(P); (ili) d(P+Q) dof

. def
max{d(P),d(Q)}; (iv) d([z=y]P) = d(P).
In AS, a process can be converted to a normal form process without increasing its depth. Its proof is
standard.

Lemma 6. A process P is provably equal to a mormal form process P’ in the system AS. such that
d(P") < d(P).

The proof of the following completeness theorem can be found in [42].

Theorem 7. AS, is sound and complete for ~,.

2.3 The Insufficiency of Milner’s Tau Laws for Open Semantics

In view of the fact that in CCS Milner’s three tau laws are capable of promoting a complete system
for the strong congruence to a complete system for the weak congruence, one is tempted to think that
the same is true for the calculus of nondeterministic mobile processes. Figure 7 gives the tau laws in
m-calculus. The soundness is obvious.

Theorem 8. AS.U{T1,72,T3} is sound for ~,.

The popular view would have us believe that the corresponding completeness theorem also holds. In
the rest of this section we prove that this is not the case.

A process P is a t-process if it contains neither input prefix nor output prefix. For instance [z=y](7 +
[a=b]T.7) is a t-process, but [x=y]a(z) is not. In the following proof, we need to work with t-processes
with holes. For that purpose we introduce the notion of t-context defined as follows: (i) [] is a t-context;
(ii) if C] is a t-context then C[] + P, P + C[], 7.C[] and [z=y|C|[] are t-contexts, where P is a t-process.
In other words t-contexts are contexts with neither input prefix nor output prefix. With the help of t-
contexts, it is easy to indicate an occurrence of 7 in a t-process. Suppose P is a t-process and P = C[r.Q)]
for some t-context C[] and some t-process ). Then the explicit 7 in C[7.Q)] is an occurrence of 7 in P. In
what follows we will simply say that P = C[r.Q)] is a tau occurrence in P. A terminating tau occurrence
is a tau occurrence P = C[7.Q)] such that @ contains no occurrence of 7.

Definition 9. The match guard of a t-context C[], written M(CY]), is a list of equalities defined as

follows: (i) M([]) is the empty list; (i) M(C[)) & M(C"]) if C[) is C'[|[+P, or P+C"]], or 7.C"[; (i)
M([z=y]CT) = 2=y, M(C)).

We will say that the match guard of a (terminating) tau occurrence P = C[7.Q] in P is the match
list M(C])).

Definition 10. A process P is in t4-form if it is a t-process and for some distinct x and y the following
properties hold:

1. There exists some tau occurrence P = C[r.Q).
2. For every terminating tau occurrence P = C’[7.Q)'] it holds that M (C'[]) = x=y.

If a process has a tau occurrence it has a terminating tau occurrence. It follows that a process in
t4-form contains at least one match operator.

Lemma 11. Suppose P is a process in tf-form and AS. U {T1,T2,T3} - P = Q. Then Q is also in
t4-form.

12



Proof. Suppose P is a process in t4-form. Suppose further that AS. U {T1,72,T3} - P = Q is AS. U
{T1,72,T3} + C[A] = C[B] for some t-context C[], obtained by applying one of the axioms.

o AS.U{T1,T2,T3} C[A] =C[B]is AS. U{T1,T2,T3} + C[uR] = C[/R], obtained by applying
M1. Suppose that for a particular terminating tau occurrence in R its match guard in C[uR] and
C[p'R] are pp and p) respectively. Then py < p) because p < p/. It follows from py = x=y that
wy = x=y. If R has no occurrence of 7 then C[uR] has a terminating tau occurrence in C[]. So
C[R] has a terminating tau occurrence. Thus C[n’R] satisfies the two conditions of Definition 10
and therefore is in t4-form.

o AS.U{T1,T2,T3} F C[A] = C[B]is AS.U{T'1,T2,T3} I C[[a=b]R] = C[[a=b]R[b/a]], obtained by
applying M2. If @ = b then C[[a=b]R[b/a]] = C[[a=b]R]. Otherwiselet p,a =b,a1 = by,...,a, = by
be the match guard in C[[a=b]R] of a terminating tau occurrence in R. Then the match guard
w' of that particular terminating tau occurrence in C[[a=b]R[b/a]] is the list p,a = b,a;1[b/a] =
bi[b/al,...,an[b/a] = by[b/a]. Tt should be clear that

/Ll A ,u,a:b,al[b/a] :bl[b/a]a'~~aan[b/a] :bn[b/a’]
~ M7a:baa1:b1a---7an:bn
= z=uy.

Therefore C[[a=b]R[b/a]] is in t4-form.

o AS.U{T1,T2,T3} F C[A] =C[B]is AS.U{T1,72,T3} F C[[a=b](R+ S)] = C[[a=b]R + [a=b]5],
obtained by applying M3. Then the match guard in C[[a=b](R+.5)] of a terminating tau occurrence
in R is the same as the match guard in C[[a=b]R + [a=b]S] of the terminating tau occurrence in R.
It follows that C[[a=b](R + S)] is in t4-form if and only if C[[a=b]R + [a=b]S] is in t4-form.

o AS.U{T1,T2,T3}+ C[A] = C[B] is obtained by applying S1, or S2, or S3. In these cases C[B] is
obviously in t4-form.

o AS.U{T1,T2,T3} I C[A] = C[B] is AS, U {T1,T2,T3} - C[[z=y]R + R] = C[R], obtained by
applying S4. If R contains a tau occurrence, then all terminating tau occurrences in [z=y|R + R
are also terminating tau occurrences in C[[z=y|R + R|. As C[[z=y]R + R] is in t4-form, all these

terminating tau occurrences satisfy the second condition in Definition 10. It follows that C[R] also
satisfies the second condition in Definition 10. Thus C[R] is in t4-form.

e AS.U{T1,T2,T3} - C[A] = C[B] is obtained by applying T1. If P has no occurrence of tau,
then both 7.7.P and 7.P have only one terminating occurrence. Otherwise a tau occurrence in P
is terminating in 7.7.P if and only if it is terminating in 7.P. This is enough to show that C[B] is
in t4-form.

o AS.U{T1,T2,T3} + C[A] = C|B] is obtained by applying T2 or T3. The situation is similar to
the previous one.

This completes the proof. O
Theorem 12. 7.[x=y|T = 7 is not provable in AS. U{T1,T2,T3}.
Proof. 1t is clear that 7.[x=y|7 is in t4-form. If AS. U{T1,72,T3}F 7.[x=y]r = Q then, by Lemma 11,

Q is in t4-form. So @) contains at least one match operator, which means that it can not be 7. O

2.4 The Failure of Hennessy Lemma for Mobile Processes

In the proof of completeness theorem for the weak congruence in CCS, the following result, which is
attributed to Hennessy in [31], plays a crucial role:

Lemma 13 (Hennessy Lemma). If P = @ then either 7.P ~Q or P~ Q or P ~1.QQ.

Here = is the weak bisimilarity and =~ is the largest congruence relation contained in ~. In the proof
of the completeness theorem by induction, Hennessy Lemma helps to lift P ~ @Q to either 7.P ~ @ or
P~ Q or P~ 7.QQ, thus allowing the induction hypothesis to apply.
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T4 TP = T.(P—i—[ac:y]T.P)‘

Figure 8: The Fourth Tau Law

In m-calculus however Hennessy Lemma does not hold in general! For a counter example, consider
the following three propositions

T.r=y]T =, O (1)
e=glr = 0 @)
[z=ylr =, T (3)

None of them holds although [x=y]T &, 0 is true. In (1) a tau action from 7.[z=y]7 can not be matched
up by any tau action from 0. In (2) a tau action from ([x=y|7)[x/y] can not be matched up by any
tau action from O[z/y]. And in (3) a tau action from 7 can not be matched up by any tau action from
[w=y]T.

In the calculus of mobile processes, local version of Hennessy Lemma does hold. Let’s explain what
we mean by that using the above example. Assuming & = y then (3) is valid. If  # y then (2) is true.
In the symbolic approach ([20, 4]), complete systems for weak congruence relations can be achieved by
exploiting the local Hennessy Lemma.

A provability judgement in the symbolic approach is of the form C Fsg P = @, where AS is an
axiomatic system and C' is a set of equalities and/or inequalities on names. Among the non-symbolic
approach, Sangiorgi’s open semantics is the simplest ([42]). Provability in Sangiorgi’s system is of the
form F 5 P = Q for at least the part of m-calculus without the restriction operator. Axiomatization of
open congruences has been discussed in the strong case, but not in the weak case. The failure of Hennessy
Lemma is another way to say that the three tau laws fail to lift a complete system for the strong open
bisimilarity to a complete system for the weak open congruence as the resulting system is not capable of
proving the equality 7.[z=y|T = 7.

2.5 The Fourth Tau Law

We need to extend AS. U {T'1,72,T3} to achieve a complete system for the weak open congruence. We
will show that it is sufficient to add a single law, the fourth tau law. The new axiom, T4 in Figure 8,
involves a match operator. It is the simplest among all the alternatives we have come up with. Some of
the consequences of T4 are discussed below.

Lemma 14. AS.U{T1,72,73,T4} +7.P = 7.(P + ur.P).

Proof. When p is empty, the result follows from T1 and T2. So the base case holds. Now observe that

rp = 7.(P + [z=y]T.P)
*L% (P + plr=y|r.P + [z=y|7.P)
(P pla=y]r P + [r=y]r.(P + pr.P))
2 (P + pla=y]7.P + [a=y|7.(P + p7.P)[y/x])
= (P + ple=ylr.P + [w=y|r.(P + plz=y]7.P)[y/z])
L (Pt pla=y]r.P + [e=y)r.(P + pla=y]7.P))
Z (P + pla=ylr.P)
So the proof can be completed by induction on the number of match operators in . O

Lemma 15. AS . U{T1,T2,T3,T4} - 7.P =71.(P+_,.; n7.P) for a finite nonempty indexing set I.

14



Proof. Lemma 14 provides the base step, and the following derivation provides the induction step:

T.(P+ ZMT.P + ut.P) TE 7.(P+ Z,uﬂ.P + ur.(P+ Z w;T.P))

icl iel iel
= 7.(P+ Z,uiT.P)
il
A . p
where the second equality holds by Lemma 14. O

2.6 Saturation

The proof of completeness is always much harder than that of soundness. In the standard proof of
completeness theorem for the weak congruence on finite CCS processes ([21, 31]), one verifies first that
every normal form process is provably equivalent to a saturated normal form process using the three tau
laws. Recall that a process P is saturated if, for every a, P >+ P’ whenever P == P’. It follows that
P is in saturated normal form if and only if whenever P == P’ then a.P’ is a summand of P. Now if P
and Q are weakly congruent saturated normal form processes and P —— P’ then Q == Q' for some Q’
such that Q' ~ P’, where ~ denotes the weak equivalence. By saturation, Q — @’ and therefore a.Q’
is a summand of Q. If, and this is a nontrivial if, we can deduce by induction hypothesis that a.P’ is
provably equal to «.QQ’, which is much weaker than saying that P’ is provably equal to @', then we can
conclude that every summand of P is provably equal to a summand of @, and vice versa. This gives us
the required completeness.

If one is only interested in completeness proof, then the notion of saturated process is not needed.
What is really necessary is the following saturation property:

If P =% P’ and P is in normal form then P and P + a.P’ are provably equal.

From the point of view of axiomatization, the role of saturation property is to relate operational semantics
to equational rewriting.
For m-calculus the situation is a little bit more complex.

Lemma 16 (saturation). Suppose Q is in normal form. The following saturation properties hold:
(i) If Qo,, == Q' then AS,U{T1,T2, T3} Q = Q + paz.Q'.

(i) If Qo “2 Q) then AS, U{T1,T2,T3} F Q = Q + pa(z).Q'.
(ii) If Qo == Q' then AS. U{T1,T2,T3}FQ = Q + pr.Q’".

Proof. A standard exercise using Milner’s tau laws. O
In the proof of the saturation lemma, the role of Milner’s tau laws is to systematically remove tau

prefixes which only induce operationally unobservable actions.

2.7 Promotion

A careful examination of the role of Hennessy Lemma in the completeness proof for CCS shows that what
it really comes down to is the following property:

If P = @ then either 7.P = Q, or P = @, or P = 7.Q) is provable.

So Hennessy Lemma helps to transfer a semantic statement to a proof theoretical one. As a matter of
fact, as far as completeness is concerned, the following weaker property is all one needs:

If P~ Q then 7.P = 7.Q) is provable.

We will call it promotion property. Although the Hennessy Lemma does not hold in the calculus of
nondeterministic mobile processes, the promotion property does hold.

Lemma 17 (promotion). If P =, Q then AS.U{T1,T2,T3,T4} F 7.P = 1.Q).
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Proof. Suppose P =, Q). The proof is carried out by induction on the sum of the depths of P and Q. By
Lemma 6 we may concentrate on normal form processes. Suppose P is of the form

Z Nzaz(I)R + Z uzmxlpl + Z ,Uzi’T'.Pi
i€l i€l icls
and @ is of the form
i (@).Q + > widr Q5+ Y 1T.Q;
e i€z jETs

a;oy, (x) aio,,; ()

If pi;a;(x).P; is a summand of P then (u,a;(x).P;)o,, —> " P;o,, must be matched up by Qo,,
Q' such that Pio,, ~, Q'. Both P;jo,, and Q' are in normal form and d(P;o,,) + d(Q’) < d(P) + d(Q).
So by induction hypothesis AS. U{T1,72,T3,T4} F 7.P,o,, = 7.Q". It follows that

AS, U{T1,T2,T3, T4} - piai(z).P; “2° a0, (z).Po,,
o wia;oy, (z).7.Poy,
o, (2).r.Q
o piaio,, (x).Q'

Therefore AS. U {T1,72,73,T4} F pia;(z).P; + Q = pa;0,,(2).Q"+ Q = Q by Lemma 16. Similarly
one proves that AS. U{T1,72,T3,T4} \ u;a;x;.P; + Q = Q whenever p;a;z;.P; is a summand of P.
Now suppose p;7.P; is a summand of P. Then (u;7.F;)o,, = Pio,,. Some Q' must exist such that
Pio,, ~, Q" and either Qo,, = Q' or Qo,, = Q'. By induction hypothesis AS. U {T1,72,T3,T4} -
T.P;o,, = 7.Q" is provable. In the first case it can be easily shown that AS. U {T1,72,73,T4} F
w;T.P; + Q = @, using Lemma 16. In the second case one has
AS,U{T1,T2,T3, T4} + p;7.P, "% pir.Po,,
= /’I’iT‘QO—Mi
MD3
=" wr.Q
In summary AS. U{T1,T2,T3, T4} & >, TP+ Q = > _icp iuim.Q + Q for some subset I of I3. So
ASU{T1,T2,T3,T4} = P+Q = >,/ i7.Q+Q. It follows from Lemma 15 that AS.U{T'1,T2,T3,T4} I-
T.(P+Q) = 7.2 e i™Q + Q) = 7.Q. Symmetrically AS. U {T1,72,73,T4} + 7.(P+Q) = T.P.
Therefore AS. U{T1,T2,T3,T4} - 7.P = 7.Q). O

The promotion lemma relates the algebraic semantics to equational rewriting. It promotes a pair of
semantically equivalent processes to a pair of proof theoretically equal processes.

2.8 Completeness
The saturation and promotion properties suffice to establish the following absorption property:
If P and @ are congruent then P + @) is provably equal to P.
Of course, under the same assumption, P + @ is also provably equal to ). Hence the completeness.
Theorem 18 (completeness). AS.U{T1,T2,T3,T4} is sound and complete for =,.

Proof. The soundness part is clear. The proof of completeness is almost the same as that of Lemma 17.
Suppose P =, @ for normal form processes P and @ and that p;7.P; is a summand of P. Then
(piT.P)o,, —— P;o,, must be matched up by Qo,, == Q' for some Q' such that Po,, ~, Q. By
Lemma 17, AS.U{T'1,72,T73,T4} F 7.P;0,, = 7.Q'. Therefore AS.U{T'1,T2,T3,T4} - 11,7.P;+Q = Q.
Thus AS.U{T1,72,T3,T4} - P+Q = Q. Symmetrically AS.U{T1,72,T3,T4} - P+Q = P. Therefore
AS. U{T1,T2,T3, T4} P =Q. O

The proof of the completeness theorem is very similar to that of promotion lemma. The difference is to
do with the induction step. In the latter proof one uses induction hypothesis whereas in the former proof
one refers to the promotion lemma. This is a general phenomenon. As a matter of fact the difference
between the proof of a promotion property and that of the associated completeness theorem is so minor
and routine that in most cases the latter proof can be safely omitted.
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2.9 Remark

The previous sections convey three pieces of information. The first is that Hennessy Lemma does not
hold in calculi of mobile processes. The second is that Milner’s three tau laws are insufficient for weak
open congruence on mobile processes. And the third is that a new tau law is necessary to deal with
match operator under prefix operation. The first two are closely related. All the three observations have
wide implications to non-symbolic approach to axiomatization.

It has come a long way to settle down on the axiom T4. The first solution, proposed by Fu in an
early version of [14], is a conditional equation rule formulated as follows:

P43 e it P =Q+ ZjeJ piT-Q
7.P=71.0Q

The premises of the rule is an equational formalization of P =, ). The role of the rule is to promote
P =, Q to 7.P = 7.QQ, which is necessary to allow the proof of Lemma 17 to go through. In the final
version of [14] Fu made an observation that the rule is equivalent to the following law:

T.P=71.(P+ Z wiT.P)
iel

It was after the submission of the final version of [14] that he realized that, in the presence of AS, U
{T1,72, T3}, the above equality can be simplified to

7.P = 1.(P4ur.P)

which can be further simplified to T4. It is difficult to imagine an equivalent axiom that is simpler
than T4. This fourth tau law pinpoints the places where Milner’s three tau laws fail. In the presence
of the match operator, Milner’s tau laws fail to cover all the aspects of mobility incurred by internal
communication.
In [14] the following equality is given as an equality that holds semantically but is possibly not provable
by Milner’s tau laws:
T.(azx + [z=ylay) = T.ax (4)

Notice that (4) is an instance of T4. The discovery of T4 led us immediately to
T r=ylr =71 (5)

This is probably the simplest counter example. Thanks to its simplicity, we are able to formally justify
our intuition that (5) is not provable using only Milner’s tau laws.

3 The Pi Calculus without Mismatch

The 7-calculus without the mismatch operator is the calculus of nondeterministic mobile processes ex-
tended with the parallel composition operator and the restriction operator. In this section we investigate
some aspects of the algebraic theory of this language. The novelty of this section is as follows: (i) We
give a complete system for the weak open congruence of the w-calculus without the mismatch operator
using distinction. (ii) We give an alternative complete system without using distinction.

3.1 Parallel Composition

Syntactically if P and @) are processes then P|(Q is a process of the parallel composition form. Semantically
the two components of the processes P|Q can either evolve independently or communicate through
common names. In m-calculus the operational semantics of the operator is defined as follows:

Composition
P2 P bn(N)N/n(Q) =0 P p Qg P p QMg
PlQ = P'IQ P|Q > P'ly/2]|Q PlQ > (2)(P'Q")
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We have left out the symmetric rules. This operator does not have any effect on the definition of
open bisimilarity. Definition 22 remains valid. From the point of view of axiomatization, the parallel
composition operator can be easily dealt with using the well-known expansion law. In 7-calculus the law
takes the following form ([32]):

Ai=a(x) Ai=ay
PIQ = 2o mhePIQ)+ i A (PIQ) + 3 patm (RlyfallQ)) + 3 mnsm(PIQulye)
i€l jeJ Aj=ay Aj=a(x)

where P is ), ; piAi. Py and Q is ZjeJ ;i A;.Q;. This law makes most evident the philosophy of inter-
leaving semantics. The expansion law for the full m-calculus with the mismatch operator can be obtained
by replacing the y; and p; in the above law by ¢; and ¢; respectively, where ¢; and ¢; denote arbitrary
finite sequences of mixed match and/or mismatch operators.

In the rest of this paper we ignore the parallel composition operator most of the time. This operator
is significant only in Section 4.1.5.

3.2 Restriction

A restriction process usually takes the form (x)P, where (z) is the restriction operator. The name z in
(z)P is also bound. The operational semantics of the subcalculus of m with the prefix, restriction, match
and choice operators is defined below.

Prefiz
PP
Restriction B
PP zdgnaN PP
()P 2 ()P’ ()P 2 pr
Match
P2 p
[x=2x]P 2 p
Choice
P2 p Q-
P+Q 2 P! P+Q 2 @

In the above rules A ranges over {a(z),azx,a(z) | a,x € N} U{r}. The label a(x) denotes a restricted
output, where = is bound. We will also use A to range over the set of extended prefixes, which contains
the tau, the input prefixes, the output prefixes and the restricted output prefixes. A restricted output
prefix is defined as follows:

a(z).P < (2)az.P

The set of the subject names of A, notation subj(A), is defined as follows: (i) subj(T) P (ii)
subj(a(x)) ef {a}; (iii) subj(az) e {a}; (iv) subj(a(zx)) ef {a}. The definition of context has to
take into consideration of restriction. Formally we add to the previous definition of context the following
clause: (z)C| is a context whenever C] is a context.

The restriction operator adds a lot of expressive power to the calculus of mobile processes. It also
adds complications to semantics. For instance, the definition of the open bisimulation must be modified
since a free name introduced by a restricted output action should be kept distinct from any other name.
In order to formalize the idea, Milner, Parrow and Walker introduced distinctions ([32]). A distinction
imposes permanent inequalities on names.

Definition 19. A distinction is a finite symmetric and irreflexive relation on names. Distinctions will be
denoted by D, D’ etc.. The notation D\x denotes D\ {(x,y), (y,2) | y is a name}. The set of distinctions
will be denoted by D.

Definition 20. A substitution o respects a distinction D if (a,b) € D implies o(a) # o(b). Similarly, a
match sequence p respects a distinction D if (a,b) € D implies u % a=b.
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L1 )0 = 0

L2 (@)P = (y()P

L3 (0)(P+Q) = (2)P+(x)Q

L4 (x)m.P = wm.(x)P if x & n(m)
L5 (x)m.P = 0 if x € subj(m)
L6 (o)ly=z]P = [y=2|(z)P if v & {y,z}
L7 ()[z=y]P = O ifx#y

Figure 9: General Axioms for Restriction

Using the above definition, Sangiorgi defined a class of distinction indexed bisimulations in [42].

Definition 21. The set R = {R”}pep of binary symmetric relations on processes is a strong open
bisimulation if, for each distinction D € D and for each substitution o respecting D, PR?Q implies the
following properties:

(i) If Po 2, P’ and ) is not a restricted output action then Q' exists such that Qo 2, Q' and P'RP°Q’.
(ii) If Po %) pr then Q' exists such that Qo 5=} Q' and P"RP'Q’, where D' is Do U{z}x fn(Po+Qo)U
fn(Po+Qo)x{z}.

P is strong open bisimilar to @ with respect to D, notation P ~2 @Q, if there exists a strong open
bisimulation R = {R”}pep such that (P,Q) € RP. We say that P is strong open bisimilar to Q if
P~PQ.

The equivalence N?g will be compared to an alternative definition of strong open bisimilarity for the

full m-calculus with the mismatch operator. Since we will take a close look at the weak version of ~?, we
will not say anything more about it except stating a completeness result at the end of this section.

Definition 22. The set R = {RP}pep of binary symmetric relations on processes is a weak open
bisimulation if for each distinction D € D and for each substitution o respecting D, PRPQ implies the
following properties:

(i) If Po 2, P’ and ) is not a restricted output action then Q' exists such that Qo 2 Q' and P'RP°Q’.

(ii) If Po %) pr then Q' exists such that Qo ) Q' and P'RP'Q’, where D' is Do U{z}x fn(Po+Qo)U

fn(Po+Qo)x{z}.
P is weak open bisimilar to @ with respect to D, notation P ~2 (, if there exists a weak open bisimulation
R = {RP}pep such that (P,Q) € RP. We say that P is weak open bisimilar to Q if P ~? Q.

In the standard manner one can define the largest congruence ~? contained in ~%.

The proofs of the two lemmas below use the standard argument ([42]).
Lemma 23. If P~P Q and D C D' then P =2 Q.

Lemma 24. If i respects D then Po, ~Don Qo implies pP ~P Q.

3.3 System Using Distinction

We now begin to investigate the weak open congruence. This subsection follows [42] closely. Our contri-
bution is to give a complete system for the weak open congruence. To get a complete system for zg, we
need laws that deal with the restriction operator. Now the system actually allows one to derive equal-
ities indexed by distinctions. So there are also some laws that manipulate indexed equalities. Figure 9
summarizes some general laws for restriction, which appeared first in [32]; and Figure 10 provides three
distinction indexed laws due to Sangiorgi ([42]).

Let AS; be AS.U{L1,L2, L3, L4,L5,L6,L7,LI11,LI2,LI3}. Note that the law L7 is derivable from
ASy\ {L7} using LI1 and LI3. In some systems without the indexed equalities LI1, LI2 and LI3, the law
L7 is indispensable.

In ASy one can show that every process can be rewritten to a normal form. But since equalities are
now indexed by distinctions, we need to define normal forms with respect to distinctions.

Definition 25. Suppose D is a distinction. A process P is a D-normal form, or D-nf, if P =", _; pi . P;
such that, for each 4, u; respects D and Pjo,, is a Do,,,-normal form.
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LIl [a=b]P =p O if (a,b) € D
LI2 P =D Q ifP:D/Qand D’QD
LI3 ()P =p. (2)Q it P=pQ

Figure 10: Distinction Indexed Axioms

The definition of the depth of a process need be modified to take into account of the restriction
operator. Let d((z)P) be the same as d(P).

Lemma 26. Suppose D is a distinction and P is a process. Then there is a D-nf H such that ASy
P =p H and d(H) < d(P).

The proof of the above lemma can be found in [42]. The proof of the saturation properties, stated in
the next lemma, is simple.

Lemma 27. Suppose Q is a normal form. The following saturation properties hold:

(i) If Qo == Q' then AS; U{T1,T2,T3} F Q = Q + paz.Q'.

(1t) If Qo gﬁ Q' and x does not appear in u then ASqU{T1,T2, T3} + Q = Q + pa(z).Q’.
(iii) If Qo == Q' then ASqU{T1,T2, T3} Q= Q + ut.Q".

(w) If Qo =) Q' and z does not appear in pu then AS;U{T1,T2, T3} Q = Q + pa(z).Q’.

The next lemma states the promotion properties.
Lemma 28. If P ~D Q then AS; U{T1,T2,T3,T4} +1.P =p 7.Q.

Proof. The proof is similar to that of Lemma 17. By Lemma 26, we can assume that both P and @
are D-nf’s. We only consider restricted output actions. Suppose p;a(x).P; is a summand of P and

Poy, *) Pio,,. Then Q' exists such that Qoy, & Q' and Po,, =P Q' = Q'0,,, where D' =
Do, U{z}x fn(Po,,+Qou,) U fn(Po,,+Qo,,)x{x}. Let D" be DU{x}x fn(P+Q)U fn(P+Q)x{x}.
Then 1;P; ~P" 11;Q' by Lemma 24. So ASq U {T1,T2,T3,T4} + 7.;P; =p» 7.4;Q" by induction

hypothesis. Hence AS; U{T1,72,T3,T4}  azx.u; P; =p» az.u;Q’, from which it follows from LI3 that
ASqU{T1,T2,T3,T4} F a(z).p;P; =p a(x).1;Q". Thus

AS U{T1,T2, T3, T4} - Q =p Q-+walz).Q'
= Qtua(e). Q'
=p Q+pa(x).ub;
2D Qtpal(w).p;
The rest of the proof is similar to that of Lemma 17. O

The proof of the completeness theorem is similar to that of Lemma 28.
Theorem 29. AS, U {T1,T2,T3,T4} is sound and complete for ~.

For the purpose of completeness we state a relevant result due to Sangiorgi ([42]).
Theorem 30. AS; is sound and complete for NQ,

We end this section by mentioning that the strong and weak open bisimilarities are conservative
extensions over the ones on nondeterministic mobile processes.

0

Lemma 31. On the set of nondeterministic mobile processes ~° and ~!

and =,.

coincide respectively with ~,

The proof of the above lemma amounts to showing that ~,, respectively =2,, is a weak, respectively
strong, (-open bisimulation and conversely NQ, respectively %g, is a strong, respectively weak, open
bisimulation. These can be done in a routine manner.
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L8 ()Cllz=y|P] = (x)C|0] ,y are not bound in C[] and z#y |

Figure 11: A Schematic Law for Restriction

3.4 A Schematic Law for Restriction

There is an alternative to the complete system studied in the previous subsection. In this new system
one uses a schematic law in favour of the indexed laws LI1, LI2 and LI3. The schematic law, labelled
L8, is given in Figure 11. The reason to call it schematic is that an arbitrary context C[] is used in
the description of the law. When applying L8 one must make sure that neither x nor y is bound in the
context C[] and that they are distinct names. It is clear that the law L7 is a special case of L8 in the
presence of L1.

The reason to have L8, a law stronger than L7, is to deal with the match operator under restricted
output prefix. For example

a(z).[z=y|P = a(x)

is an instance of L8. It is very unlikely that it can be derived from L7.
Let AS, be AS.U{L1,L2,L3,L4,L5,L6,L7,L8}. Then we have the following important result.

Theorem 32. AS, is sound and complete for NQ.

To prove the theorem we need to introduce some additional machinery and establish quite a few
intermediate results. We are not going into these proofs in the present paper. The interested reader is
referred to [17].

The generalization of these proofs to the weak case is a formality.

Theorem 33. AS, U{T'1,72,T3,T4} is sound and complete for :g.

4 The Full Pi Calculus

Complete systems for the strong late congruence and the strong early congruence are given in [37]. The
version of the m-calculus they use has the mismatch operator. Although the operator is debatable from
a computational point of view, its role in axiomatization seems indispensable in many places. The full
m-calculus with the mismatch operator has the following abstract syntax:

P:=0|n.P|(x)P|P+P|[z=y|P | [z#y]|P
where 7 := a(z) | ax | 7. The operational semantics of the mismatch operator is as follows:

Mismatch
PP aty
[x#y|P 25 P!
In the presence of the mismatch operator the operational semantics is no longer preserved by substitution.
In other words the stability property for operational semantics, as stated below, fails:

If P2 P’ then Po 2% P'o for any substitution o.

However the next lemma is valid.
Lemma 34. Suppose Po AL P then P’ and A exist such that P" = P'o and X' = Ao.

So we may write Po 2%, P'g without losing any generality. This fact will be used implicitly later on.

Suppose Y is a finite set {y1,...,yn} of names. The notation [y€Y|P stands for [y#£y1] ... [y#£yn.]P.
When using this notation, the order of the mismatch operators in [y#£y1]. .. [yZy,]| P is not relevant. From
now on we will write ¢ and 9 to stand for sequences of match and mismatch operators concatenated one
after another, J for a sequence of mismatch operators, and as before y for a sequence of match operators.
Consequently we write 1»P. When the length of v is zero, ¥ P is just P. The notation ¢ = 1 says that
¢ logically implies 9 and ¢ < ¢ that ¢ and ¢ are logically equivalent. The closure of 1, notation c(¢),
is defined as follows:
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For x,y such that x # y, ¢(¢) contains z = y, respectively = # y, whenever ¢y = x=y,
respectively 1 = xFy.

We will write 1\, for the sequence of match and mismatch operators in ¢(1/) that do not involve x. We
will write =% to mean the disjunction, so to speak, of the negations of the components of ¥. For instance
if ¢ is [z=y][a#b][c=d] then —¢ P stands for [x#y|P+[a=b]|P+[c#£d|P

Definition 35. Let V be a finite set of names. We say that 1 is complete on V if n(¢)) C V and for
each pair x,y of names in V it holds that either ¥ = x=y or ¢ = x#y.

Suppose ¢ is complete on V' and n(¢) C V. Then it should be clear that either ¥¢ < ¥ or ¥¢ < L.
In sequel this fact will be used implicitly.

Definition 36. Suppose ¢ is a substitution and v is a sequence of match/mismatch operators. Then
o respects ¢ if ¢ = x=y implies o(x) = o(y) and ¢ = x#y implies o(z) # o(y). Dually ¢ respects o
if o(x) = o(y) implies ¥ = x=y and o(z) # o(y) implies ¥ = x£y. Moreover ¢ agrees with ¢, and
1) agrees with o, if they respect each other. The substitution o is induced by ¥ if it agrees with ¢ and
rnglo) C n(w).

Definition 37. Suppose J is a sequence of mismatch operators and D is a distinction. Then D respects
0 if § = x#y implies (x,y) € D. Dually 6 respects D if (x,y) € D implies § = x#y. Moreover ¢ agrees
with D if they respect each other.

The proof of the next lemma can be found in [37].
Lemma 38. If ¢ and v are complete on V and both agree with o then ¢ < .

When defining open bisimilarities we need, for every pair x, y of names, an auxiliary operation denoted
by (L)*#¥. This operation inserts the mismatch operator [z#y] in front of every prefix operator. The
structural definition goes as follows:

[w#y] def 0

(m.P)E7v] = [pyln. PP where {x,y} Nbn(x) = 0
el L () Ple#Y) where 2 ¢ {2, y}
Ayl def - plezyl | glaty]
([u=v)P)l#¥] & [y=y] Ple#y]
([ustv] Yol 8 [ty play]
When constructing P*#¥! one must rename the bound names of P to prevent z,y from being captured.

The following lemma records a simple fact about this operation. It says that the presence of a mismatch
operator is irrelevant from an operational point of view if the names involved are free and distinct.

Lemma 39. Suppose bn(A\) N{z,y} =0 and x,y are distinct names. Then the following properties hold:
(i) If P 2 P and x # y then Plo#yl 2, (P')laul
(i) If Pl#yl 2, P! then P! exists such that P —— P’ and P" = (P’)[wiy]'

For Y = {y1,...,yn}, let P#Y] denote (... (Ple#vil)lz#v2l )le#un] When this notation is used the
order of applying the operations (_)=#vil . . ())le#vnl is deﬁnltely not important.
It should be easy to see that the operatlon () [+#4] is to make distinctions syntactically explicit.

4.1 Bisimulation Theory of the Full Calculus

The stability of the operational semantics simplifies the theory of the bisimulation equivalence because
it allows one to define bisimilarities that enjoy the following property:

If P25 P’ is simulated by @ 2 Q' then Po 2%, P'g is simulated by Qo 2% Q'o.
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This property holds for the open bisimilarities of the calculi studied in the previous two sections. If
stability fails, the above property is too strong to be of practical interest. In this case the best one could

expect, even though we know that @ 2, Q' simulates P 2 p , is that for each substitution o some

Q1 exists such that Qo 22, @)1 simulates Po A% plg provided that Po can perform the action Ao.
It is therefore natural to anticipate that the bisimulation theory without the stability property is quite
different from what we have seen in the previous two sections.

The full w-calculus fails to hold of the stability property. The algebraic investigation we have carried
out for the m-calculus without the mismatch operator needs to be redone, starting from the very definitions
of bisimulations.

4.1.1 Late and Early Equivalences

It is well-known ([32]) that there are two versions of strong bisimilarity, late and early bisimilarities.
They differ in the treatment of input actions. The early approach regards input as an action that receives
a name at the same time the action happens whereas the late one thinks of input as a commitment of
an action that is to pick up a name before the next observable action occurs. The latter reminds one of
asynchronous communication. It is a rather intentional interpretation of the operational semantics. The
late bisimilarity is strictly stronger than the early one whether the model has mismatch operator or not.
Let’s review the definitions of the strong early equivalence and the strong late equivalence.

Definition 40. Suppose R is a symmetric binary relation on the set of processes. The relation R is a
strong late bisimulation if whenever PR then the following property holds:

(i) If X is not an input action and P 2, P’ then some Q' exists such that Q 2, Q'RP.

(ii) If P =) P’ then some Q' exists such that Q a(=) Q' and, for every y, Q'[y/z|RP'[y/x].

The strong late bisimilarity ~; is the largest strong late bisimulation. Two processes P and () are strongly
late equivalent, notation P ~; @Q, if Po~;Qo for every substitution o.

Definition 41. Suppose R is a symmetric binary relation on the set of processes. The relation R is a
strong early bisimulation if whenever PR then the following property holds:
(i) If X is not an input action and P 2, P’ then some Q' exists such that Q N Q'RP'.

a(z)

(ii) If P —= P’ then, for every y, some @’ exists such that Q ata) Q' and Q'|y/x]RP’'y/x].
The strong early bisimilarity ~. is the largest strong early bisimulation. Two processes P and @) are
strongly early equivalent, notation P ~. Q, if Po~.Qo for every substitution o.

It is easily seen that ~; is strictly contained in ~.. The following is an example exhibiting the
difference: One has
a(z).R+a(z)+a(z).[t=y|R ~c a(z).Rta(z)
but not
a(x).R+a(x)+a(z).[r=y]|R ~; a(z).R+a(z)

Using the mismatch operator a more general counter example can be given: It is clear that
a(z).Pta(z).Q+a(z).([z=y| P+[z#y]Q) ~. a(z).P+a(z).Q

but not
a(w).P+a(x).Q+a(a).(a=y] P+e#4)Q) ~ a(z).P+a(x).Q

As a matter of fact this counter example is so general that it characterizes the difference between early
and late equivalences.
An interesting equality that holds for both the strong early equivalence and the strong late equivalence
is the following
Cllz=y]P]+C[0] ~; [z=y]C[P]+C[0]

where both x and y are free in C[[z=y|P]. If a substitution ¢ identifies z and y then C[[x=y]P]o can be
simulated by ([x=y]C[P])o, otherwise it can be simulated by C[0]o.
Next we define the corresponding weak equivalences.
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Definition 42. Suppose R is a symmetric binary relation on the set of processes. The relation R is a
weak late bisimulation if whenever PR then the following property holds:

(i) If X is not an input prefix and P 2, P’ then some Q' exists such that Q 2 Q'RP'.

(i) If P “) P’ then some Q' exists such that Q ) Q' and for every y some Q" exists such that

Q'ly/x]=Q"RP'[y/x].

The weak late bisimilarity zlw

late equivalent, notation P ~! Q, if Po’fi:iUQJ for every substitution o.

is the largest weak late bisimulation. Two processes P and @) are weakly

Let %Z} be the alternative of &, defined by replacing the clause (ii) by the following requirement

(i) If P %) pr then some Q' exists such that @ &) Q' and Q'[y/x]RP'y/x] for every y.

It is well-known that %Z) is not even an equivalence relation. The following counter example is taken

from [42]. Let a be different from 7 and define:

p ¥ c(a).Ja=bla+c(a).(T.Ja=bla+T.a+T)
P def c(a).(r.[a=bla+T.a+7)
Py def c(a).(t.a+T)

L - U . . .
Then P& Pyl Py but Py, Ps. On the other hand, PA&4 PAL Py and PAL Ps.

Definition 43. Suppose R is a symmetric binary relation on the set of processes. The relation R is a
weak early bisimulation if whenever PR then the following property holds:

(i) If X is not an input action and P 2, P’ then some Q' exists such that Q 2 Q'RP'.
a(x)

(i) If P “) P/ then for every y some Q' and Q" exist such that Q =——= Q" and Q" [y/x]—=Q'RP'[y/x].
The weak early bisimilarity A is the largest weak early bisimulation. Two processes P and @) are weakly
early equivalent, notation P ~¢ Q, if Po&{ Qo for every substitution o.

The next two lemmas appeared in [37], in which ~ stands for either ~¢, or ~! , and similarly & stands
for either A, or %iu

Lemma 44. Suppose that o is injective on fn(P+Q). Then P=Q if and only if Po&=Qo.

Lemma 45. Suppose v is complete on V' D fn(P+Q) and o agrees with 1. Then Y Po=ypQo if and
only if WPZ=YQ if and only if (WP)o=(¢YQ)o if and only if Y P =~ Q.

Proof. By Lemma 44 we may assume that o is induced by . It follows easily from [x=y]P~[z=y|P[y/x]
that ¥ PoyQo if and only if Y P=&yQ. Now o is injective on fn(Po+Qoc). So (Y Po)oz=(1¥Qo)o by
Lemma 44. Therefore (¢ P)o~(yQ)o. Consequently ¥ P = Q). O

4.1.2 Strong Open Bisimilarity

The strong open bisimilarity introduced by Sangiorgi makes use of distinctions, whose role is to record
names that should be kept distinct from each other in two relevant simulating processes. Distinctions
formalize the fact that, in m-calculus, a local name in a process is never identified with any other name
during the evolution of the process. In this paper we show that the distinctions are not necessary in
the presence of the mismatch operator. To start with we show how this can be achieved for strong open
bisimilarity.

Definition 46. Suppose R is a symmetric binary relation on the set of processes. The relation R is a
strong open bisimulation if whenever PRQ then the following properties hold for every substitution o:
(i) If Po 2, P’, where ) is not a restricted output action, then some Q' exists such that Qo 2, QRP.
(i) If Po ) prand o ¢ fn(Q) then some Q' exists such that Qo =) Q' and (P")#YIR(Q")l=2Y],
where Y is fn(P'+Q’) \ {z}.

The strong open bisimilarity ~, is the largest strong open bisimulation.
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Intuitively a restricted name is kept distinct from any other name by inserting enough mismatch
operators in front of all occurrences of prefix. This is necessary because names can be instantiated at
every bisimulation step in the open semantics. It should be pointed out that in the above definition

(p/)[x€(fn(P’+Q')\{w})}R(Q’)[$€(fn(P/+Q')\{x})]

should not be replaced by (P")FZUnPN=HIR Q2@ bl Otherwise it would result in a bad
equivalence relation. But for the above definition it is not obvious that ~, is an equivalence relation. We
are not going to prove this fact here since we will establish the equivalence property for the weak open
bisimilarities.

We have also overloaded the notation ~,. Some clarification is called for. In what follows we show
that the two definitions of ~, are consistent. We need two auxiliary lemmas whose proofs we omit, the
first of which is due to Sangiorgi ([42]).

Lemma 47. Suppose P and Q are processes in the mw-calculus without the mismatch operator, D is a
distinction and o is a substitution. If P ~P Q and o respects D then Po ~P Qo.

Lemma 48. Suppose D is a distinction. If P ~2 Q and z ¢ fn(P+Q) then P ~P\e g,
In order to get our result, we prove a more general result.

Theorem 49. Suppose P and @Q are processes in the mw-calculus without the mismatch and the distinction
D agrees with the substitution 5. Then P ~2 Q if and only if P® ~, Q°.

Proof. (i) Let R be {(P?,Q%) | P ~P @ and D agrees with § for distinction D and substitution o }U ~,.
We prove that R is a strong open bisimulation in the sense of Definition 21. First of all we need to show
that R is closed under substitution. Now suppose PPRQ?, that is P ~P Q and D agrees with 6. If o
respects § then o respects D, therefore Po ~P7 Qo by Lemma 47, and consequently (Po)%"R(Qc)%°. If
o does not respect § then (P?)o ~, 0 ~, (Q°)o.

Now suppose that P ~2 @Q and that D agrees with §. If P° 2, pr then, by Lemma 39, one has
P 2 P' and P” = P'%. There are two cases:

e )\ is not a restricted output action. It follows from P ~2 @ that Q 2, Q' ~P P’ for some Q'. By
Lemma 39, Q° 2, QPRP".

e )\ is a restricted output action @(z). It follows from P ~2 @ that Q =) Q' NOD' P’, where D’ is

DU {z}x fn(P+Q). Clearly Q° =) Q" and D’ agrees with d[zZfn(P+Q)]. It is also clear that
fn(P'+Q)\ {x} C fn(P+Q). By Lemma 48, P’ ~D" @' implies P’ ~P" Q" where D" is a distinc-

tion that agrees with 8[z&(fn(P’ 4+ Q') \ {z})]. So PSlE&(n(F'+QN\{= DR Qolx&(fn(P'+Q\{=})],

So R is a strong open bisimulation in the sense of Definition 21. Thus P ~2 @ implies P° ~, Q°.

(ii) The proof that P° ~, Q° implies P ~P @Q, where D agrees with §, is similar to (i). For a
distinction D, let RP be {(P,Q) | P’ ~, Q°, § agrees with D} and let R be {R”}pep. It can be
proved that R is a strong open bisimulation, in the sense of Definition 46, for the m-calculus without the
mismatch operator. O

Corollary 50. P ~2 Q if and only if P ~, Q for P,Q that do not contain any mismatch operator.

Therefore ~, of the full m-calculus is a conservative extension of NQ, which by Lemma 31 is a con-
servative extension of ~, of the calculus of nondeterministic mobile processes. So the confusions are

harmless.

4.1.3 Weak Open Bisimilarities

In the presence of the mismatch operator there are at least three weak versions of open bisimilarity. In
what follows we examine each of the weak open bisimilarity in turn. We first take a look at the most
loose weak open congruence. It is an obvious generalization of the strong open bisimilarity. This is akin
to Sangiorgi’s version of weak open congruence he introduced for mobile processes without the mismatch
operator.
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Definition 51. Suppose R is a symmetric binary relation on the set of processes. The relation R is a
weak open bisimulation if whenever PR(@ then the following properties hold for every substitution o:

(i) If Po 2, P’ where ) is not a restricted output action, then some @Q’ exists such that Qo 2 Q'RP.

(ii) If Po =) P’ and z ¢ fn(Q) then some Q' exists such that Qo @ Q' and (P")=2YIR(Q")[=2Y],
where Y is fn(P'+Q’) \ {z}.

The weak open bisimilarity ~} is the largest weak open bisimulation.

Weak open bisimilarity is a very loose equivalence relation. This can be seen from the following

example:

a(x).[z#y|T.P4a(x).P =¥ a(x).[x#y]T.P
The action a(z).[z#£y|T.P + a(x).P %) p is simulated by a(x).[xz#y]T.P “) T, p. The equivalence
is reasonable in the absence of the parallel operator. But the combination of the mismatch and the
composition would render anomalous the weak open bisimilarity. For instance the above equivalence
does not imply the following

(a(z).[xAylT-P+a(z).P)lay =7 (a(x).[r#ylT.P)lay

The action (a(z).[r#y]7.P+a(x).P)|ay — Ply/x]|0 can not be matched up by any action from the
process (a(x).[r#£y]T.P)|ay. In our view (a(x).[z#£y]T.P+a(z).P)|ay and (a(z).[x#y]7.P)|ay should not
be identified by any reasonable bisimulation equivalence.

The anomaly is caused by the delay of instantiation of input actions, which would not have been a
great problem in the absence of the mismatch operator. With the mismatch operator around it seems
better to let the instantiation happen immediately. For that purpose we introduce below two versions of
refinement of the weak open bisimilarity. The first one is the late open bisimilarity.

Definition 52. Suppose R is a symmetric binary relation on the set of processes. The relation R is a
late open bisimulation if whenever PRQ then the following properties hold for every substitution o:

(i) If Po A p , where \ is neither a restricted output action nor an input action, then some @’ exists

such that Qo 2 Q'RP.

(ii) If Po a(=) P’ then some Q' exists such that Qo :>ﬂ Q', and for each y, some Q" exists such that
Q'ly/z]=Q"RP'[y/z].

(iii) If Po ") P and x ¢ fn(Q) then some Q' exists such that Qo Gy Q' and (P")FEYIR(Q")=2Y],
where Y is fn(P'+Q’) \ {z}.

The late open bisimilarity ~! is the largest late open bisimulation.

The third open bisimilarity we consider is the early open bisimilarity. The difference between the late
open bisimilarity and the early open bisimilarity is in analogy to that between the weak late bisimilarity
and the weak early bisimilarity.

Definition 53. Suppose R is a symmetric binary relation on the set of processes. The relation R is an
early open bisimulation if whenever PR(Q then the following properties hold for every substitution o:
(i) If Po 2 p , where X is neither a restricted output action nor an input action, then some Q' exists
such that Qo N Q'RP'.

(ii) If Po “T) P’ then for every y some @' and Q" exists such that Qo — Q" and Q"[y/z] =
QRP'[y/x].

(iii) If Po %) proand o ¢ fn(Q) then some Q' exists such that Qo =) Q' and (P")FEYIR(Q)EY],
where YV is (fn(P'+Q") \ {z}).

The early open bisimilarity ~¢ is the largest early open bisimulation.

As one would expect the late open bisimilarity is stronger than the early open bisimilarity. The next
lemma summarizes the relationship among the three open bisimilarities.

Lemma 54. ~\C~¢C~Y and the inclusions are strict.
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Proof. The first inclusion is by definition. Here is a counter example that justifies the strictness of the
inclusion:

a(x).Jr#y|T.Pta(x). [x=y]|T.P = a(x).[x#y]|T.P+a(x).[x=y]T.P+a(z).P
but

a(x).[z#y|T.P4a(z). [x=y]T.P %, a(m).[x;éy]T.P—l—a(x).[x:y}T.P—i—a(x).P

Suppose P ~¢ @ and P “%) P’ Then some Q" and Q' exist such that Q =23 Q” and Q" = Q' =~¢ P'.

That is Q :> Q' =¢ P'. Hence P =Y ). The strictness of the second inclusion is verified by the following
counter example:

a(x).[x#y|T.P =Y a(x).[x#y]T.P + a(x).P
but
a(x).[xy|T.P %S a(x).[x#y]T.P + a(z).P

This completes the proof. O

4.1.4 Weak Open Bisimilarities are Equivalence Relations

The open bisimilarities are by definition closed under substitution. It is however not obvious that they
are equivalence relations. The next lemma, whose proof can be found in Appendix A.1, is the crux of
the equivalence proof. It says that the presence or absence of a mismatch operator does not affect the
algebraic equality of two processes if the relevant names are distinct and not both of them appear in the
processes.

Lemma 55. The following properties hold for ~,:

(i) If P =\ Q then Pl7vl aL Q7]

(ii) If P & Q) and (2,4} € fn(P+Q) then P ~, Q.
(i) and (ii) also hold for ~¢& and ~Y.

o

Now we are ready to show that the weak open bisimilarities are equivalence relations.

Lemma 56. ~., ~¢ and ~¥ are all equivalence relations.

Proof. We prove transitivity and consider only input and restricted output actions. Suppose P ~! Q
and Q ~) R. If P — P’ then some Q' and Q" exist such that Q :>im)> Q" and, for every v,

Q"ly/r) = Q' =~ P'ly/z]. As Q =~ R, we have R” and R" such that R — ) gy and, for
every y, R'[y/z] = R" =~ Q”[y/x] Consequently R = R' ~! Q' =~ P'[y/z] for some R'.

Now suppose P Gl P’. Then by definition Q E—ﬂg Q' and R E—ﬂg R’ for some Q' and R’ such that

(PHlg(n(P+@O\ )] b (Q)leg(In(P'+@O\=}] ang (Q)=g(n(B Q=] ! (R)e&(fn(R+Q)\{z})]
By (i) of Lemma 55 one gets

a(x)

(p/)[IQ(fn(P'JrQ'JrR’)\{I})] zi) Q' )[I€(fn(P +Q'+R)\{z})] (R') [aZ(fn(P'+Q"+R)\{z})]

It follows from (ii) of Lemma 55 that (P')F&Un(P+RON=D] &L (R e@(n(P +RO\{a})]
The proofs of the other two equivalence relations are the same. O

It is easily checked that Lemma 47 and Lemma 48 also hold for ~. This fact is used in the proof of
the following theorem.

Theorem 57. The three relations %l ~¢ and =¥ coincide with ~"

e Y ? on the set of m-processes without the
mismatch operator.

Proof. The m-calculus without the mismatch operator enjoys the property that if P 2, P’ then Po 2%
P'o for each substitution o. By definition ~¢, ~. and ~% are closed under substitution. It is then easy
to see that the three relations coincide with each other on the set of m-processes without the mismatch
operator since it does not matter which instantiation scheme we use. We only have to show that =¥ also
coincides with ~, when restricted to these processes. Notice that ~Y is closed under parallel COInpOblthIl
for processes without the mismatch operator.

27



~w
—o

Lg /iﬁ\w
L
S~

Figure 12: The Order Structure of the Eight Congruence Relations

(i) Let R be {(P°,Q%) | P ~P Q for some D such that D agrees with §}U ~*. We prove that R
is a weak open bisimulation up to ~¥ on the set of m-processes without the mismatch. First we show

that R is closed under substitution. Suppose PORQ°. If o agrees with ¢, it agrees with D as well. By
Lemma 47, we have that Po ~27 Qo. So (Po)’*R(Qo)%?. Otherwise ¢ does not agree with d, in which

case (P%)o ~* 0 ~¥ (Q%)o. Now consider the actions of P°. If P° 2, P” then, by Lemma 39, we have

P 2. P’ and P” = P’ There are two cases:

e If )\ is not a restricted output action then it follows from P ~2 Q that Q 2 0 ~D P’ for some

Q' and, by Lemma 39, Q° 2 QPRP?.

e If \ is a restricted output action @(z) then it follows from P ~P @ that Q @) Q' ~p P,

where D' is D U {z} x fn(P+Q). Therefore Q° g Q". Using the facts that P’ zOD/ Q@' and that
(fn(P'+@Q)\ {z}) C fn(P+Q), one obtains that P’ ~P" Q' where D" is D U {z}x(fn(P'+Q’) \
{z}) U (fn(P'+Q") \ {z})x{x}. Since D" agrees with §[zZ(fn(P'+Q’) \ {z})], one gets that
PRlE(P N\ DR eleg(fn(P'+Q )\ =),

If we let D be the empty set then P ~, @ implies P =¥ @ for P and @) without the mismatch operator.
(ii) Now we show that ~“C~?. The proof is similar to (i). For a distinction D, define R to be

{(P,Q) | P° =* Q°, D agrees with §}

and let R be {RP}pep. Then R is a weak open bisimulation in the 7-calculus without the mismatch
operator. By letting D be the empty set one gets that P =¥ ) implies P %g Q.
This finishes the proof. O

4.1.5 Weak Congruence Revisited

It is clear that ~¢ is not a congruence relation. It is preserved neither by the summation operator nor

by the mismatch operator. For instance

[x#ylaa #; [v#y]T.aa

This is because the right hand can perform a tau action and become @a. But aa is not early open bisimilar
to [r#y]aa. The same can be said about the other two weak open bisimilarities. We will write ~! and
~¢ for the congruence relations defined respectively from &! and &€

Similarly we will write ~! ~¢ and ~* for the congruence relations defined respectively from ~
~Y in the manner of Definition 4.

The inclusion structure of the eight congruence relations is described in Figure 12, where an arrow
indicates a strict inclusion.

For the full w-calculus with the parallel operator one can apply the well-known expansion law to
transplant its algebraic theory to that of nondeterministic mobile processes with restricted output. The
only exception is the weak open bisimilarity. However we can redefine the weak open congruence ~¢ as
the largest bisimulation congruence relation contained in ~¥. In light of the following proposition this

does not give rise to a new congruence.

in the manner of Definition 4.

l e
oy ¢ and

Proposition 58. In the full w-calculus with the parallel composition operator, ~¥ coincides with ~¢.

e
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Proof. The proof of ~$C~¥ is trivial.
Suppose P ~¥ (). We now prove that it is an open early bisimulation. We only consider the

case of input action as the rest is easier. Suppose Po o) P’. Because ~Y is a congruence relation,
Polay.bb ~¥ Qolay.bb for fresh names y and b. Now Polay.b — P'[y/x]|bb. This action must be

matched up by Qolay.bb = Qi|ay.bb — Q2|bb = Q3]bb ~¥ Ply/x]|bb, from which it is easy to see

w
o

that Qo = @1 alz) Q', Q'ly/x] = Q2 = Q3 and Q3 ~¥ Ply/z]. Consequently ~¥ is an open early

bisimulation. Conclude that ~¥C~¢. O

In what follows we will refer to ~L, ~¢, ~! ¢ as the ground congruences and ~%, ~L ~¢ ~¥ as

s w 0 o’ o
the open congruences.

4.2 Laws of the Full Calculus

The laws of the full m-calculus can be divided into three groups: The first group consists of basic laws that
hold for all the eight congruences. In addition to the laws given in Section 3 and Section 4, this group
has laws about the mismatch operator. The second group contains those laws that are valid for some
strong congruence but not all the strong congruences. These laws are particularly interesting. The third
group collects all the tau laws used in this paper. Some of the tau laws are good for all the congruences.
Others only hold for some of the congruences. The relationship among the laws is complex. This section
tries to unveil part of the picture.

4.2.1 Basic Laws

In Figure 13 some basic laws for the full 7-calculus are listed, together with all the equivalence and
congruence rules, all of them can be found in [32] or [37]. The laws M4 and M5 deal with the mismatch
operator. The law S5 also involves the mismatch operator. The rest of the laws have already been
seen in Section 3.2. This set of rules and axioms will be referred to as AS. They are sound for all
the observational equalities, for the full m-calculus, that we are aware of. Their intended meanings are
obvious.

The axioms about the mismatch operator in Figure 13 enables us to derive some interesting equalities
for m-processes. In Figure 14 some important derived laws are given. The proofs that these laws follow
from AS can be found in [37]. To establish D5 for example, one shows that both (z)[y#z|P and [y#z](x)P
are provably equal to [y#z](x)[y#z]P, using L6 and S5. Notice that D6 is derived from L7.

In [42] completeness theorem is proved for strong open bisimilarity on m-processes without the mis-
match operator. A more streamlined approach is used in previous sections to establish complete result
for weak open congruence of the same language. In the presence of mismatch operator, the method
of [42] and previous sections should be modified. First of all the normal forms of the processes in the full
m-calculus need be redefined.

Definition 59. Let V be a finite set of names. A process P is a complete normal form on V if it is of

the form

> ki P

i€l
such that bn(A;) NV =0, ¢; is complete on V and P; is a complete normal form on V U bn();) for each
rel.

Let d(P) be the maximal number of nested prefix operators in P. The definition of d(P) extends the

one given previously by requiring that d([z#£y]P) def d(P).

Lemma 60. For a process P and a finite set V of names such that fn(P) C V there is a complete
normal form Q on'V such that d(Q) < d(P) and AS+ Q = P.

The proof of the above lemma is by simple induction. Use S5 if necessary to transfer outermost
sequences of match and mismatch operators to complete ones on V.
We now derive some more equalities in AS.

Lemma 61. Suppose that y1,...,y, are pairwise distinct names and Y is the set {y1,...,yn}. Then
AS F P = [z=y1]P+... +[x=y,|P+[z¢Y]P.
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E1l P = P

E2 Q = P if P=Q
E3 P = R fP=Q=R
C1 P = 7.Q ifP=0@Q
C2 [z=y|P = [z=y]Q if P=0Q
c3 AP = [eAyQ it P=Q
C4 P+R = Q+R itP=0qQ
C5 (x)P = (2)Q itP=@Q
L1 )0 = 0

L2 (@))P = (y)Pr

L3 @)(P+Q) = (1)P+()Q

L4 (x)m.P = m.(x)P if v & n(n)
L5 (z)ym.P = 0 if x € subj(m)
L6 (@)ly=z]P = [y=2|(x)P if v ¢ {y, 2}
L7 (@)z=y]lP = O ifex#y
M1 0P = P if oo 0
M2 [x=y|P = [v=y|Ply/x]

M3 [r=y|(P+Q) = [v=y|P+[z=y|Q

MA [pAl(P+Q) = (oY Pay)Q

M5 [z£z]P = O

S1 P+0 = P

S2 P+Q = Q+P

S3 P+(Q+R) = (P+Q)+R

S4 [x=y|]P+P = P

S5 [z=y|P+[z#FylP = P

Figure 13: AS: Basic Rules and Axioms for the Full Pi Calculus

D1 YP+P = P
D2 [xz=2]P = P
D3 [z=y]0 = 0
D4 [z#4]0 = 0
D5 ()P = AP it d {2}
D6 (WatnP = ()P it 24 y
D7 ()P = P it 2 & fn(P)

Figure 14: Some Laws Derivable from AS

Proof. First of all notice that the following equality is valid by D1 and S5:
AS & [z=y|P+[z#y|[r=2]P = [z=y|P+[z==2]P

which can be derived as follows:

[r=y|P+[zyl[z=z2]P = [a=y|P+[z=y|[z=2]P+[z#y|[z=2]P
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@l = @) 7>y @ on(CT) and 7
M6 [z£y|m. P = [z#y]m.[x#y|P {z,y}Nnbn(r) =0
S6  a(x).Pta(z).Q = a(z).Pt+a(z).Q+a(z).([r=y]P+[z#£y]Q)

Figure 15: Additional Laws

L8a  (z)Clla7ylP] = (2)C[P] x,y & bn(C]]) and z7y
L8b ()Pl = (2)P x & bn(P) and z#y
M6a Pl#Yl = [x#y|P

Figure 16: Laws Equivalent to L8 or M6

When n = 1 the lemma is just S5. Suppose the lemma holds for n > 1. Then

ASFP Z o=y, ] P+[ay, )P
"2 fr=y | PHeAy ) ([e=y1) P+ .. [r=y,| P+ [2¢Y | P)
L o=y PRy ) lr=y1] P+ oy [o=ya] P+{zgY | P
D o=y PHo=p P+ .. HaAyo ] [o=y. | P+zgY’| P
QO le=ypi1 | PHr=y1|P+ . . . +Hr=yn] P+ [zgY"|P
[x=y1]P+ ... +[z=yn| P+[z=y, 11| P+[zgY'|P
where Y/ = {y1,..., Yn, Ynt1}- O

The following generalization of Lemma 61 is also useful. For a proof of it, see Appendix A.2.
Lemma 62. If\/, ;i is a tautology then AS &Y, ;P = P.

The next lemma explains why M5 is necessary.
Lemma 63. If ) < 1 then AS+¢P =0.
Proof. Obviously ¢ < L if and only if ¢ < x#xz. We are done by using M5. O

4.2.2 Additional Laws

All complete systems studied in the rest of the paper extend AS. Each of these systems contains some
of the axioms listed in Figure 15. The law S6 was first proposed in [37] and the law M6 was introduced
in [32]. Notice that L8 and L1 imply L7.

In Figure 16 some equivalent formulations of L8 and M6 are given. The next lemma establishes the
equivalence of 1.8, LL8a and L8b on top of the system AS.

Lemma 64. ASU{L8}+ L8a, ASU{L8a}+ L8b and AS U {L8b} I L8.
Proof. The following inference shows that AS U {L8} F L8a:
(z)C[P] (2)Cllz=yl P+[x#y] P]
(z)Cl0+[z7#y] P]
= (2)C[[z7y]P]
The fact ASU{L8a} F L8b is clear. And AS U {L8b} - L8 is established easily as follows:

(@)Clle=y)P] "2 (2)C[lz=y|P]"*V
= (x)C’[O][“"#y]

where the second equality holds by Lemma 63. O
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L8 and L8a are formulated in terms of contexts while L8b has the virtue that it does not explicitly
refer to the notion of contexts. On the other hand L8 has the advantage of not using mismatch operator
and therefore is applicable to a wider range of calculi.

The next lemma relates M6 and M6a.

Lemma 65. ASU{M6} F M6a and ASU{M6a} + M6.
Proof. Assume that {z,y} Nbn(mw) = (. Then M6a implies M6 because
[wtynr.P B (PP
L (m ety Py
MO [ostylm [oty) P
The converse is proved by structural induction. O

In view of the above two lemmas, we will use L8 to stand for any of the three laws L8, L8a, L8b and
M6 for either of the two laws M6, M6a.

L8 is valid for the strong open bisimilarity whereas M6 holds for the strong early/late bisimilarity. It
should come as no surprise that the latter implies the former in AS.

Lemma 66. ASU{M6}F L8.

Proof. AS I\ (z)Pl=#Y] MO (x)[z#£y| P Y (z)P. O
The law S6 can not be deduced from the law S5. The latter is valid for all the congruences whereas

the former is invalid for the open congruences.

4.2.3 Tau Laws

In order to extend AS to complete systems for the weak observational congruences of the full m-calculus,
we need the tau laws in Figure 17. There are altogether six tau laws. The first two are familiar. The rest
four need some explanation:

e The T3 in Figure 17 is a generalization of the T3 in Figure 7, taking into account of the mismatch
operator. The general T3 is equivalent to the restricted T3 in the presence of M6. But in general the
former strictly subsumes the latter because the equality m.(P+[x#£y]|7.Q) = 7.(P+[z#y|7.Q) + 7.Q,
where bn(m) N {z,y} = 0, is not implied by the restricted T3.

e The T4 in Figure 17 is a generalization of the T4 in Figure 8, again taking into account of the
mismatch operator. This law is subsumed by M6.

e T5 is a law valid for the early open congruence. The following is a simple instance of the law:

a(z)(Pot[z=y|m.Q) + a(z).(P1+[z7y]7.Q) = a(z).(Po+[z=y|7.Q) + a(x).(P1+[z7Y]7.Q) + a(2).Q

More generally we have the following binary version, as it were, of T5:

a(z).(Po + %o7.Q) + a(x).(Pr + ¥17.Q) = a(x).(Po + ¢o7.Q) + a(x).(P1 + ¢17.Q) + Ya(x).Q

where 1o V1 < ¢ and = & n(v). This binary law does not seem to imply T5. All our attempts
to simplify the law have failed.

e T6 holds for the weak open congruence. It implies T5. Notice that this law makes sense only in a
late operational semantics. It has far less significance than the other five tau laws.

The overloading of the name T3, respectively T4, is not a problem since a same law takes different forms
in different subcalculi.

In Figure 18 some derived laws of T3, T4 and T5 are presented. The joint effect of T3a and T3b is
the same as that of T3. Similarly T4a and T4b together have the same power as T4. TbHa is a more
manageable version of T5, which is more useful in practice. It is simpler yet equivalent to T5.

We now formalize some of the above claims in the rest of this section.
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T1 ~7.P = =P

T2 P+rP = 1P

T3 m.(P+9y7.Q) = w.(P+¢7.Q)+¢vr.Q bn(m) Nn(y) =0
T4 7P = 71(P+y1.P)

T5  Yicral@)(Pi+¢im.Q) = > cra(@).(P+9im.Q) + va(x).Q Vier i &, v ¢ n(y)
T6 a(z).(P+67.Q) = a(x).(P+061.Q) + 0\ a(x).Q

Figure 17: Tau Laws for the Full Pi Calculus

T3a  ax.(P+07.Q) = ax.(P+7.Q)+ daz.Q

T3b a(z).(P+07.Q) = a(x).(P+67.Q)+ da(z).Q x & n(d)
T4a TP = 71.(P+ [z=y|T.P)

T4b TP = 71(P+47.P)

T5a > (a,P,Q.6) = > (a,PQ,0)+da(z).Q z ¢ n(J)
In Tba, } (a, P,Q,6) is 3, oy a(x).(Py+i[z=y|7.Q)+a(z).(P+[z¢Y]|T.Q)

Figure 18: Derived Tau Laws

Lemma 67. The following properties hold:

(i) ASU{m.(P+71.Q) = 7.(P+7.Q) + m.Q} U {M6} - T3a.
(ii) ASU{n.(P+7.Q) = n.(P+7.Q) + m.Q} U{M6} F T3b.
(i) ASU{T1,T2} U{T3a,T3b} - T3.

Proof. The proof of (i) can be given as follows:

T.(P+67.Q) = 7w.(P+67.Q
MS o (P+6T.Q

P+61.QQ

P+671.QQ

+ om.(P+47.Q)
+ 0m.(P+7.Q)
+0m.(P+7.Q) + 67.Q
+ 0m.QQ

.
= .
.

—_ — — —

(
(
(
(

The proof of (ii) is similar. For (iii) notice that 7.(P+7.Q) = 7.(P+71.Q) + 7.Q follows from T1 and T2.
Hence 7.(P+67.Q) = m.(P+67.Q) + d7.QQ when bn(w) Nn(d) = 0. Suppose n(¢)) Nbn(m) = @. By M1 one
may assume that ¢ = pd, where p is the match part of ¢ and ¢ is the mismatch part of ¢». When p =[]
the lemma is just T3a, T3b and T3c. When p = [z=y|y/, then

T (P+a=ylu'67.Q)  F  [r=ylm.(P+{r=ylp/'o7.Q)+m.(P+r=ylu'im.Q)
ML [z=y]m.(P+1'67.Q)+7.(P+[z=y|u'6T.Q)
T [a=y)(r (P 07.Q) + 1 07.Q) . (P+ [=y] 1 67.Q)
L a=ylr (P 07.Q) +Hlo=ylp o1 Q4. (P+ =y 7.Q)
2 (PHa=yli67.Q)+[x=y))/7.Q
This completes the proof. 0

Lemma 68. The following properties hold:
(i) ASU{T1,T2} U{MG6} + T4.
(ii) ASU{T4a,T4b} - T4.

Proof. (i) The proof is by induction. The base case is taken care of by T1 and T2. For the inductive step
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observe that

T.(P+[z=y|yT.P) = [z=y|T.(P+[z=y]Y1.P)+[z#y|T.(P+[z=y]yT.P)
M =y)r (PHoT.P) Ayl (P+z=y]é.P)
MG fo=ylr. (P+yr.P)+atylr. (oY P+ oAyl le=ylyr P)
= [x=y|T.(P+y7.P)+[xAy|T.[v£Yy]| P
L [x=y]T.(P+47.P)+[x#y|T.P
L2 [x=y|T.P+[z#y]T.P
55 T.P

where the fourth equality is by Lemma 63. Similarly one can prove that AS. F 7.P = 7.(P + [z#y|¢T.P)
whenever AS! - 7.P = 7.(P +¢1.P).

(ii) The proof is by induction. By M1 one can suppose that ¢ = ud, where u is the match part of ¢
and ¢ is the mismatch part of ¢». When p = [] the lemma is simply T4b. When p = [x=y]u’, one has

T4a

T.P = 71.(P+[z=y|T.P)
e T.(P+[z=y|u' d7.P+[z=y|T.P)
L (P+[a=y|)/ 57.P+|z=y|r.(P+1/67.P))
m 7.(P+[r=y|p/' d7. P+[z=y|T.(P+[r=Yy] 1/ 6T.P))
2 (P+[z=y|u/sT.P)

This completes the proof. O

The Lemma 66, Lemma 67 and Lemma 68 explain why one hasn’t seen L8, the general T3 and
the general T4 in literature: They are all subsumed by M6. It is when one investigate bisimulation
congruences which fail M6 that one discovers these laws. The next lemma is another example of using
the power of M6, whose proof is placed in Appendix A.3.

Lemma 69. ASU{M6}U{T1,72,T3} F 7.(P4+¢7.Q) = 7.(P+7.(¢7.Q+—¢T.P)).

Next we discuss properties concerned with T5 and T6. The proof of the next lemma can be found in
Appendix A 4.

Lemma 70. In ASU{T1,72,T3} the law T5
> a(@)(PAyi.Q) = Y a(x).(P+im.Q) + da(x).Q

i€l i€l

is equivalent to the law Tba

a(z).(P40[z=y;]7.Q)+a(x).(P+0[z¢Y]T.Q)

-

1

1

a(x).(P+d[z=y;|7.Q)+a(x).(P+i[z€Y]T.Q)+da(z).Q

|

i=1

In the above two equalities, \/;c; i < ¥, x €n(Y), k> 1, Y ={y1,y2,...,yx} and x & n(9).

The next lemma says that T6 is stronger than T5.
Lemma 71. ASU{T1,T2,T3}U{T6} F T5.
Proof. 1t is easily seen that T6 implies Tha. We are done by using Lemma 70. O

Lemma 72. Let ¢ be a set of mismatch and match operators none of which contains =, § is a set of
mismatch operators each of which contains x. Then AS U {T1,T2,T3} U{T6} F a(z).(P + ¢i7.Q) =

a(x).(P + ¥o1.Q) + va(z).Q.
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’ System H Axioms in Addition to AS \ Congruence

AST M6 strong late equivalence
AS¢ M6,56 strong early equivalence
ASL M6 T1,T2,T3 weak late congruence
ASS M6,56 | T1,T2,T3 weak early congruence
AS? L8 strong open bisimilarity
AS! L8 T1,T2,T3,T4 late open congruence
AS¢ L8 T1,T2,T3,T4,T5 early open congruence
ASY L8 T1,T2,T3,T4,T6 weak open congruence

Figure 19: Systems for the Full Pi Calculus

Proof. Using induction on the numbers of match/mismatch operators in 1, the proof is similar to that
of Lemma 67. O

We have seen that S6 is the only law that separates the early congruence and the late congruence. We
will see that T'5 is the only law that distinguishes the early open congruence and the late open congruence.
One would be interested to know the relationship between the two if there is any. The next lemma seems
to be the best one can expect in view of the fact that S6 is not valid for the early open congruence.

Lemma 73. ASU{T1,72,T3} U{S6} FT5.

The proof of the above lemma is in Appendix A.5.

4.3 Completeness Results for the Full Calculus

Finally we come to the point where we can prove the completeness results for the full calculus. In Figure 19
eight systems are defined, where each system on the left column is obtained from the system AS by adding
the axioms in the corresponding middle columns, with the corresponding congruence relation indicated
on the right column. For instance ASS,, the system for the weak early congruence, is defined to be the
system AS U{M®6,S56} U{T1,T2,T3}.

By simply looking at Figure 19, one gets two obvious yet important messages:

e When moving from the systems for the ground congruences to the systems for the open congruences,
M6 must be weakened to LS.

e When moving from the systems for the weak ground congruences to the systems for the weak open
congruences, T4 must be added.

The thing we do not understand very well at the moment is what happens when moving from the systems
for the late congruences to the systems for the early congruences. We will come back to it later.

In the next three subsections we will follow the standard approach to establish the completeness
results of the eight systems.

4.3.1 Saturation Property

Saturation properties are about the relationship between operational semantics and axiomatic systems.
A general statement goes like this: If Qo 2 Q@' then AS' F Q = Q+¢A.Q' for the system AS’ of
interest. In the 7-calculus without the mismatch operator, 1 must satisfy the condition that o(z) = o(y)
whenever 1 = x=y. In the presence of the mismatch operator a stronger relationship between o and v
is called for.

The first lemma deals with the saturation properties enjoyed by all the systems of the full 7-calculus.

Lemma 74. Suppose Q is a complete normal form on some V 2 fn(Q), ¥ is complete on V, and o is
a substitution that is induced by 1. Then the following properties hold:

(i) If Qo == Q' then ASU{T1,T2,T3}F Q = Q +¥7.Q".

(ii) If Qo == Q' then ASU{T1,T2,T3} F Q = Q + vaz.Q'.

35



(iii) If Qo — ") O then AS U {T1,T2,T3} F Q = Q + via(x).Q'.
(iv) If Qo =" O then ASU{T1,T2,T3} F Q = Q + va(z).Q'.
Proof. To give a flavor of the proof, we take a look at a special instance of (iii). Suppose Qo T, 7,5 Q'

By Lemma 34, we may assume that Qo — Q0 —— Qg0 o) Q' = Q30. As Q is a complete normal
form, there must be some summand ¢7.Q); of @ such that ) = ¢. By definition ¢ is complete on V. So
¢ < 1 by Lemma 38. It follows that

ASU{T1, T2, T3} F Q L' Q + v7.Q1 "L Q + y7.Qr0
Similarly it follows from Q0 — Q20 that

ASU{TLT2, T3} - Q1= Q1 +Y1.Q2 = Q1 + ¢7.Q20

For the same reason, Q20 =) Q' implies that
ASU{T1,T2,T3} F Q3 = Q2 + va(z).Q’

Putting all these together one has

ASU{T1, T2, T3} FQ = Q+yr.(h

= Q+Y7.(Q1 +Y71.Q2)

Q+Y(m.(Q1 +¥7.Q2) + (Q1 + ¥7.Q2))
Q + YYT.Q2
Q+YP7.Q2

Q +¢1.(Q2 + Ya(x).Q")
Q + va(x).Q'

5 3
II“E i

IS

This treatment of a special case should be enough to convey the general idea of the proof. O

The 1 appeared in the above lemma must be complete on V. Otherwise the lemma would be false.
Here is a counter example: One has

(lz=ylla#2]7.P)ly/z] — P

but not
ASU{T1,T2,T3} b [x=y|[x#z]7.P = [x=y][x#£z|7.P+[z=y]T.P

The action ([z=y|[z#z2]T.P+[z=y|T.P)[y/x,y/2] — Ply/z,y/z] can not be matched up by any tau
action from ([z=y|[z#z]7.P)[y/x,y/z].

Lemma 75. Suppose Q is a complete normal form on some V' 2 fn(Q), ¥ is complete on V, and o is a

substitution induced by . If Q E—ﬁg Q' then the equality Q = Q + vYa(z).Q’ is provable in AS!, and AS!.

Proof. Suppose Qo — " Q"o == Q'. By Lemma T4, AS U {T1,T2,T3} - Q = Q + va(«).Q". Tt is
clear that fn(Q") C fn(Q)U{z}, [t¢V]y is complete on VU{z} D fn(Q”) and o is induced by [z&V]4.
If Q"0 = Q' we are done. Otherwise

ASU{T1,T2,T3a} Q" = Q" + [2¢V]yr.Q'

36



Therefore

Q = Q+va(z).Q"
= Q+va(2).(Q" + [xgV]yr.Q")
£ Q+a@)(Q" + pgV]yr.Q)
Q4 ya().(Q" +yr.Q) Y
L Q+va).Q +yrQ)
2 Q+y(a@).(Q" +vr.Q) +via(x).Q)
= Q+va(a). (@ +vrQ) + ().
= Q+va(r).Q
The use L8 is justified by Lemma 66. O

Corollary 76. Suppose Q is a complete normal form on some V 2 fn(Q), 1 is complete on V, and o

is a substitution induced by . If Q :> Q' then the equality Q = Q + va(x).Q’" is provable in ASE,, ASS
and ASY.

It remains to show the saturation property for input actions. This will be stated in the next four
lemmas, three of which are proved in Appendix A.6, Appendix A.7 and Appendix A.8 respectively.

Lemma 77. Suppose Q is a complete normal form on some V = {y1,...,yx} 2 fn(Q), ¢ is complete
on'V, and o is a substitution that is induced by 1. Then the following saturation properties hold: If

Qo= "2 Q'0,
Q' oy /2] = Q1,
Q'oly2/z] = Qo2,

Q'U[yk/iﬂ] = Qk;
Qo = Qi1
then Q = Q + va(x).(1.Q" + ¢ Z?zl[x:yj]T.Qj + Y[x€V]T.Qr+1)) is provable in AS U {T1,T2,T3}.

Lemma 78. Suppose Q is a complete normal form on some V = {y1,...,yx} 2 fn(Q), ¢ is complete
on'V, and o is a substitution that is induced by . If

Qo— — o) Lo, Qioly/z] = Qn,

QU:> —> Q207 QIQU[?J2/3¢] - Q27

Qa=> 2 Qho, Qlolyn/x] = Qr,
Qo :>—’ Qk+10 = Qk+1

then Q + 1/)2?:1 a(l‘).(T.Q;-—FT/)[J?:yj]T.Qj)+¢a(x).(T.Q;C+1+1/)[$€V]T.Qk+1)) is provably equal to Q in
ASU{T1,T2,T3}.

Proof. The proof is almost the same as that of Lemma 77. O

Lemma 79. Suppose Q is a complete normal form on some V = {y1,...,yr} 2 fn(Q), ¢ is complete
on'V, and o is a substitution that is induced by . If

Qo= " Qto, Qioly /2] = Q1
a(x)

Qo= — Q4ho, QYoly2/x] = Qa,

Qa=> ) Qho, Qolyn/] = Qr,
Qo :>a Qk+10 = Qk+1
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then AS;, FQ = Q + vYa(x).([v=p]|7.Q1 + ... + [2#u] . .. [vFyk—1][r=ys] 7.Q + [*&V]T.Qk11)-
Lemma 80. Suppose Q is a complete normal form on some V = {y1,...,yr} 2 fn(Q), ¢ is complete
on'V, and o is a substitution that is induced by . If Qo @ Q' then ASY FQ = Q + vYa(z).Q’.

4.3.2 Promotion Lemma

As has been said before, the basic idea of promotion lemmas is to lift two bisimulation congruent processes
P and @Q to the equality 7.P = 7.Q in sufficiently rich systems. In this section we establish promotion
properties for the five weak congruences in the full m-calculus. These properties are stated in a single
lemma since their proofs have a great deal of overlap.

Lemma 81 (promotion). The following properties hold:
(i) If P~ Q then AS, F1.P =71.Q.
(i) If P =& @Q then ASE - 7.P =71.0Q.
(iii) If P ~. Q then AS! - 1.P = 1.Q.
() If P =% Q then ASS F 7.P =1.Q.
(v) If P =¥ Q then ASY - 17.P = 1.Q).

The proof of the above lemma is placed in Appendix A.9.

4.3.3 Completeness Theorem

We now arrive at the most important theorem of this paper. For the benefit of the readers, we also state
below the completeness results for the strong early congruence and the strong late congruence.

Theorem 82 (completeness). The following properties hold:
(i) AS is sound and complete for ~.

(ii) ASS is sound and complete for ~.

(iii) AS', is sound and complete for ~!, .

(iv) ASS is sound and complete for ~¢,.

(v) ASS is sound and complete for ~,.

(vi) AS! is sound and complete for ~!.

(vii) ASE is sound and complete for ~¢.

(viii) ASY is sound and complete for ~¥.

Proof. The soundness can be easily established. For the completeness part the proofs for all the weak
cases are similar to each other. Here we only prove (vii). By Lemma 60 we may assume that both P and
QQ are complete normal forms on V' def fn(P+Q)={y1,...,yx}. Let P be

> bikiP;

icl
and @ be

D iNQ;

jeJ

Suppose o is induced by ¢; and Po 2, P;o. There are several cases:

e )\; is an output prefix or a tau prefix. From P ~¢ @ one obtains some @’ such that Qo 22 Q' and
Pio ~¢ Q'. By Lemma 81, AS¢ + 7.P,0c = 7.Q)'. By Lemma 74,

ASgEQ = Q+¢iNioQ
= Q+¢idior.Qf
= Q-+ (bi/\iO'.T.PiO'
= Q+ oM.
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e )\, is a restricted output action @(z). Now P ~¢ @ implies that some @’ exists such that Qo Q)
and P;ol*#P] ~¢ Q'1*P] where D is (fn(Pio + Q') \ {z}). By Lemma 81

ASE b 7. Pyl EUnPiot@O\h] = 7 (o [r#(fn(Pio+QO\{=})]

Ql

By Lemma 75
ASgHQ = Q+ ito(x).Q
B0+ ¢iao(z).r.QEEEn(Piot@)\(z})]
Q + ¢sa0(x).7.Po [eZ(fn(Pio+Q" )\ {z})]
2 o+ ¢;ao(x).T.Po
Q + ¢gia(x).P;
e )\; is an input action a(z). It follows from P ~¢ @ that some y, Q" and @’ exist such that
Qo — ) Q" and Q"[y/z] = Q' =¢ Pa[y/x] Using a similar proof to that of Lemma 81 one

can show that AS¢ + Q = Q + ¢;a(z).P,
In summary ASS F P+Q = Q. Symmetrically ASS = P+Q = P. It follows that ASS - P = Q. O

4.4 An Alternative to the Law S6

We have indicated in Section 4.3 that the law S6 is a bit mysterious. It is used in the ground scenario
to move from the late congruences to the early congruences. Yet it does not appear in any of the open
congruences. In the studies of symbolic systems Lin has used the following alternative to S6:

ODZiEIT'H = ZjeJT'Qj
Cv)icralz).r; = ZjeJ a(z).Q;
He proved that the E-Input rule is enough to transfer the late systems to the early systems. Parrow
has discussed the complete issue for the weak early congruence and the weak late congruence ([36]). His

system for the weak late congruence is virtually the same as ours. On the other hand his system for the
weak early congruence uses the non-symbolic version of the above rule:

> icr TP = ZjeJ 7.Q;

Zz‘el a(z).P; = Zjej a(r).Q;

In this paper we use a slightly stronger version of E-Input’, the rule E-Input”:
Dicr VTP =35, i7Q;

Y icr Via(x). Py = ZjeJ Yia(r).Q;

in which = ¢ n(¢;) for each ¢ € I and = ¢ n(v;) for each j € J.
E-Input” clearly subsumes E-Input’. It is not clear under what condition the reverse implication
holds. For the relationship between the E-Input rules and S6, Parrow has pointed out the following fact:

Lemma 83. ASU{M6} U {E-Input'} - S6.

Consequently AS U {M6} U{E-Input”}  S6. The following lemma reveals another interesting fact.
Lemma 84. ASU{E-Input’} + T5.
Proof. We prove that AS U {E-Input’} - Tha. Suppose Y is {y1,...,yn} and z & n(d). Then

E-Input

E-Input’

E-Input”

M=

T(P+6[z=y;|7.Q) + T.(P+6[z¢Y]7.Q)

.
Il

I3
[M]=

7.(P+8[e=yi)7.Q) + 7.(P+6[zgY]r. +Z P+8[z=y,]7.Q) + (P+8[z¢Y].Q)
1 =1

.
Il

T.(Pi+dla=yi|r.Q) + T.(P+6[xgY]T.Q) + > dla=yi|r.Q + 6[x#Y]7.Q

i=1

I
s H'M:
I

= T.(P+0[z=y;]7.Q) + 7.(P+0[z¢Y]T.Q) + 67.Q

<
Il
-
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where the third equality holds by Lemma 61. That is
> 1 (Prdla=yi]r.Q) + T.(P+8[xgY]r.Q) = Y m.(Pi+dlr=y,]7.Q) + 7.(P+i[z¢Y]|7.Q) + 67.Q  (7)
i=1 i=1

By applying E-Input” to (7) we obtain Tha. O

The relationship between a rule and an axiomatic system is less simple than that between a law and
an axiomatic system. To explain that we introduce two related notions.

Definition 85. Suppose R is a binary relation on the set of finite m-processes and R is the following rule

A1:B1 An:Bn
A=B

R is derivable in R if ARB holds under the assumption that A{RB, ..., A,RB, hold. R is admissible
in R if it is true that AR B4, ..., A,RB,, hold then ARB holds.

Derivability is clearly stronger than admissibility. In terms of axiomatic systems for w-processes, the
two properties can be defined as follows:

e R is derivable in AS if AS+ A = B can be derived under the assumption that AS+ A; = By, ..
AS F A, = B,, are derivable.

9

e R is admissible in AS if whenever AS - Ay = By, ..., AS - A, = B, are derivable then
AS F A = B is derivable.

According to the definition, if R is derivable in AS then AS + A = B is provable as long as we assume that
ASF Ay =By, ..., ASF A, = B, are all provable. It doesn’t matter whether any of AS + A; = By,

, AS + A, = B, is actually provable or not. On the other hand, to show that R is admissible, we
have to verify the cases in which all of AS+ A} = By, ..., AS+ A,, = B, are all provable. A good way
to distinguish the two properties is that derivability is about proof systems while admissibility is about
models.

Lemma 86. The following properties hold:
(i) E-Input” is not admissible in ~,.
(ii) E-Input” is derivable in ~¢.
(iii) B-Input” is not admissible in ~., .
(i) E-Input” is derivable in ~¢ .
(v) E-Input” is derivable in ~%.
(vi) E-Input” is not admissible in ~!.
(vii) E-Input” is derivable in ~¢.
(viii) E-Input” is derivable in ~¥.
Proof. (i) through (iv) are well known. The proof of (v) is simpler than that of (vii) given below.

(vi) It is clear that 7.[x=y|]T.P+7.[z#y|T.P ~. 1.[v=y|7.P+7.[v#y|]T.P+7.P. It is also clear that
a(x).Jx=y|T.P+a(x).[z#y|T.P # a(x).[x=y|T.P+a(z).[v#y]T.P+a(z).P.

(vii) Suppose > ey im. P =5 37 ;7.Q; and @ & n(viip;) for each i € I and each j € J. Let o be
a substitution that validates ;. Then

Z% OW—(x>)P0

el

For each name y one has

(> ¢irP)oly/z] = Pioly/a]

el

It follows that some Q" and j € J exist such that o[y/z| validates 1;, which is the same as saying that
o validates 1; since « & n(%;), and that

Z (D QJ oly/x] — Qjo oly/z] = Q/ ~g Pioly/x]

jeJ
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’ System H Axioms in Addition to AS \ Congruence

As¢ M6, E-Input” strong early equivalence

AsS) M6,E-Input” | T1,T2,T3 weak early congruence
Asé L8, E-Input” | T1,T2,T3,T4 early open congruence

Figure 20: Alternative Systems Using E-Input”

Therefore
O Q)0 = Qo
jeJ
and
Qjoly/r] = Q' ~; Poly/7]

What we have verified is that »,c; ¥ia(2).P; =5 > ¢ ; ¥ja(z).Q;.
(viii) The proof is simpler than that of (vii). O

Using Lemma 83 and Lemma 7, one can define systems slightly different from those in Figure 19. In
Figure 20 three systems for the early congruences are defined using E-Input”.

Theorem 87. The following completeness results hold:
(i) AsS is sound and complete for ~.

(ii) AsS, is sound and complete for ~¢ .

(iii) AsS is sound and complete for ~¢.

Proof. The completeness is given by Lemma 83, Lemma 84 and Theorem 82. The soundness is supported
by Lemma 86. O

So adding E-Input” transfers systems for late congruences to systems for early congruences.

Corollary 88. The following properties hold:

(i) E-Input” is not admissible in AS..

(i) E-Input” is derivable in ASS.

(iii) B-Input” is not admissible in AS!,.

(iv) E-Input” is derivable in ASE,.

(v) E-Input” is not derivable in ASS but is admissible in ASS.
(vi) E-Input” is not derivable in AS' but is admissible in AS..
(vii) E-Input” is derivable in AS¢.

(viii) E-Input” is derivable in ASY.

The fundamental difference between S6 and E-Input” is that the former is an equational law whereas
the latter is an equational rule. The two enjoy different properties: Suppose ASy and AS; are two systems
on finite m-processes. Suppose further that AS; - P = Q whenever ASy - P = Q.

e Then A = B is a derived law of AS if it is a (derived) law of ASy. So an equational law persists
through system extension.

e If R is derivable in ASy then R is not necessarily admissible in AS;. So an equational rule is not
persistent through system extension.

We have seen the strict inclusions AS5 C AS! C AS¢. The rule E-Input” is derivable in ASS. It is not
admissible in AS!. It is however derivable in AS¢.

Persistence property is a good thing to have. This is one of the reasons that a law is preferred to
a rule. But there is something that E-Input” can offer: Its restriction to the w-calculus without the
mismatch operator is straightforward.
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| #

H early congruence

late congruence

open congruence

strong Parrow, Sangiorgi | Parrow, Sangiorgi Fu, Yang
weak Parrow, Fu, Yang | Parrow, Fu, Yang Fu, Yang
Figure 21: Axiomatization with Mismatch, Revisited
= || early congruence | late congruence | open congruence
strong ? ? Sangiorgi
weak ? ? Fu

Figure 22: Axiomatization without Mismatch, Revisited

5 Comment and Related Issue

We have not been able to say anything about the axiomatizations of the four congruences of the 7-
calculus without the mismatch operator. But we have come up with some results on open congruences.
Figure 21 and Figure 22 summarize the achievements of this paper. We have proposed several new tau
laws and constructed complete systems for the three open congruence relations using these tau laws. We
believe that we have found out the correct definitions of weak open congruence for mobile processes.
The overlook of this issue in previous work is probably due to the fact that the three open bisimilarities
coincide for the m-calculus without the mismatch operator. In our view the results of this paper are
important because we believe that the mismatch operator has a very important role in the algebraic
theory of mobile processes. This does not necessary mean that the operator is indispensable. But the
tradeoff against it is probably not worthwhile in most cases. Take the case of testing equivalence for
instance. In [3] the authors argued that, in their view, testing equivalence would be rather unfamiliar in
the absence of the mismatch operator.

It came as a little surprise that the open semantics gives rise to two different bisimulation congruences.
The discrepancy between the early semantics and the late semantics, in both the open case and the ground
case, is due to the timing of instantiation. An early instantiation replaces the abstract name by another
name at the time the input action happens while a late instantiation does the same after the input action
has committed itself. In the absence of the mismatch operator, an early instantiation by a fresh name
achieve the same effect as a late instantiation. Therefore the mismatch operator is the reason of there
being more than one open bisimilarities. Having realized this one is tempted to think that the early and
late equivalences might be the same had one removed the match operator. This is actually false. The
following is a counter example: Let A be a(z).(z(2).5y+yy.2(2)) + a(x).(z(2).gy+yy.2(z) + 7). Then

A+ a(a).((2) ) ~e A
but
A+ alw).(a(2) ) 1 A
since the action A + a(x).(x(2)|7y) a(=) x(z)|gy is matched up by neither A il x(2).yy+yy.xz(z) nor
A o) z(2).gy+yy.z(z) + 7. More generally

Z a(x).Py ~e Z a(z).Py

yefn(P)

a(x).P +

but

a(z).P + Z a(x).Py Z a(z).P,

yefn(P) yEfn(P)

where, for each y € fn(P), Py~P[y/z] but not P,~;Ply/z]. So for ~; and ~, to coincide at all one also
has to get rid of the choice operator.

One might ask the question of why should we need two more bisimulation congruences, the early open
congruence and the late open congruence, given that we already have several bisimulation congruences.
This is of course not a good question. The result of this paper brings out a fuller picture of the open
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semantics than the previous work has done. Sangiorgi’s definition of open bisimilarity turns out to be a
special case of our definitions. Two better questions are: Why should we need the open semantics? Or
is the mismatch operator good? We are not going to reinforce our argument for the mismatch operator
apart from pointing out that the theoretical investigation of the weak early and late congruences use
the mismatch operator in an essential way. We will answer the question about the open semantics by
reaffirming our view about it: The early (late) open congruence has a better claim to be the bisimulation
congruence than the early (late) congruence. As we have mentioned in the paper, two processes are
bisimilar if they can not be told apart when putting in dynamic contexts. A dynamic context may well
replace a free name in the processes by another name. For calculi of mobile processes, closure under
substitution is a defining property rather than a derived property for bisimulation based equivalences.
This view is supported by some theoretical results. In [2] it is shown that the CCS-like bisimilarity, as well
as the barbed bisimilarity, for the asynchronous m-calculus are closed under substitution! One of the open
problems raised in the introduction is also about this phenomenon. These can be interpreted as saying
that the defining property of closure under substitution can be dropped in some special cases. In [9, 10,
12,13, 14, 18, 19] a simplified yet equally powerful calculus of mobile processes, the y-calculus, is proposed
and investigated. The language has two motivations. One is to give a proof theoretical interpretation of
process ([11]) and the other is to simplify the m-calculus. Many bisimilarities for the x-processes have
been studied. These include the barbed bisimilarity, the open bisimilarity, and more generally the L-
bisimilarities. These equivalences are all required to be closed under substitution. Otherwise the resulting
bisimilarities would not be even closed under composition, which definitely rule out any of these relations
as observational equivalence. In other words, the observationality of the bisimilarities on y-processes
automatically imposes the condition of closure of substitution. The x-calculus also makes it clear how
dynamic environments can change the free names of the processes involved.

The symbolic approach to the open bisimilarities for the w-calculus without the mismatch operator
has been studied by Li ([25]). But a correct treatment of the open bisimilarities on m-processes with the
mismatch operator is not yet available. However this should be a formality in view of the results of this
paper.

The paper would have looked a lot better had we removed the two major regrets of this paper:

e One regret is about the question marks in Figure 22. All our attempts to remove any of them have
so far been unsuccessful. The failure makes one wonder if there exists a complete system for any
of the four equivalences. However the message one gets from Lin’s work using symbolic approach
has to be that such systems do exist. The priority at the moment is to get one complete system for
any of the four congruences, whatever the system may look like. Improvement of the system may
come afterwards. A result like this might help to reveal some interesting relationship between the
symbolic approach and the non-symbolic approach.

e The other is about the generalization of Lemma 11 to the full w-calculus. The main obstacle is
posed by the restriction operator. We have not be able to find a solution to overcome the problem.

From the point of view of axiomatization, some important issues have not been discussed in this
paper, which include the following:

e Axiomatization of infinite w-processes is theoretically possible for those processes with finite states.
Milner initiated research in this direction for both the strong and the weak observational equiv-
alences of CCS ([29, 30]). Lin has constructed complete systems for the strong and the weak
congruences on finite control m-processes using a symbolic approach ([27, 28]). One might dis-
cover something new by investigating the axiomatization of finite control mobile processes in a
non-symbolic setting.

e In practice equivalence relations are used just as often as congruence relations. Since weak early
and late equivalences are not necessarily closed under substitution, their axiomatic systems trades
off the rule

P=qQ

a(z).P = a(x).Q

for the following rule
Ply/x] = Qly/x] for every y € fn(P|Q)
a(z).P = a(z).Q
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The treatment of the match and the mismatch operator is a lot more easier. There are only two
laws:

=P = P ®)
[z£Ay]P = 0O (9)

The details of the systems are not difficult to work out. See [32] for more on the subject.

e The testing equivalence for the 7w-calculus is quite different from the bisimulation equivalences.
Boreale and De Nicola have defined in [3] the testing equivalence for the m-calculus. This equivalence
is not a congruence. The testing congruence can be defined by the following: P and @) are testing
congruent if and only if Po and Qo are testing equivalent for every substitution . In [16] a complete
system for the testing congruence is given based upon Boreale and De Nicola’s system. The 7-
calculus used in [3, 16] comes with the mismatch operator. In our opinion this is largely technical
since we know nothing about how to axiomatize the testing equivalence/congruence without the
mismatch. Although removing the mismatch operator introduces an equivalence relation that looks
strange, testing without this operator is definitely interesting. But it appears that one should first
solve the problems in Figure 22.

e Axiomatization of the barbed equivalence has never been an issue. Since in the m-calculus the
strong barbed equivalence coincides with the strong early equivalence and their weak versions
are most likely to be the same, there seems little point in studying barbed equivalence for the
purpose of axiomatization. Recently Sangiorgi and Walker proposed what they call open barbed
bisimilarity([43]). They showed that it is strictly between the barbed equivalence and the open
bisimilarity. We haven’t looket at the issue of axiomatization for the open barbed congruence.

There are many problems about the other aspects of mw-calculus. Most of these problems are subtle.
For the purpose of illustration let’s take a closer look at one of the problems mentioned in the introduction.
The strong ground bisimilarity is obviously too weak to be useful for the whole of m-calculus. The question
is for which subcalculus of the m-calculus the strong ground bisimilarity ~, is good. The first observation
is that the subcalculus should contain neither the match operator nor the mismatch operator because
in general [z=y|P ~, 0 does not imply ([z=y|P)[y/x] ~4 0[y/z]. The subcalculus can not contain the
replication operator either. An example that supports this claim can be given in CCS. Let P and @ be
the processes defined below:

P = (a)(!(u)(b.c.u|c.bu.a)|'a.R)
Q = (a)(N(w)b.(cule.ba.a)|(u)e.(bu.alb.c.u)|la R)

where R is w.0. Then one can easily verifies that P|Q ~, Q. But not (P|Q)[c/b] ~4 Q[c/b]. This is
because the action sequence

(P|Q)[¢/b] 11T 2, 4,

for suitable A, can not be matched up by any action sequence from Q[c/b]. For Q[c/b] to perform a
w-action it must perform at least five consecutive T-actions first. So to be precise there are two questions
to be asked:

e When confined to the subcalculus with none of the choice, match, mismatch and replication oper-
ators, is the strong ground bisimilarity closed under substitution?

e When confined to the subcalculus with none of the choice, match and mismatch operators, is the
weak ground bisimilarity closed under substitution?

These questions are related to the question of when the early bisimilarity and the late bisimilarity coincide.
But we are not going into that issue in this paper. For more about the usefulness of the ground bisimilarity
we refer to [41].
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A  Proofs
A.1 The Proof of Lemma 55

Proof. We prove the lemma for the late open bisimilarity. The proofs for the other two are almost the
same.

(i) Let R be {(P°,Q%)|P ~! Q}U ~L. We prove that R is a late open bisimulation. Suppose P*RQ°.
If o does not respect & then P°c ~. 0 ~! Q%c, otherwise consider actions performed by P%c. There are
several cases:

o If PP 25 P’ and \ is an output action or a tau action then, by (ii) of Lemma 39, Po 2, P for
some P” such that P’ = (P")(%?) bearing in mind that P°c = (Pc)% . It follows from P ~! Q

that Qo 2 Q' ~! P" for some Q’'. Therefore Q°c N (QHOIRP'.

o If Poo al=) P’ then the proof is similar to the one in previous case.

o If Pig 2 pr then, by (ii) of Lemma 39, Po %) P for some P” such that (P")%e = P,

It follows from P ~! @Q that Qo o) Q' for some Q' such that (P")F€UnP"+QO\=N] L
(@)U +@ N =D] Thus Q% 22 ()% and

p//(50)[w¢(fn(P”+Q')\{w})][$€n(50)]RQ/(50)[$€(fn(P”+Q’)\{I})][w@(%)]

This completes the proof of (i).

(ii) Let R be {(P,Q) | P° ~!, Q% and Vz,y.(6=x#y) = ({z,y}Zfn(P+Q))}. We show that R is a
late open bisimulation. Consider the process Po. If o substitutes a name z in fn(P+@Q) for some name
not in fn(P+Q) Then Po . Qo if and only if Po’ ~! Qo’, where ¢’ differs from o only in that the
former maps z onto itself. So without loss of generality we may assume that o maps names in fn(P+Q)
onto names in fn(P+Q).

e Po = P’ and X is an output action or a tau action. Then Pog — (P')%? by Lemma 34 and

Lemma 39. So Q% 2 Q" ~L (P)% for some Q”. By Lemma 39 some Q' exists such that
Qo 2 Q" and (Q')%? = Q". So P'RQ’.

o Po al=) P’. The proof is similar to the one in previous case.

o It Po ™% P/ then Pio = (Po)%” ) pr (P")%7 for some P’ and P”. Therefore Q°c G Q" ~L
(P")%¢ for some Q". Then by Lemma 39, Qo @) Q' for some Q' such that (Q')°" = Q”. Now
(Q”)[w€(fn(P”+Q”)\{m})] %é (p”)[I€(fn(P”+Q”)\{I})]
implies by (i) that
(Q/)(50)[W§Z(fn(P/+Q’)\{l'})][w€n(50)] %é (p’)(50)[$€(fn(P’+Q')\{l'})][wéln(&f)]

It is easy to see that (do)[x € n(do) \ fn(P’' + Q)] satisfies the condition of R. Hence
(Q’)[IQ(fn(P'JrQ’)\{I})]R(p’)[EQ(fn(P'JrQ’)\{x})]

We have proved that R is a late open bisimulation. O

A.2 The Proof of Lemma 62

Proof. Suppose \/;.;v; is a tautology. We may assume that it contains at least two distinct names.
Otherwise the result can be easily proved. Let fn(\/,c;%:) be {z,y1,...,yn}. We may assume that 1;
is complete on {x,y1,...,yn}, for each i € I, because otherwise we could use the equivalence

r=yVa#ty < T
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to expand it. Now consider

r=y; A (\/ Vi) & 1=y, (10)
iel

where j € {1,...,n}. For each i € I, either ¥; = x#y; or v; = r=y; by completeness. Because \/,.; ¥
is a tautology, there must exist some ¢ € I such that 1; = x#y;. Consequently (10) is equivalent to

r=y; A (\/ Vi) & r=y; (11)

iel’

for some strict subset I’ of I such that for each ¢ € I’ one has 1; = x=y;. By substituting y,; for = in
(11), one obtains

\ wily;/2] & T (12)

iel’

Since \/;c s ¥i[y;/x] contains strictly less free names than \/;.; 9;, we could use the induction hypothesis

to conclude that
Zlbi[yj/x]P =P

=g
and therefore
[z=y; Z Y P = [x=y;]P (13)
iel
Let Y be {y1,...,yn} Next we consider
zgY A (\/ 1) & oY (14)

iel
It follows easily from (14) that
z@Y A(\[ ¥)) & zgY

iel”

for some I and 1., where ¢ € I, such that the following conditions are satisfied:
e " is a strict subset of I;
o oY A, < 1); for each i € I";
L)

It follows that

Y = \/ oy
Z'GIN

from which it follows that \/,. ;. 1 is a tautology. So by induction hypothesis

> ilegYP = [zgY]P (15)

ie](/
It follows easily from (15) that

@YY P = [xgY]P (16)

i€l

Uisng Lemma 61, (13) and (16), one gets

P = [z=p]P+...+[z=y,]|P+[zgY]|P
= =) (S P+ =gl 0P gV (S i P
icl icl icl
= ZQZJ@‘P
iel
This completes the proof. O
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A.3 The Proof of Lemma 69

Proof. By Lemma 62 one has that P = ¢P+-¢P. Intuitively let —¢ be \/;.;%;, where each ¢;, for

i € I, is either a match operator or a mismatch operator. Formally —¢P is », ;9;P. It is clear that

;¢ < L for each ¢ € I. Tt is also clear that —¢m.(P+¢Q) 6 —¢m.P and ¢m.(P+-¢Q) A6 ¢m.P.

Another important equality is
—¢m.~pP = —¢rm. P (17)
which can be justified as follows:

—¢rmgP = > him Y ;P

il jeI
J#i
= Z¢iﬂ-(¢ip+zwjp)
il jerI
M6 J#i
= Y im(P+Y_¢;P)
il jeI
= N P
iel
= -—¢n.P

Therefore

T.(P+ ¢7.Q) = ¢1.(P+97.Q)+¢7.(P+¢7.Q)
= ¢r.(P+1.Q) + ~¢1.P
On the other hand

T.(P+7.(¢7.Q+—¢7.P)) = 7. (P+7.(¢7.Q+—¢7.P))+-¢7.(P+7.(¢7.Q+—¢7.P))

(

= ¢1.(¢P+o7(¢T.Q+=T.P))+=¢T.(m¢ P+=¢T.(¢T.Q+—¢T.P))
¢T.(PP+¢71.07.Q)+—dT.(~p P+—dT. T P)

= ¢r.(P+71.Q)+—¢1.(mpP+—¢T.7.P)

= ¢1.(P+7.Q)+—¢1.(P+7.7.P)

=  ¢1.(P+71.Q)+—¢1.P

This completes the proof. O

A.4 The Proof of Lemma 70

Proof. Using T'5a one can prove by induction on the number of the match operators in ¢ that
k
S o). (Pt dlr=pi]7-Q) +a(x) (P+ o[V ]r.Q)
i=1
k
= > a@).(PAolr=y]r.Q)+a(x).(P+olxgY]T.Q)+¢a(x).Q (18)
i=1
is provable in AS U{T1,72,T3}, where = & n(¢).
Suppose V = n(U;ev i) \{z} = {v1, ..., yn}. Let {R;} be the set of all equivalence relations on V and
{#:} the set of corresponding conditions that are complete on V. For each ¢y, either ¢;1) < ¢ or ¢yip < L.
Suppose k € {1,...,n}. If ¢;9p & L then ¢plr=yi]7.Q = 0. If ¢9p < ¢ then ¢p[r=yyi] is complete

on V U {x}. It follows from ¢;[x=yx] & dr[r=yr| & ;o drvbs[r=yr] that ¢i[r=yx] < ¢19);, [v=yx] for
some ji € I. By using D1 and M1 one gets that

ASU{T1,T2,T3} F a(x).(Pj, + ¥, 7-Q) = a(z).(Pj, + ¢, 7.Q + &9, [r=yi|T.Q)
= a(@).(Pj, + 5, 7.Q + ¢ [a=yk|T.Q)
= a(x).(P}, + drplr=y]7.Q)
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where Pj(k is Pj, + v, 7.Q. Similarly some j € I exists such that
ASU{T1,T2,T3} U{T5a} F a(z).(P; + ¢;7.Q) = a(x).(P; + ¢z ¢ V]7.Q)
where P]( is P; +¢;7.Q. So

ASU{T1,T2, T3} U{T5a} b > a(x).(P; + 17.Q)
i€l

= D a(@) (P +9imQ) + Y a(2).(P), + diple=yi]m.Q) + a(x).(P] + ¢ [zV]r.Q)
icl k=1

= > a@).(P+7.Q) + ¢ipalx).Q
il

from which one gets

ASU{T1, T2, T3} U{T5a} - > a(x).(P;+%:im.Q) = Y a(@).(Pi+hirQ)+ Y diva(z).Q
el el l
= Y a(@).(P+ vir.Q) + Ya().Q

iel

By Lemma 62. O

A.5 The Proof of Lemma 73

Proof. We show that AS U {T1,72,73} U{S6} F T5a. Now suppose k > 1, Y = {y1,v2,...,yx} and
x € n(d). Then

k

Z a(x).(Pi+6[r=y;]7.Q) + a(z).(P+5[zZY]T.Q)

-
LN a(a).(P8[a=y)7.Q) + a(x).([r=yx) (Pu+8[r=1]7.Q)+ [z £y (P+[z£Y].Q))

ERE
I
_

Il
g

a(z).(Pi+o[z=y;]7.Q) + a(x).(. .. +o[z=yi|T.Q+[z¢Y]|7.Q)

ETER
|
[

el a(z).(P+5[z=y]7.Q)

i

a(z).([r=yk—1](Pe—1+d[r=yr—1]7.Q)+[r#Yys—1](. . . +0[z=yx]T.Q+3[z¢Y]T.Q))

El
|
N

I
g

a(z).(Pi+o[z=y;]7.Q) + a(x).(. .. +Fo[z=yr_1]T.Q+S[xAyk—1]|[z=yr]T.Q+i[xZY]T.Q)

EER
Il
[

= a(z).(Pi+o[z=y;]7.Q) + a(x).(. . . +Fo[z=yr-1]T.Q+5[x=yi]T.Q+5[2€Y]T.Q)
1

.
I

where (6) is the equality used in the proof of Lemma 61. Continuing in this way one gets

k
a(x).(P+d[z=y;]7.Q) + a(z).(P+4[z¢Y]1.Q)

.
Il
.

= a(z).(... +[z=y]7.Q+ . .. +0[r=y)—1]T-Q+0[r=yk]T.Q+[x£Y]T.Q)
= a(z).(...+7.Q)
B a@).(...+67.Q) + da(z).Q

a(x).(P+dlz=y;]7.Q) + a(z).(P+0[z&Y|T.Q) + da(x).Q

I
KM”

<
Il
—
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This completes the proof. O

A.6 The Proof of Lemma 77

Proof. By the assumption of the lemma and Lemma 74
Q=Q+va(2).Q'c = Q +vYa(z).7.Q'c = Q + Ya(z).7.Q'
For each j € {1,...,k}, if Q' oly; /2] == Q, then

7.Q" = 1.(Q" + ¢Y[z=y;]7.Q;) = .Q" + Y[z=y,|7.Q,
otherwise
Q'oly;/z] = 7.Q; = 7.Q; + Y[r=y,]7.Q;
In the former case
Q= Q+va(r).7.Q = Q +a(z).(1.Q" + Yr=y;]7.Q;)

In the latter case

Q = Q+alz).T
2 o0+ Ya(z). (T Q'o + [z=y;]7.Q0)
T Q+va(a).(r.Q o + [r=y;]m.Q oly; /2)
= Q+va(2).(1.Q'c + [z=y;[(1.Q; + Y[z=y;]7.Q;))
= Q+va(x).(1.Q0 + Ylr=y,]T.Q;)
L Q+va@).(r.Q + vle=y]r.Q)

So in either case one has
Q= Q + Ya(z).(1.Q" + Y[z=y,|7.Q;)
It follows by induction that

k
Q= Q + va(x).(1.Q" + Z Ylr=y;]7.Q;)

Jj=1

If Q0 == Qp41 then
Q' =Q +Y[xgV]T.Qr
otherwise
7.Q 0 = 7.Qpy1 = T.Qps1 + Y[xgVT.Qrs1 = 7.Q' 0 + Y[xZV]|T.Qr11
Putting everything together, one gets the required result. O

A.7 The Proof of Lemma 79
Proof. By assumption, for each j € {1,...,k}, the following conditions hold:
a(@) . I T 0. L olus 1zl = O
* Qo= — Q}o and either Q}oy;/z] = Q; or Qjoly;/x] = Q;.

a(z) .
e Qo= —— Q)0 and either Q} 0 == Qp41 OF Qit10 = Qrr1-

By Lemma 74 one gets that

AS,FQ=Q +va(x).Q) + ...+ va(x).Q) + va(x).Qfyy

Now fn(Q}) C {z}U fn(Q) C{z}UV; oly;/x] is complete on {z} UV and is induced by ¢[r=y;]. There
are two cases:
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o If Q)oly;/x] == @, then Q = Q) + Ylr=y;]7.Q; follows by Lemma 74. Now by Lemma 69, one

has
T.(P+[z=y]7.Q) = 7.(P+7.([x=y|1..Q+7.[x#y|T.P))

Using the above equality, one has

Va(2).Q) =

Ya(z).(Q)+lr=y,]T.Q;)
Ya(x).(Q)+[r=y;|T.Q;)

JJ) (Qj+7.([x=y;]7.Q +[x#y;|T.Q%))
)-

a(r).Q); + Ya(x).([x=y;]7.Q;+[r#y;]7.Q})

/—\/—\/—\/—\

o If Qlofy;/z] = Q; then
Ya(z).Q; = a(2).Q; +Ya(z).([rx=y;]r.Q;+z#y;|T.Q))
= wa(ac).Q;» + wa(x).([x:yj]T.Q;-U[yj/x]—&—[a:;éyj]T.Q;)
= Ya(x).Q+va(x).([x=y;]7.Q;+[z#y;]7.Q})
Now if @}, 0 == Q41 then by Lemma 69 one gets
T.(P+[zgV]1.Q) = 7.(P+7.([2€V]7T.Q+[z€V]T.P))

By Lemma 74 and the above equality one has

Ya(2). Qi = Ya(@)(Qppr TY[rEV]T.Qry1)
= Ya(2) Qi1 HrEV]T.Qr41)
= Ya(@)(Qp1 +7-([2EV]T.Qri1+H2EV]T.Qy1))
= Pa(r).Qp 1 +a(r) ([xEV]T.Qp 1 +[2eV]T.Q) 1)

If Q)10 = Qry1 then

In either case we may assume that

Ya(x).Qpi1 = va(x).Qy i +va(@) ([2gV]T.Qr1+[reV]T.Q)y)

It follows that

Q = Q+da(x).(r=yr.QitlzFp]rQ1)

+ipa(z).([e=yi|7.Qr+ 7Yk T.Q})
+a(@).([2gV]T.Qri1+HzEV]T.Q)tr)

Using S6 one has

Ya(x).([r=yi]T.Qr+[z#yk]T.Q%) + Ya(x).([2€V]T.Qr 1 +HzeV]T.Q) 1)
= a(x).([r=yp]T.Qr+[2#yk|T.Q)) + Ya(x).([xEV]T.Qry1+[2€V]T.Q) 1)
+a(x).([z=yx]([r=yi|T.Qr+z#yr]7.Q%) + [v#£y] ([ € VIT.Qr1+HzEV]T.Q)41))
= va(r).([r=yp]T.Qr+[2#YkT.Q)) + Ya(x).([zEV]T.Qr i1+ [2€V]T.Q 1)
+a(z).([r=yx]7.Qr+[zEV]T.Qr11)
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To continue consider the following process

Ya(x).([t=yr1]7.Qr_1+[rFyr—1]7.Q} 1) + Ya(z).([r=yi|T.Qr+[z¢V]T.Qr11)

Using similar argument we get

Ya(x).([x=yr—1]7.Qr—1+[2#yp—1] 2=y T.Qr+[2ZV]T.Qr11)

By repeating this construction we finally get

Ya(x).([r=y|7.Q1+ ... +[z#y] . .. [pFyr—1][r=y]T.Qk+[€V]T.Qr11)

Therefore

Q = Q + vYa(x).([x=p]7.Q1+ . .. +[z#w] . . . [2FYk—_1][z=yr|T.Qr+[2ZV]T.Qr1+1)

This complete the proof. O

A.8 The Proof of Lemma 80
a(x)

Proof. Tt Qo=Q; " @’ then AS9 - Q = Q +va(x).Q' follows by Lemma 74. If Qo— “ @, =5 @’
then [x¢V]y is complete on fn(Q1) since fn(@Q1) € fn(Q) U {z}. Thus o is induced by [z¢V]i.
Consequently by Lemma 74

ASg = Ql = Q1+[$¢V]’$TQ,
It follows that
ASIFQ = Q+va(z).Q1
= Q+va(2).(Qi+[zgV]Yr.Q')
= Q+v¢(a(z).(Q1+[z&V]YT.Q" ) +va(z).Q")
= Q+va(z).Q'

where the third equation is valid by Lemma 72. O

A.9 The Proof of Lemma 81

Proof. The proofs of all the five clauses are similar to each other. The only difference is in the treatment
of input actions and, to a lesser degree, restricted output actions. Now suppose P =~ @, where = is any

of the five bisimilarities. By Lemma 60 we may assume that both P and ) are complete normal forms

on VY fn(P+Q)={y1,...,yr}. Let P be

> ¢ihiP;

iel

D iAQ;

jeJ

and @ be

Suppose o is induced by ¢; and Po i, Pio.

The proof of this lemma is carried out by induction on the sum of depths of P and Q.

If \; is a 7 prefix and the 7 action is simulated by Qo == Qjo for some j € J, then by induction
hypothesis AS U {T'1,72,T3} + 7.Pjc = 7.Q;o. The simulation can happen only if ¢; = ;. But
then ¢; < 1); since both ¢; and v, are complete on V' and agree with o. By (i) of Lemma 74, AS U
{T].,T2,T3} F Q"‘QSZTP,L = Q—F(]S,LTPZO' = Q+l/JjT.QjU = Q-FQZ)J'T.QJ' = Q If Po L> PZ‘O' is simulated by
vacuous action then ASU{T1,T2,T3} + Q+¢;7.P; = Q+¢;7.Pioc = Q+¢;7.Qc = Q+¢;7.Q.

If A\; is an output prefix ax then, by (ii) of Lemma 74 and similar approach, it is easy to see that
ASU{T1,T2,T3} - Q+¢;ax.P; = Q.
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Suppose \; is a restricted output action @(z). If P ~! @Q then some Q' exists such that Qo =2
QoA Pio. Therefore ([z¢V]$:Q")o ~L, ([gi]@»Pi)o. Since [z¢V]¢; is complete on V U {z} D
fn(Q'+P;o) we may deduce from Lemma 45 that [z¢V]$;Q’ =, [x¢V]¢;P;. By induction hypothe-
sis ASL, F 1.[2¢V]¢;Q" = T.[2¢V]¢; P;. Consequently

ASL F Q+oa(x).Pr = Q+¢iac(z).[zgV]g:P;
x) [:CQV]@ [
.

[$¢V}¢1Q

(
ao(

a()

The proof for weak early bisimilarity is similar. If P ~! @ then some @’ exists such that Qo = Q'

and (P;o)FEUnPiotQO\{z)] L (/) [#2(Fn(Pio+Q)\{=})], By induction hypothesis one has

ASL F . (Po)PEURPot@NEN] — 1 ()l (Pio+@)\ (o))

Using L8 one obtains that @(z).P = @(z).P*#Y] for any set Y whose elements are names free in P.
Therefore by Lemma 75 one gets

ASLF Q+¢ia(z).P = Q+¢iw 2).Po

(P;o )[w&z(fn(PerQ’)\{w})]
(P FEUn(Pio QN ()]
(Q/)[mﬂfn(l’ 50 +Q )\ {z})]

= Q+o¢ac(x (Q/)[r€(fn(P 50+Q" )\ {z})]

I
O
+
Sa
2
<)
S
Q 7

The proofs for the cases of the weak early bisimilarity and the weak open bisimilarity are similar.

Next we examine input actions in each of the five cases. Suppose A; is ao(zx).
ao(x)

(i) P %lw Q@. A; is an input prefix. Let o be a substitution that is induced by ¢;. Now Po — P;o.
It follows from P ~! @ that Q' exists such that the following properties hold:

ac(x)

1. Qo —= — Q'o.
2. Q, exists such that Q'o[y/z] = Qi,olyi/x])~., Pioly/a] for 1 € {1,... k}.
3. Qi,,, exists such that Q'c = QikﬂoéfﬂPm.
It follows that, for [ € {1,...,k},
(bilz=y]Q:)olyi/z] =~
(¢i[$§zv]@ik+1)0 ~

Consequently, for I € {1,...,k},

l
w
l
w

Q

Gi[r=y1]Q;,
Gi[rEV]Qi, .,

by Lemma 45. Then by induction one has, for [ € {1,..., k},

AS, Frilz=ulQi = T.gilz=ulP;
AS,L) F T.gbi [xgv]sz+1

g~ e~

Q

|

o
S
2
m
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By Lemma 77, one can get

Q = Q+¢>iaa<x>.<r.cz’+¢ilzk;[a:yl]r.@l+¢i[x¢V]r.QW>
= Q+¢ia<x).<r.c2’+¢ii{xzyz]r-mx:yz]%+¢>i[x¢V]T.¢i[az¢V]QW>
= Q+oia(x).(r.Q +¢; i{x—m]r.aﬁi o=y P; + ¢ilogV]r.¢i[x@V]P)
= Q+¢ia(z).(1.Q"+¢; i[myl]rpi + ¢i[xgV]1.P;)

= Q+oia(x).(¢iTm.Q"+¢iT.Py)
Q+dia(x).(pi7.Q +1.P))
Q+¢ia(x).P;

This completes the proof of (i).

(ii) P ~¢ @Q and Po (@) Pio. It follows from P =¢ (@ that

ao’(w)

Qo = Qj 0, Q; oly/x] = Qs 0ly1 /x|~ Pioly /],

) ao(z)
Qo QQkU Qi olye /7] = Qi olyr/]~;, Piolye/x],
Q Q’L}H,la—’\’wplo-

for Qi ,...,Qf ,Qiys- -5 Qiy, Qiyyy - So for each I € {1,... k},

(Gilz=uilQs )oly/x] =5, (Gile=y|P;)oly/x]

~
~
~
~

(9ilzgV]Qi 1 )o =y, (¢ilzgV]P)o
By Lemma 45 one gets, for I € {1,...,k}, that

bilr=yQi, =5, dilr=y]P;
(bl[mgV}Qlk-H zeu QSZ['T%V}‘PZ

Using induction hypothesis one infers, for [ € {1,...,k}, that

ASy B T (@ilr=ulQi,) = T (di[r=yi] P;)
AS, F T(i[2gV]Qi,,,) = T(di[xEV]F;)

By Lemma 79, one derives that

Q = Q+¢iac(v).([r=y1]7.Qi, +[rFy][r=v2]|T.Qi,+ ... +[x&V]T.Qi, )
= Q+¢ia(x).(¢ilr=y1]7.0i[r=y1]Qi, +&i [xF#y1 ]| [1=Yy2]|T.di[r=Y2] Qi,
+.o [gi}T i [gi]szH)
= Q+ia().(¢i[r=y1]T.¢i[x=y1| Pi+¢i[z#y1][x=yo]T.ds[x=y2] P;
=+ +¢1[$€V}T bi [SC€V]P1)
= Q+¢ia(z). ([I TPty [z=y]m.Pit ... +[zgV]T.P)
= Q‘i'(bz (l‘)

which completes the proof of (ii).
(iii) P~ Q and Po "% Po. Tt follows from P ~L Q that (' exists such that Qo =—""% Q' and
the following conditions hold:

e For each [ € {1,...,k}, Q;, exists such that Q'oly;/v] = Qi, =, Pioly/z].
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e Q;,., exists such that Q'c = Q;,,, ~ Po.

o

Now by Lemma 77 one can get

k
ASé FQ = Q—F(bia(x).(T.Q’—FZ dile=y|7.Qi, 0y / x|+ i [xEV]T.Q4,, 0)
=1

k

= Q+dia(x).(1.Q'+ z bilr=uy]T.Pio[yi/x]+¢i[xEV 1. Pio)
=1
k

= Q+¢ia(2).(r.Q'+ ) dile=y]r.Pit¢lxgV]r.P)

=1
= Q+dia(x).(1.Q"+¢:iT.Fy)
Q+gia(z).(1.Q'+1.F;)
Q+g¢ia(x).P;

where the fourth equality is justified by Lemma 61.

(iv) P =¢ @Q andPo wiz) P,o. Then both of the following conditions hold:

e For each [ € {1,...,k}, Qj, and Q;, exist such that Qo= acla) Qj,0 and Q; oly/r] = Qi =~
Poly/x].

ao(z) ~,

e Some Q; , and Q;,,, exist such that Qo= — o= Qi ~; Pio.

Tht1

By Lemma 78 one can get

ASS"Q = Q+Z¢z Qzl+¢z[x yl] Qll)+¢la(x)( sz+1+¢z[xgv] Qik+1)

= Q+Z¢>Z ).(7.Q}, +ile=y) . Pioly /) +ia(x).(1.Q;,  ,+¢i[x¢V]7.Pio)

Q+Z¢z Qzl+¢l[x ulT.P;)+gia(z )(T-Q;Hl‘i'(bi[gi]T-Pi)

[}

Q+Z¢z (1.Q}, +oilr=y]T.P)+dia(x).(1.Q;, ,, +i[rEV]T.P)+dia(x).P;

Q+¢i ( )-Pi

This completes the proof of (iv).

(v) P~ Q and Po ““% Po. Tt follows that Qo “Z%

ao(x)

Q' ~" P,o. By induction one has that
ASY F1.Q" = T.Po
By Lemma 80
ASYFQ = Q+diac(x).Q’

= Q+diao(z).7.Q'

= Q+¢,a0(x).m.Po

= Q+¢ia(z).T.P
= Q+oia(z).P;

This completes the proofs of all the input cases.
In summary in each of the five axiomatic systems AS’, one has that

AS'EY " $iTQ+Q=P+Q

iel’
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for some subset I’ of I. It follows from T4 that

ASFr(P+Q) =7 ¢mQ+Q) =T7.Q

iel’

Symmetrically AS'-7.(P+Q)=7.P. Hence AS' F 7.P=7.Q).
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