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Outline of the Lectures

Lecture 1: Martin-Löf tests and martingales.
Lecture 2: Kolmogorov complexity.
Lecture 3: The computational power of randomness.
Lecture 4: Randomness for non-uniform distributions.
Lecture 5: Randomness in Fractal Geometry and Dynamical
Systems.
Lecture 6: Lowness and Triviality

Some Basics
Books
 Downey and Hirschfeldt, Algorithmic Randomness and

Complexity (Springer)
 Li and Vitanyi, An Introduction to Kolmogorov

Complexity and its Applications (Springer)
 Nies, Randomness and Computability (Oxford UP)

Prerequisites
 Basic computability theory – Turing machines, computable

sets, halting problem, Turing jump, r.e. sets
 Basic mathemtical logic, some set theory later on
 Basic measure theory (helpful)

Initial Clarifications

Logic
 We are particularly concerned with definability, i.e. the

relation between a language and mathematical objects we
can describe.
 Our language will mostly be that of (second order)

arithmetic, +, ·, =, ∈.
 By the well-known correspondence between definability in

arithmetic and (relative) computability, our study of
randomness is also referred to as algorithmic randomness.

Initial Clarifications
Randomness
Our goal: define what an individual random object is.
Think of an outcome of an infinite sequence of coin tosses.

Three Paradigms
 Typicalness: A random object is the typical outcome of a

random variable.
 Unpredictability: A random object should be impossible to

predict.
 Incompressibility: A random object should not have a

shorter description than itself.

In the following, we want to give a sound meaning to these
paradigms.

Initial Clarifications
Do earthquakes occur randomly?

Initial Clarifications

If we do not restrict the methods allowed for betting,
compressing, etc., we easily end up in paradox:
 A typical outcome should satisfy all probabilistic laws,

such as the Law of Large Numbers.
 A probabilistic law is essentially a set of measure 1.
 However, the intersection of all sets of measure 1 is empty!

Initial Clarifications

A different example:
 A random sequence X of coin tosses should be

unpredictable – there should be no prediction function
that, given as input a finite sequence X(1) . . . X(n) of
outcomes so far, it predicts the next bit of X correctly.
 However, there clearly is such a prediction function – one

that, on any input of length n, simply outputs the n + 1-st
bit of X.

Initial Clarifications

Remedy:

Admit only
definable laws, betting strategies, compression methods.
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Martin-Löf tests and martingales
 The Cantor space.
 Lebesgue measure on Cantor space.
 Martin-Löf tests.
 Basic properties of random sequences.
 Betting games and martingales.
 Equivalence of Martin-Löf tests and effective martingales.
 Alternative randomness concepts.

Cantor Space
We will study randomness for infinite binary sequences.
Cantor space: set of all such sequences, denoted by 2N .
Ways to interpret sequences X ∈ 2N :
 sets of natural numbers, SX = {n ∈ N : X(n) = 1},
 real numbers in [0, 1], αX =

P

n X(n)2

Metric
d(X, Y) =


2−N(X,Y)
,0

if X 6= Y
if X = Y.

where N(X, Y) = min{n : X(n) 6= Y(n)}.

−n .

Cantor Space
Topological properties of 2N
 compact
 perfect
 totally disconnected

2N has a countable basis of clopen sets, the so-called cylinder
sets
JσK = {X : X n = σ},
where σ is a finite binary sequence (string) and X n denotes the
first n bits of X.
The open subsets of 2N are unions of cylinder sets. They can be
represented by a set W ⊆ 2<N . We write JWK to denote the
open set induced by W.

Lebesgue Measure on Cantor Space

Over R: Lebesgue measure λ unique Borel measure that is
translation invariant and assigns every interval (a, b) measure
|b − a|.
Over 2N :
 Diameter of a basic open cylinder JσK is 2−|σ| .

Hence we will set λJσK = 2−|σ| .

Some basic results of measure theory ensure that λ can be
uniquely extended to all Borel sets.
 We will return to this in more detail in Lecture 4.

Lebesgue Measure on Cantor Space

Alternative view of Lebesgue measure:
P
 X 7→ αX = n X(n)2−n yields a surjection of 2N onto [0, 1].
 The image of JσK is the dyadic interval

"n−1
X
k=0

σ(k)/2

k+1

n

,2 +

n−1
X

#
σ(k)/2

k+1

.

k=0

 The Lebesgue measure (in R) of this interval is 2−n .

Lebesgue Measure on Cantor Space

Yet another view:
 X ∈ 2N represents outcome of an infinite sequence of coin

tosses – 0 is Heads, 1 is Tails.
 If the coin is fair, each outcome has probability 1/2.
 A finite string σ represents the outcome of a finite number

of independent coin tosses.
 The probability of outcome σ is (1/2)|σ| .

Nullsets
Nullsets are sets that are measure theoretically small, just as
countable sets are small with respect to cardinality.
Intuitively, a nullset is a set that can be covered by open sets of
arbitrary small measure.

Definition
A subset A ⊆ 2N is a nullset for Lebesgue measure (or has
Lebesgue measure zero) if for every ε > 0 there exists an open
S
set U = σ∈W JσK such that
A⊆U

and

X

σ∈W

λJσK =

X

σ∈W

2−|σ| < ε.

Nullsets
To define Martin-Löf tests, it is convenient to reformulate this a
little.

Proposition
A set A ⊆ 2N is a nullset iff there exists a set W ⊆ N × 2<N such
that, if we let Wn = {σ : (n, σ) ∈ W}, for all n ∈ N,
X
A ⊆ JWn K and
2−|σ| < 2−n .
σ∈Wn

T

is itself a nullset. It is an intersection of a sequence of
open sets. Such sets are called Gδ or Π 02 -sets.
n JWn K

⇒ Every nullset is contained in a Gδ nullset.

Nullsets

Remarks
 We can always assume the sequence (Wn ) is nested.

(Why?)
 Gδ sets can be easily effectivized. What ‘codes’ a Gδ set in

Cantor space is a subset of N × 2<N .
 On such sets we can easily impose definability/effectivity

conditions, e.g. require that they are recursively
enumerable.

Martin-Löf Tests and Randomness
Definition
 A Martin-Löf (ML) test (for Lebesgue measure) is a

recursively enumerable set W ⊆ N × 2<N such that, if we
let Wn = {σ : (n, σ) ∈ W}, for all n ∈ N,
X
2−|σ| < 2−n .
σ∈Wn

 A set A ⊆ 2N is Martin-Löf null if it is covered by a

Martin-Löf test, i.e. if there exists a Martin-Löf test W
T
such that A ⊆ n JWn K.

 A sequence X ∈ 2N is Martin-Löf random if {X} is not

Martin-Löf null.

Existence of Random Sequences
 Every ML-test W describes a Gδ nullset, with the

additional requirement that it is effectively presented (W is
r.e.).
 There are only countably many r.e. sets, and hence only

countably many ML-tests.
 Being random means not being contained in the union of

all Gδ sets defined by any ML test.
 A basic result of measure theory says that a countable

union of nullsets is again a nullset (the standard
“ε/2n -proof”).
 Therefore, the set of all non-random sequences is a nullset,

and consequently, λ-almost every sequence is ML random.

Universal Tests
In the last argument, we used that a countable union of nullsets
is a nullset.
It turns out that even more is true: The union of all ML-tests is
again a ML-test, a universal test.
 There exists a ML-test (Un ) such that X is ML-random iff

X is not covered by (Un ).
 In other words, the ML-random sequences are precisely the

ones in the complement of

T

n JUn K.

 The ML-random sequences form the largest effective (in

the sense of Martin-Löf) set of measure 1.

Universal Tests
Construction of a universal test
 Start uniformly enumerating all r.e. subsets W (e) of

N × 2<N .
(e)

 Once we see that the measure condition of some Wn is

violated, we stop enumerating it.
(e)

 Given a uniform enumeration of all tests (W̃n ) (with

possible repetitions), we can define a universal test (Un ) by
letting
[ (e)
Un =
W̃n+e+1
e

Note that this test has the nice property that it is nested, i.e.
JUn+1 K ⊆ JUn K. We will always assume this from now on.
Later we will encounter other ways to define universal tests.

Basic Properties of Random Sequences
 The set of Martin-Löf random reals is invariant under

prefix operations (adding, deleting, replacing a finite
prefix).
 If Z ⊆ N is computably enumerable, then the sequence
given by the characteristic function of Z is not Martin-Löf
random.
 Any finite string appears somewhere in a Martin-Löf
random real, in fact it appears infinitely often in a
Martin-Löf random real.
 For every Martin-Löf random sequence X ∈ 2N ,
Pn−1
X(i)
1
lim k=0
= .
n
n
2
These assertions can be proved directly by defining a suitable test.
(Exercise!) But we will prove different characterizations of random
sequences which may make this easier.

Betting Games and Martingales
Betting strategies
A betting strategy b is a function b : 2<N → [0, 1] × {0, 1}.
Interpretation:
 A string σ represents the outcomes of a 0-1-valued

(infinite) process (e.g. a coin toss).
 b(σ) = (α, i) then tells the gambler on which outcome to

bet next, i, and what percentage of his current capital to
bet on this outcome, α.
 When the next bit of the process is revealed and agrees

with i, the capital is multiplied by (1 + α). If it is different
from i, the gambler loses his bet, i.e. his capital is
multiplied by (1 − α).

Betting Games and Martingales
We can keep track of the player’s capital through a function
F : 2<N → [0, ∞).
F satisfies
F(σ) =

F(σ0) + F(σ1)
2

for all σ.

(∗)

This reflects the property that the game is fair – the expected
value of the capital after the next round is the same as the
player’s capital before he makes his bet.
Any function satisfying (∗) is called a martingale.
Given a martingale, we can reconstruct the accordant betting
function from it.

Betting Games and Martingales
Successful martingales
A martingales is successful on an infinite sequence X if
lim sup F(X n ) = ∞,
n→∞

We can actually replace lim sup by lim:
 For every martingale F there exists a martingale G such

that for all X,
lim sup F(X n ) = ∞

implies

n

(Set some money aside regularly.)

lim G(X n ) = ∞.
n

Betting Games and Martingales

A martingale succeeds only on very few sequences.

Martingale Convergence Theorem [Ville, Doob]
For any martingale F, the set of sequences X ∈ 2N such that
lim sup F(X n ) = ∞
n→∞

has λ-measure zero.
We will prove an effective version of this theorem.

(1)

From ML-tests to Martingales
Goal: Given a ML-test (Un ), define a martingale succeeding on
the sequences covered by (Un ).
Basic Idea: Whenever a string appears at level n of the test, F
reaches a value of at least n.
 For a single string σ, define the following martingale.


−(|σ|−|τ|)


2
Fσ (τ) =

1


0

if τ ⊆ σ,
if τ ⊇ σ,
otherwise.

 Fσ starts out with a capital of 2−|σ| and doubles its capital

every step along σ, then stops betting.
 If an outcome is not compatible with σ, its capital is lost.

From ML-tests to Martingales
 Now, for one level Un of the ML-test, blend the individual

“string”-martingales into one.
 If (Fn ) is a sequence of martingales and

F=

X

P

n F()

< ∞, then

Fn

n

is a martingale.
 Hence define

Fn (τ) =

X

Fσ (τ).

σ∈Un

and check that the sum of the Fσ () is finite.
 Fσ () = 2−|σ| .
P
P
 Hence Fn () = σ∈Un Fσ () = σ∈Un 2−|σ| ≤ 2−n .

From ML-tests to Martingales
 The inequality Fn () ≤ 2−n further lets us combine the

martingales for each Un into one martingale F,
X
F(σ) =
Fn (σ).
n

 If X ∈

T

n JUn K, there exists a sequence (σn ) such that for
all n, σn ∈ Un and σn ⊂ X.

 It follows that Fn (σn ) ≥ 1.
 More importantly, by the definition of Fn , Fn (τ) ≥ 1 for all

τ ⊇ σ, hence in particular for all σm where m ≥ n.
P
 It follows that for all n, F(σn ) ≥ n
k=1 Fk (σn ) ≥ n, that is,
F is unbounded along X.

Left-enumerable Martingales
What is the computational complexity of F?
 A function F : 2<N → R is enumerable from below or

left-enumerable if there exists, uniformly in σ, a recursive
(σ)
nondecreasing sequence (qk ) of rational numbers such
(σ)
that qk → F(σ).
 Equivalently, the left cut of F(σ) is uniformly enumerable,

i.e. the set
{(q, σ) : q < F(σ)}
is recursively enumerable.
It is not hard to see that F defined above is left-enumerable.

Left-enumerable Martingales

We have proved the following:
For any ML-test (Un ) there exists a left-enumerable martingale
T
F such that if X ∈ n JUn K, then F succeeds on X.
In other words, if X is not ML-random, we can find a
left-enumerable martingale that succeeds on X.

From Martingales to ML-Tests
Does a converse of this hold? Can we transform a
left-enumerable martingale F into a ML-test?
Basic idea: Whenever F first reaches a capital of 2n on some
string σ, enumerate σ into Un .
 Since F is enumerable from below, this is an r.e. event.
 We only have to make sure that there are not too many

such σ.
 This is guaranteed by Kolmogorov’s inequality (actually

due to Ville).
 Suppose F is a martingale. For any string σ and any

prefix-free set W of strings extending σ,
X
F(σ) ≥
2|σ|−|τ| F(τ)
τ∈W

 Prefix-free: No two strings are comparable by ⊆.

From Martingales to ML-Tests
From Kolmogorov’s inequality we get the desired result:
Given a martingale F, let Ck (F) = {σ : F(σ) ≥ k}. Then
λJCk (F)K ≤ F()/k.

 Let W be a prefix-free set such that JWK = JCk (F)K. (This

can be found effectively.)

 Then λJCk (F)K = λJWK =

P
τ∈W

2−|τ| .

 By Kolmogorov’s inequality,

F() ≥

P

τ∈W

2−|τ| F(τ) ≥

P

τ∈W

2−|τ| k.

 Hence λJCk (F)K ≤ F()/k, as required.

From Martingales to ML-Tests

We have proved the first main theorem of algorithmic
randomness, due to Schnorr and independently Levin.

Theorem
A sequence X is ML-random if and only if no left-enumerable
martingale succeeds on it.

Alternative Randomness Concepts

Of course, ML-tests are not the only possible way to effectivize
nullsets.
ML-randomness is the most prominent concept because it
shows a rather strong robustness with respect to the different
approaches.
We will briefly discuss a few other notions – some based on
martingales, others based on tests.

Alternative Randomness Concepts

Test-based concepts
 Weak 2-randomness
 Schnorr randomness

Martingale-based concepts
 Computable randomness
 Resource-bounded randomness

Weak 2-Randomness
Martin-Löf test has to fulfill two effectivity requirements.
 uniform recursive enumerability of (Wn ),
 measure of the Wn converges to 0 effectively, λJWn K ≤ 2−n .

For a weak 2-test we only require that (Wn ) is uniformly r.e.
T
and that λ n JWn K = 0.
One can show that weak 2-randomness is strictly stronger than
ML-randomness. There exists an X that is ML-random but not
weak 2-random.
We will encounter such an example later.

Schnorr Randomness
On the other hand, one might argue that the effectivity
requirement for ML-tests is too weak. Test should be
computable in some form, not merely r.e.

Schnorr tests
A ML-test (Wn ) is a Schnorr test if the real number
X
2−|σ|
σ∈Wn

is computable uniformly in n.
A real number α is computable if there exists a computable
function g : N → Q such that for all n, |α − g(n)| ≤ 2−n .
Note: If (Wn ) is a Schnorr test then the sets Wn are uniformly
computable.

Computable Randomness
The same criticism applies to the martingale characterisation of
randomness. Betting strategies should be computable [Schnorr].

Definition
A sequence X is computably random if no computable
martingale succeeds on it.
A function F : 2<N → R is computable if there exists a
computable function g : 2<N × N → Q such that for all σ, n,
|F(σ) − g(σ, n)| ≤ 2−n .
One can refine the computability requirement even further, by
imposing a time-bound on F. This leads to the theory of
resource-bounded measure, which has successfully been used in
computational complexity.

Relations between Randomness Concepts

The following strict implications hold:
X weak 2-random
⇓
X ML-random
⇓
X computably random
⇓
X Schnorr random
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Kolmogorov Complexity
 Plain complexity and the invariance theorem.
 Basic properties of C.
 Incompressibility and randomness oscillations.
 Prefix-free complexity K.
 Schnorr’s Theorem.
 The Ample Excess Lemma.
 Chaitin’s Ω.

Machine complexity
Let M be a Turing machine. M computes a partial recursive
function 2<N → 2<N .
We define the M-complexity of a string x as
CM (x) = min{|σ| : M(σ) = x}
where min ∅ = ∞.
The complexity of x depends on the choice of M. Can we
choose M so that it reflects the “true” complexity of x?
A machine R is optimal if for every machine M there exists a
constant eM such that
(∀x) [CR (x) ≤ CM (x) + eM ].

The Invariance Theorem
Theorem [Kolmogorov]
There exists an optimal machine R.

Proof.
 Let (Me ) be an effective enumeration of all Turing

machines.
 On input σ, R parses σ and finds unique e and τ such that

σ = 0e 1τ. Then R outputs
R(0e 1τ) = Me (τ),
i.e. R is essentially a universal Turing machine.
 It is now easy to see that for all e,

(∀x) [CR (x) ≤ CM (x) + eM + 1].

Kolmogorov Complexity

We define the Kolmogorov complexity of a string x as
C(x) = CR (x)
By the invariance theorem, any other machine complexity will
“undercut” C by at most a constant.
If σ is an Me -program for x, then 0e 1σ is an R-program for x.

Basic Properties of C
There exists an e such that for all x, C(x) ≤ |x| + e.
 e is the index of a copying machine that just outputs the

input. Obviously, x is an Me -program for x.
For each length n, there exist incompressible strings of length
n, i.e. strings x with C(x) ≥ |x|.
Pn−1 k
n
 There are
k=0 2 = 2 − 1 programs of length < n.
C cannot be increased by computable transformations.
 If f : 2<N → 2<N is (partial) computable, then there exists a

c such that for all x such that f(x) ↓, C(f(x)) ≤ C(x) + c.

Algorithmic Properties of C
C is not computable.
 The set D = {x : C(x) < |x|} is simple – r.e. and the

complement is infinite but does not contain an infinite r.e.
subset.
 Assume the complement of D contains an infinite r.e. set.

Then it also contains an infinite computable set
Z = {z1 < z2 < . . . }.
 A program for zi is given by the index of the machine

computing Z together with the index i, which can be
coded by log i bits. Hence C(zi ) ≤ log i + c.
 For large enough i this contradicts that zi is

incompressible.
 Simple sets cannot be computable since this would mean

the set and its complement are r.e.
 If C were computable, so would be D.

Algorithmic Properties of C
The noncomputability of C limits its use for practical purposes.
Possible remedies:
 Allow only a fixed number of steps for “decompression”.

Formally, let g be a total recursive function with g(n) ≥ n.
Define the time-bounded complexity
Cg (x) = min{|σ| : R(σ) = x in at most g(|x|) steps}.

 Replace R by a computable compression/decompression

mechanism (like any general compression algorithm – gzip
etc.).

Algorithmic Properties of C
However, C is right-enumerable or enumerable from above:
 There exists a computable function g : 2<N × N → N ∪ {∞}

such that for all x, s, g(s + 1, x) ≤ g(s, x) and
lim g(s, x) = C(x).
s

For instance, we can take
Cs (x) = min{|σ| : R(σ) = x in at most s steps}

 Equivalently, the set

{(x, m) : C(x) < m}
is recursively enumerable.

Machine-independent Characterization of C
A function D : 2<N → N satisfies the counting condition if
{x : D(x) < k} < 2k for each k.
 The counting argument above shows that every machine

complexity CM satisfies the counting condition.

Proposition
If D is right-computable and satisfies the counting condition,
then there exists a machine M such that for all x,
CM (x) = D(x) + c.

 It follows that C is given as a minimal (with respect to

pointwise domination within a constant) right-computable
function satisfying the counting condition.

Randomness as Incompressibility (I)
Conjecture: A sequence X is ML-random iff all of its initial
segments are incompressible, i.e. iff for some constant c,
(∀n) [C(X n ) ≥ n − c]

Unfortunately, this is not true of any infinite sequence.

Theorem [Martin-Löf]
Let k ∈ N. For any sufficiently long string x there exists an
initial segment y ⊆ x such that C(y) < |y| − k.

Randomness as Incompressibility (I)
Proof
 Let z be an initial segment of x.
 Let n = n(z) be the index of z in a standard

length-lexicographical ordering/enumeration of 2<N .
 Let y be the length n extension of z along x, i.e.

y = zσ ⊆ x and |σ| = n.
 There is a machine that, given σ as input, outputs zσ.
 Hence C(y) ≤ |σ| + c, where c is independent of y.
 On the other hand, |y| = |z| + |σ|, so if we choose z such

that |z| > k + c, it follows that C(y) < |y| − k.

Failure of Subadditivity

The complexity of a concatenation can be higher than the
complexities of its parts.
Given strings x, y, we should be able to combine programs for
them to obtain a program for z = xy.
Hence it should be true that C(xy) ≤ C(x) + C(y) + c.
The problem is that, given a concatenation of descriptions for x
and y, respectively, we cannot tell where the description of x
ends and that of y begins.

Failure of Subadditivity
Corollary
Let k ∈ N. There exists an x such that for some splitting
x = yz we have C(x) > C(y) + C(z) + k.
Proof
 Let c be such that C(x) ≤ |x| + c (c is the index of the

copying machine).
 Pick an incompressible, sufficiently long x, C(x) ≥ |x|.
 Let l = k + c and use the preceding theorem to find an

initial segment y ⊆ x such that C(y) < |y| − l.
 Then for z such that x = yz, we have

C(y) + C(z) + k < |y| − k − c + |z| + c + k = |x| ≤ C(x).

Randomness Oscillations
One can analyze these phenomena further to get an assessment
on how incompressibility for C can fail along an infinite
sequence.

Theorem [Martin-Löf]
Let f : N → N be a total computable function such that
P −f(n)
= ∞. Then, for any sequence X, there exist infinitely
n2
many n such that
C(X n ) ≤ n − f(n).

For example, we can choose f(n) = log n.

A “Better” Version of C?

One of the intended meanings of Kolmogorov complexity is
information theoretic:
If σ is a “minimal” program for x, σ contains precisely the
information necessary to produce x.
But a string σ does not only contain its bits as information, it
contains also its length.
This was used in the previous results.
We should therefore somehow “incorporate” the length of a
program into the definition of complexity.

A “Better” Version of C?

From a different perspective:
The failure of subadditivity is due to the fact that we
cannot, if we concatenate two descriptions, effectively tell
where one ends and the other begins.
Instead of using στ, we could use 0|σ| 1στ.
0|σ| 1σ is called a self-delimiting description of σ.
We will define a version of complexity that allows only
self-delimiting descriptions.

Prefix-free Sets
Definition
A set W ⊆ 2<N is prefix-free if for any x, y ∈ W,
x⊆y

implies

x = y.

In other words, no two elements of W are prefixes of one
another.
Order theoretic:
W is an antichain with respect to the partial order ⊆ of
strings.
Example: Phone numbers.

Prefix-free Kolmogorov complexity
A machine M is prefix-free if its domain is a prefix-free set. A
prefix-free machine S is optimal if for every prefix-free machine
M, CS ≤ CM + c.

Proposition
There exists an optimal prefix-free machine S.
Proof:
 Enumerate all Turing machines.
 Whenever we see that some machine Me is not prefix-free,

we stop enumerating its domain. This way we convert it to
a prefix-free machine M̃e . If Me is already prefix free, it
remains unaltered.
 If (M̃e ) is an enumeration of all (and only) prefix-free

machines, we define S(0e 1σ) = M̃e (σ).

Prefix-free Kolmogorov complexity

Definition
The prefix-free complexity of a string x is defined as
K(x) = CS (x).

Properties of K
Algorithmic properties
 K is not computable.
 K is enumerable from above.

Upper bounds are harder than for C
 The copying machine is not prefix-free.
 We can replace it by the machine M(0|x| 1x) = x.
 This yields K(x) ≤+ 2|x|. (≤+ means “≤ · · · + c”)
 General idea: Code x by x + self-delimiting code for |x|.
 The shortest self-del. code for |x| is given by a program of

length K(|x|).
 Hence K(x) ≤+ |x| + K(|x|) ≤+ |x| + 2 log |x|.

Relating K and C
Proposition
K(x) ≤+ K(C(x)) + C(x).
Proof
 Define machine M: On input τ search for decomposition

τ = ση such that S(σ) ↓= k, k = |η|. (S is the universal
prefix-free machine.)
 If such decomposition is found, M simulates R(η). (R is the

universal machine for C.)
 M is prefix free.
 If η is a shortest R-description of x and σ is a shortest

S-description of |η|, then M outputs x.
 Hence K(x) ≤+ |σ| + |η| = K(C(x)) + C(x).

Relating K and C

Corollary
C(x) ≤+ K(x) ≤+ C(x) + 2 log C(x) ≤+ C(x) + 2 log(|x|).
We can also get a first “approximation” to subadditivity.
C(xy) ≤+ K(x) + C(y).

 Search for decomposition of input into S-program for x and

R-program for y.

Randomness as Incompressibility (II)
Proposition
The sequence Wn = {σ : K(σ) ≤ |σ| − n} is a ML-test.
Proof
 The Wn are uniformly r.e. since K is enumerable from

above.
 Observation: If V ⊆ 2<N is prefix-free, then

P
σ∈W

2−|σ| ≤ 1.

 Each of the σ in Wn has a program τ of length ≤ |σ| − n.
 These τ form a prefix-free set Vn .
 Hence

P

σ∈Wn

2−|σ| ≤

P

τ∈Vn

2−(|τ|+n) ≤ 2−n .

Randomness as Incompressibility (II)
It follows that if X is ML-random, it will pass the test (Wn ).
This means that from some level c on (the Wn are nested), X is
not covered by Wn for n > c.
This in turn means that
(∀n) [K(X n ) ≥ n − c].

In other words, if X is ML-random, its initial segments are
incompressible with respect to K.

Randomness as Incompressibility (II)

Can we prove a converse of this? If the initial segments of X are
incompressible, does it follow that X is random?
We want to show that if we have a ML-test, we can use it to
compress initial segments that are covered by it.
For this, we will study a new way of devising prefix-free
machines.
 This will at the same time give a new characterization of K.

Discrete Semimeasures
Definition
A discrete semimeasure is a function m : 2<N → [0, 1] such that
X
m(x) ≤ 1
x∈2<N

Think of a semimeasure as an incomplete probability
distribution over 2<N (or equivalently, N).
A semimeasure m is called optimal for a family F of
semimeasures if m ∈ F and it multiplicatively dominates all
semimeasures in F, i.e. if
(∀f ∈ F) (∃cf ) (∀x) [f(x) ≤ cf m(x)].

Discrete Semimeasures
Theorem [Levin]
e that is optimal for the family of
There exists a semimeasure m
left-computable discrete semimeasures.
One can construct such a semimeasure along the lines of the
previous universality constructions.
But we will actually see that the function
e
m(x)
= 2− K(x)
is an optimal semimeasure. This is known as the Coding
Theorem.

The Coding Theorem

Theorem [Levin]
e is an optimal left-computable semimeasure, then
If m
e =+ K.
− log m
Proof
 It suffices to show that 2− K is an optimal left-computable

semimeasure.
 2− K is left-computable, since K is enumerable from above.
 Let m be a left-computable semimeasure. We construct a

prefix-free machine M such that KM (x) ≤+ − log m(x).

The Coding Theorem
Proof
 Let {(xt , kt ) : t = 1, 2, . . . } be an enumeration of the set

{(x, k) : 2−k < m(x)} without repetition.
P −kt P P −kt
P
 Then
= x t {2 : xt = x} ≤ x 2m(x) < 2.
t2
 Cut off adjacent intervals It of length 2−kt −1 from the left

side of [0, 1].
 If JτK is the largest binary subinterval for some It , let

M(τ) = xt . Otherwise let M be undefined.

 M is obviously prefix-free and partial recursive.
 It follows from the enumeration that for all x exists a t

such that xt = x and m(x)/2 < 2−kt .
 Hence for every x there exists a τ such that M(τ) = x and

|τ| ≤ − log m(x) + 4.

The Kraft-Chaitin Theorem
The Coding Theorem gives us a useful methods to prove
complexity bounds.

Corollary
Suppose we have a computable sequence of “requests” of the
form (ri , xi ), meaning that we want to build a prefix-free
machine M such that for all i exists σi with |σi | = ri + c and
M(σi ) = xi . Such a machine exists iff the function m(xi ) = 2−ri
is a semimeasure.
The proof is analogous to the construction in the previous
proof.

Randomness as Incompressibility (III)
Now let (Wn ) be a ML-test that covers X.
Define mn (σ) = n2−|σ| if σ ∈ Wn (0 otherwise), and
P
m = n mn .
m is enumerable from below.
P

σ m(σ)

≤

P

n/2n < ∞.

Deleting finitely many strings from W does not change the
covering properties of the test and turns m into a semimeasure.
Hence for some c, m ≤ c 2− K .

Randomness as Incompressibility (III)
Given n there exists ln such that X ln ∈ Wn .
Hence mn (X ln ) = n2−ln , which implies
n=

m(X ln )
2− K(Xln )
mn (X ln )
≤
≤
.
2−ln
2−ln
2−ln

This yields
lim sup
n

2− K(Xln )
= ∞,
2−ln

or equivalently
(∀n) (∃ln ) [K(X ln ) < ln − n].

Schnorr’s Theorem

We have proved the second main theorem of algorithmic
randomness, better known as Schnorr’s Theorem.

Theorem
A sequence is ML-random iff there exists a c such that for all n,
K(X n ) ≥ n − c.

The Ample Excess Lemma
For a random sequence, the distance between K(X n ) and n
must in fact go to infinity.

Theorem [Miller and Yu]
X is ML-random iff

P

n2

n−K(Xn )

< ∞.

Proof: (⇐)
If X is not ML-random, then there exist infinitely many n such
that K(X n < n, which implies
X
2n−K(Xn ) = ∞.
n

The Ample Excess Lemma
Proof: (⇒)
 Fix a length m. Let’s count the total ‘gaps’ along strings of
length n:
X X
X X
X
2n−K(σn ) =
2|τ|−K(τ) =
2m−|τ| 2|τ|−K(τ)
|σ|=m n≤m

|σ|=m τ⊆σ

=2

m

X

2

|τ|≤m
−K(τ)

m

<2

|τ|≤m

 Hence at most 2m−c strings σ of length m have

X

2n−K(σn ) ≥ 2c .

n≤m

P

≥ 2c } ≤ 2−c .
n−K(Yn ) ≥ 2c } has measure at
 And thus, Uc = {Y :
n2
most 2−c . (Uc ) forms a test that covers all Y for which
P n−K(Yn )
= ∞.
n2
 Therefore, λ{Y :

n≤m 2

P

n−K(Yn )

Chaitin’s Ω
While there is an abundance of random sequences, it is hard to
come up with a distinguished example.
Chaitin defined the real number
X
Ω=
2−|σ| .
σ∈dom(S)

Theorem [Chaitin]
The binary expansion of Ω is a ML-random sequence.

Chaitin’s Ω
Proof
 We build a (plain) machine M.
 On input x of length n, wait for t such that

0.x ≤ Ωt < 0.x + 2−n , where
X
Ωt =

2−|σ| ,

S(σ)↓ in at most t steps, |σ|≤t

the approximation to Ω at stage t.
 If such t is found, output the least string y not in the

range of St
 If x = Ω n , then such t exists.
 By stage t all S-descriptions of length ≤ n have appeared,

otherwise Ω > Ωt + 2−n .
 Thus M(x) = y and K(y) > n.
 Hence K(Ω n ) ≥+ K(M(Ω n )) > n.

Digression: Clustering via Information Distance
Given two strings x, y, let hx, yi be a standard pairing function,
for example hx, yi = 0|x| 1xy.
 Think of a pairing function as a way to code x, y, and a

way to tell them apart.

Definition
Define the information distance between two strings x, y as
E(x, y) = K(hx, yi) − min{K(x), K(y)}.

E minorizes (up to a constant) all computable, nonnegative,
symmetric functions between strings.
 This means if x, y are close with respect to some distance

function D, they will also be close with respect to E.

Digression: Clustering via Information Distance

Since information distance should be measured relative to
length, we define the normalized information distance
NID(x, y) =

K(hx, yi) − min{K(x), K(y)}
.
max{K(x), K(y)}

For practical purposes, replace K by CM with total computable
prefix-free compressor/decompressor (e.g. gzip).
The Coding Theorem lets us replace a prefix-free compressor by
any enumerable semimeasure.

Digression: Clustering via Information Distance
Google probability
Let S be the set of all Google search terms.
Let W be the set of all web pages indexed (∼ 1010 ).
Google probability of a search term x:
 Let x denote all pages on which x appears.
 L(x) = |x|/|W|.

Problem: L is not a semimeasure (events overlap).
Modify counting: N =

P

{x,y}⊆S |x

∧ y|.

P
Set g(x, y) = |x ∧ y|/N. Then {x,y}⊆S g(x, y) = 1, hence we
can derive a prefix-free complexity, the Google complexity G.

Digression: Clustering via Information Distance

Google distance

P
Set g(x, y) = |x ∧ y|/N. Then {x,y}⊆S g(x, y) = 1, hence we
can derive a prefix-free complexity, the Google complexity G.
Based on this, define the normalized Google distance
NGD(x, y) =

G(hx, yi) − min{G(x), G(y)}
.
max{G(x), G(y)}

Application: Clustering using “Google semantics”
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Randomness and Recursive Enumerability
Theorem [Barzdins]
Let Z be recursively enumerable. Then for all n,
C(Z n ) ≤+ 2 log n.

Proof
 To output Z n , the following information suffices:
 The length n (log n bits),
 the number kn of elements in Z that are ≤ n (log n bits),

and
 the index e such that Z = We (constant number of bits).

 Given this, run We till exactly kn elements ≤ n have been

enumerated.
 Since we know descriptions of n and kn have exactly log n

bits, we can just concatenate them.

Randomness and Recursive Enumerability

Since K(x) ≤ C(x) + 2 log |x|, it follows that for Z recursively
enumerable,
(∀n) [K(Z n ) ≤+ 4 log n].

Hence by Schnorr’s Theorem, recursively enumerable sequences
cannot be random.

Randomness and Recursive Enumerability
Question: Are random sequences always computationally very
difficult?
Consider Ω. It was defined as
X
Ω=
2−|σ| .
σ∈dom(S)

Ω is left-computable, since every new σ that shows up in
dom(S) will increase the current approximation to Ω.
It turns out Ω is computationally as difficult as the halting
problem ∅ 0 , where
∅ 0 = {n : ϕn (n) ↓}.

Randomness and Completeness

Theorem
Ω is Turing-equivalent to the halting problem ∅ 0 , Ω ≡T ∅ 0 .
Proof
 If we know ∅ 0 , we can compute Ω n uniformly in n, by

enumerating the left cut of Ω and using ∅ 0 to ask whether
the current approximation is close enough.
 Hence Ω ≤T ∅ 0 .

Randomness and Completeness

 Now show ∅ 0 ≤T Ω.
 Define a prefix-free machine M by letting M(0n 1) = s if n

enters ∅ 0 at stage s.
 Let d be the coding constant for M with respect to S.
 Using an oracle for Ω, we can decide whether n ∈ ∅ 0 as

follows.
 Compute a stage t such that Ω n+d+1 = Ωt n+d+1 .
 n cannot enter ∅ 0 after stage t, since this would add an

element of length ≤ |n + d + 1| to the domain of S, and
hence change Ω below n + d + 1.
 Hence n ∈ ∅ 0 iff it has been enumerated into ∅ 0 by stage t.

Randomness and Completeness
It turns out every other left-computable random real has the
same computational difficulty as Ω.

Theorem
If α is a left-computable random real, then α ≡T Ω ≡T ∅ 0 .
Question: What about non-left-computable reals?
 We know there are measure 1 (and hence uncountably)

many random sequences, but every Turing degree has only
countably many members, hence there must be random
sequences that are not T-equivalent to the halting problem.
 Do they have to be more complicated, i.e. does it hold that

∅ 0 <T X?

Randomness and Lowness
Recall that the Turing jump of a set X ⊆ N is defined as
X 0 = {n : ϕXn (n) ↓}.
The jump of X is the halting problem relative to X.

Definition
A set X is low if X 0 ≤T ∅ 0
A low set X can be thought of as close to computable since their
jump has the same computational power as computational sets.
 In particular, no low set can compute the halting problem.

Randomness and Lowness
Theorem
There exists a low random sequence.
The result follows from a central result of computability theory,
the Low Basis Theorem.
A set A ⊆ 2N is effectively closed if its complement is effectively
open, i.e. if there exists an r.e. set W ⊆ 2<N such that
X 6∈ A

⇔

(∃σ ∈ W) [X ∈ JσK]

Alternatively, effectively closed sets can be described as infinite
paths through computable trees.
Effectively closed sets are also called Π01 -classes.

Randomness and Lowness
Low Basis Theorem [Jockusch and Soare]
Every effectively closed set of sequences contains a low element.
We show that this implies the existence of low random
sequences.
Observation: The set of all random sequences is an effective
union of effectively closed sets, namely the complements of the
effectively open sets given by the levels Un of the universal
ML-test.
Hence we can take e.g. the first level U1 and consider the
complement of JU1 K. This consists of only random sequences.
By the Low Basis Theorem, one of these sequences must be low.

Extracting Information from Random Sequences
Nevertheless, the set of all random sequences contains enough
information to compute any other sequence.

Theorem [Kucera; Gacs]
Every sequence is Turing reducible to a random one.
In other words, for any sequence X we can find a random
sequence R and an algorithm that can, with access to the
sequence R, compute X.
We can code information into a ML random sequnce.

Extracting Information from Random Sequences
Lemma
Given rational δ > 1, k ∈ N, we can compute a length l(δ, k)
such that for any martingale F and any σ,
{τ ∈ {0, 1}l(δ,k) : F(στ) ≤ δF(σ)} ≥ k.

This is an application of Kolmogorov’s inequality.
The lemma effectively guarantees a number of paths extending
σ along which F does not gain much money.

Extracting Information from Random Sequences
Proof of Kucera-Gacs [due to Merkle and Mihailovic]
 Let F be the left-computable martingale corresponding to

the universal ML-test (Un ).
 Hence X is random iff F does not succeed on X, in fact iff F

does not succeed with lim = ∞.
 Let r0 > r1 > . . . be a sequence of rationals such that

βi =

Q

j≤i rj

converges.

 Let ls = l(rs , 2). Hence for any σ there are at least two

extensions of length ls with F(στ) ≤ rs F(σ).
 Idea: If we choose among these extensions, F will stay

bounded and hence we get a random sequence.
 Now code X into one of these paths, R.

Extracting Information from Random Sequences
 Partition N into intervals {Is }, |Is | = ls .
 Construct random R in stages. At stage s, specify R on Is .

Start with the empty string .
 Suppose σs = R ms , where ms =

P

i<s li ,

is given, with

F(σs ) ≤ βs−1 .
 Call τ of length ls s-admissible if

F(σs τ) ≤ βs = rs βs−1 .
By choice of ls , there are at least two s-admissible strings.
 Let τ0 , τ1 be the leftmost and the rightmost, resp.,

s-admissible strings.
 Set σs+1 = σs τi , where i = X(s).

Extracting Information from Random Sequences
By construction, R is random.
We show how to extract X from R effectively.
 We compute X(s) from σs+1 = R ms .
 σs+1 is either the leftmost or the rightmost s-admissible

extension of σs .
 Observation: Being s-admissible is co-r.e., i.e. we can

enumerate the extensions which are not s-admissible.
 Hence we can wait till either to the left or to the right of

σs+1 there are no more s-adm. extensions left.
 If to the left: X(s) = 0.

If to the right: X(s) = 1.

Extracting Information from Random Sequences
The Kucera-Gacs Theorem says that it is possible to effectively
code information into random sequences.
One can analyze the proof and deduce that if a sequence
computes the halting problem ∅ 0 , then it is Turing equivalent to
a random sequence.
Hence random sequences can be computationally very powerful.
One may object that this does not agree with our intuition of
“true randomness”.
We will see that these phenomena can be avoided by making
tests algorithmically stronger.

Relative Randomness

Test can be made stronger if we give them access to an
additional oracle.

Definition
Given a sequence Z, we say (Wn ) is a ML-test relative to Z (or
ML-Z-test), if (Wn ) is uniformly r.e. in Z and for all n,
P
−|σ| ≤ 2−n .
Wn 2
X is random relative to Z, or simply Z-random, if it is not
covered by any ML-Z-test.

Relative Randomness

Of particular interest are randomness tests relative to instances
of the Turing jump ∅(n) .
X is called n-random if it is random relative to ∅(n−1) . Hence
1-randomness coincides with ML-randomness.
Obviously, if X is n-random, then X is also k-random for all
k < n.
In general, if X is Z-random and Y ≤T Z, then X is Y-random,
too.

Randomness of Joins
Given two sequences X, Y, we can form a new sequence
Z = X ⊕ Y, the join of X and Y by letting
Z = X(0) Y(0) X(1) Y(1) X(2) . . .

What happens if we join two random sequences? Will the join
be random, too?
 Certainly not if we join a random sequence with itself,

X ⊕ X.
There is an easy betting strategy succeeding on all
sequences of the form X ⊕ X.

Van Lambalgen’s Theorem
Theorem [Van Lambalgen]
X ⊕ Y is ML-random iff X is random and Y is X-random.
The proof is an application of Fubini’s Theorem from measure
theory.
Note that the theorem also says that if we split a random
sequence into two halves, we get two sequences that are random
relative two each other.
 If X is Y-random then X is not computable in Y.
 Hence if we split a random sequence, the halves are

computationally incomparable: neither half computes the
other.

Higher Randomness and Lowness

We want to show that higher random sequences cannot be
computationally powerful anymore.

Definition
A sequence X is generalized low, GL1 , if X 0 ≡T X ⊕ ∅ 0 .
Being GL1 means that the jump is as low as possible (since
always X 0 ≥T X ⊕ ∅ 0 ).
 Note: If X ≤T ∅ 0 and X GL1 , then X is low.

Higher Randomness and Lowness
Lemma
If X ≤T ∅ 0 and X is Z-random, then Z is GL1 .
Proof
 By the Limit Lemma, there exists a computable

approximation Xs → X. Let f be the settling function, i.e.
f(n) is the minimal s such that Xs n = X n .
 Define Ue = {Xse e+1 } if ϕZ
e (e) ↓ in se steps (∅ otherwise).
 Then (Vn ) with Vn =

S

e>n Ue

is a ML-Z-test.

 Since X is Z-random, it is covered by only finitely many Vn .
 Hence Xs n changes after se for almost all e (if exists).
 This implies f(e) ≥ se for all but finitely many e.
 Hence we can decide Z 0 from f ≤T ∅ 0 and Z, by checking

ϕZe (e) up to time f(e).

Higher Randomness and Lowness

Corollary
If Ω is Z-random, then Z is GL1 .
We can combine this with van Lambalgen’s Theorem to prove
an alternative characterization of 2-randomness:
X is 2-random iff X is random and Ω is X-random.
Proof: Since Ω ≡T ∅ 0 , X is 2-random iff X is random relative to
Ω. By van Lambalgen, this is equivalent to X ⊕ Ω being
random. Again by van Lambalgen, this is equivalent to X
random and Ω X-random.

Higher Randomness and Lowness

Now we can prove the desired result.

Theorem
If X is 2-random then it is GL1 .
Proof
 If X is 2-random, then by the previous result, Ω is

X-random.
 Since Ω ≤T ∅ 0 , it follows from the lemma that X is GL1 .

Note that no GL1 set can compute the halting problem.
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Measures on Cantor Space
Definition
A measure on 2N is a function µ : 2<N → [0, ∞) such that for all
σ ∈ 2<N
µ(σ) = µ(σ0) + µ(σ1).
If µ() = 1, µ is a probability measure.
The Caratheodory Extension Theorem ensures that µ has a
unique extension to the family of all Borel sets.
In the following, all measures are assumed to be probability
measures.

Borel Sets

The Borel sets are obtained from open sets by closing under
complementation and countable unions.
 The Borel sets can be ordered according their topological

complexity: open/closed sets, intersections of open
sets/unions of closed sets, unions of intersections of . . . .
 This yields a hierarchy, the Borel hierarchy, similar to the

arithmetical hierarchy for sets of natural numbers: ∃/∀,
∃∀/∀∃, ∃∀∃/∀∃∀, . . .

Representation of measures
 The space P(2N ) of all probability measures on 2N is

compact Polish.
Compatible metric:
d(µ, ν) =

∞
X

2−n dn (µ, ν)

n=1

dn (µ, ν) =

1 X
|µJσK − νJσK|.
2
|σ|=n

 Countable dense subset: Basic measures

X
ν~α,~q =
αi δqi
X
αi = 1, αi ∈ Q≥0 , qi ‘rational points’ in 2N

Representation of measures

 (Nice) Cauchy sequences of basic measures yield

continuous surjection
ρ : 2N → P(2N ).

 Surjection is effective: For any X ∈ 2N ,

ρ−1 (ρ(X)) is Π01 (X).

Randomness for arbitrary measures
Let µ be a probability measure on 2N , Rµ a representation of µ,
and let Z ∈ 2N .
 An Rµ -Z-test is a set W ⊆ N × 2<N which is r.e. (Σ01 ) in

Rµ ⊕ Z such that
X
µJσK ≤ 2−n ,
σ∈Wn

where Wn = {σ : (n, σ) ∈ W}.
 A real X passes a test W if X 6∈

the Gδ -set represented by W.

T

n JWn K,

i.e. if it is not in

 A real X is µ-Z-random if there exists a representation Rµ

so that X passes all rµ -Z-tests.
Levin suggested a representation-free definition. Recently, Day
and Miller showed that his definition of randomness agrees with
the above one.

Atomic Measures
Trivial Randomness
Obviously, every sequence X is trivially random with respect to
µ if µ({X}) > 0, i.e. if X is an atom of µ.
If we rule out trivial randomness, then being random means
being non-computable.

Theorem [Reimann and Slaman]
For any sequence X, the following are equivalent.
 There exists a measure µ such that µ({X}) = 0 and X is

µ-random.
 X is not computable.

Making Sequences Random
Features of the proof
 Conservation of randomness.

If Y is random for Lebesgue measure λ, and f : 2N → 2N is
computable, then f(Y) is random for λf , the image measure.
 A cone of λ-random sequences.

By the Kucera-Gacs Theorem, every real above 0 0 is
Turing equivalent to a λ-random real.
 Relativization using the Posner-Robinson Theorem.

If a real is not computable, then it is above the jump
relative to some G.
 A compactness argument for measures.

Making Reals Random
Conservation of randomness

Let µ be a probability measure and f : 2N → 2N be a continuous
(Borel) function.
Define the image measure µf by setting
µf (σ) = µ(f−1 JσK)

Conservation of randomness
If the transformation f is computable in Z, then it preserves
randomness, i.e. it maps a µ-Z-random real to a µf -Z-random
one.

Non-trivial Randomness
Cones and relativization

Kucera’s coding argument:
 Every degree above ∅ 0 contains a λ-random.

Relativization:
 Posner-Robinson Theorem: For every non-computable

sequence X there exists a G such that X ⊕ G ≥T G 0 , i.e.
relative to G, X is above the jump.
Conclude that every non-computable sequence X is Turing
equivalent to some λ-G-random sequence R for some real G.

Non-Trivial Randomness
Making reals random

The Turing equivalence to a λ-random real translates into an
effectively closed set of probability measures.
 The following basis theorem (indep. by Downey,

Hirschfeldt, Miller, and Nies) ensures that one of the
measures will not affect the randomness of R.

Theorem
If B ⊆ 2N is nonempty and Π01 , then, for every R which is
λ-random there is Z ∈ B such that R is λ-Z-random.
 This argument seems to be applicable in more generality,

proving existence of measures.

Randomness for Continuous Measures

In the proof we have little control over the measure that makes
x random.
 In particular, atoms cannot be avoided (due to the use of

Turing reducibilities).

Question
What if one admits only continuous (i.e. non-atomic)
probability measures?.

The Class NCR

Let NCRn be the set of all reals which are not n-random with
respect to any continuous measure.

Question
What is the structure/size of NCRn ?
 Is there a level of logical complexity that guarantees

continuous randomness?
 Can we reproduce the proof that a non-computable real

is random at a higher level?

The Class NCR

Upper bound
NCRn is a Π11 set, i.e. its complement is the image of an
effectively closed set under an effectively continuous
transformation.
 NCRn does not have a perfect subset.
 Solovay, Mansfield: Every Π11 set of reals without a perfect

subset must be contained in L.

The Constructible Universe

Definition
Gödel’s hierarchy of constructible sets L is defined by the
following recursion.
 L0 = ∅
 Lα+1 = Def(Lα ), the set of subsets of Lα which are first

order definable in parameters over Lα .
 Lλ = ∪α<λ Lα .

Randomness for Continuous Measures
One can analyze the proof of the previous theorem to obtain a
more recursion theoretic characterization of continuous
randomness.

Theorem
Let X be a sequence. For any Z ∈ 2N , the following are
equivalent.
 Z is random for a continuous measure computable in Z.
 There exists a functional Φ computable in Z which is an

order-preserving homeomorphism of 2N such that Φ(X) is
λ-Z-random.
 X is truth-table equivalent (relative to Z) to a λ-Z-random

real.
This is an effective version of the classical isomorphism theorem
for continuous probability measures.

The Structure of NCR1

A sequence X is hyperarithmetic if it is recursive in some ∅(α) ,
where α is a recursive ordinal.
 Woodin: outside the hyperarithmetic sequences, the

Posner-Robinson theorem holds for a truth-table reduction.
 Conclude that all elements of NCR1 are hyperarithmetic.

In other words, if X is not hyperarithmetic, it is random for
some continuous measure.

The Structure of NCRn

For larger n, we can still show:

Theorem [Reimann and Slaman]
For all n, NCRn is countable.

Examples of higher order

Theorem
Kleene’s O is an element of NCR3 .
Based on this, one can use the theory of jump operators
(Jockusch and Shore) to obtain a whole class of examples.
Proof:
 Tree representation O = {e :

the eth computable tree Te ⊆ ω<ω is well-founded}.
 Suppose O is 3-random for some µ.
 We want to use domination properties of random reals.

The Class NCR
Examples of higher order

 Well-known (Kurtz and others): If X is n-random for µ,

n > 1, then every function f ≤T X is dominated by a
function computable in µ 0 .
 Therefore, µ 0 computes a uniform family {ge } of functions

dominating the leftmost infinite path of Te .
 Infer: For every e, the following are equivalent.
(i) Te is well-founded.
(ii) The subtree of Te to the left of ge is finite.

 The latter condition is Π01 (µ 0 ), hence O is Π02 (µ).
 But this is impossible if O is 3-random for µ.

NCRn is Countable
Main Features of the Proof

 Produce an upper cone in the Turing degrees of reals that

are random for a continuous measure.
 Borel-Turing determinacy

 Generalize the Posner-Robinson-Theorem to cases of higher

complexity.
 Kumabe-Slaman forcing

Borel Determinacy
Consider the following game: Let A ⊆ 2N .
 Player I plays X(0).
 Player II plays X(1).
 I plays X(2).
 II plays X(3).

..
.
The outcome of the play a sequence X ∈ 2N .
 Player I wins if X ∈ A.
 Player II wins if X 6∈ A.

Borel Determinacy

Theorem (Martin)
If A is Borel, then one of the players has a winning strategy.
An application is Borel Turing Determinacy:
If A is Borel and invariant under Turing equivalence, then
either A or its complement contains an upper cone in the
Turing degrees.

An Upper Cone of Random Sequences
An upper cone of continuously random sequences
 Show that the complement of NCRn contains a Turing

invariant and cofinal (in the Turing degrees) Borel set.
 We can use the set of all X that are Turing equivalent to

some Z ⊕ R, where R is (n + 1)-random relative to a given
Z.
 These X will be n-random relative to some continuous

measure and are T-above Z.
 Use Borel Turing determinacy to infer that the

complement of NCRn contains a cone.
 The base of the cone is given by the Turing degree of a

winning strategy in the corresponding game.

Location inside the Constructible Hierarchy
 The direct nature of Martin’s proof implies that the

winning strategy for that game belongs to the smallest Lβ
such that Lβ is a model of ZFC.
 The more complicated the game is in the Borel hierarchy,

the more iterates of the power set of the continuum are
used in producing the winning strategy – trees, trees of
trees, etc.
 More precisely, the winning strategy (for Borel complexity

n) is contained in
Lβn  ZFC−
n
where ZFC−
n is Zermelo-Fraenkel set theory without the
Power Set Axiom + “there exist n many iterates of the
power set of 2N ”.

Relativization via Forcing

Posner-Robinson-style relativization
 Given X 6∈ Lβn , using forcing we construct a set G such

that Lβn [G] |= ZFC−
n and
Y ∈ Lβn [G] ∩ 2N

implies

Y ≤T X ⊕ G

(independently by Woodin).
 If X is not in Lβn , it will belong to every cone with base in

the accordant Lβn [G], in particular, it will belong to the
cone avoiding NCRn .

Metamathematics Necessary?

Question
Do we really need the existence of iterates of the power set
of the reals to prove the countability of NCRn , a set of reals?
We make fundamental use of Borel determinacy; this suggests
to analyze the metamathematics in this context.

Borel Determinacy and Iterates of the Power Set
Necessity of power sets – Friedman’s result
 Friedman showed

ZFC− 0 Σ05 -determinacy.
(Martin improved this to Σ04 .)
 The proof works by showing that there is a model of ZFC−

for which Σ04 -determinacy does not hold. This model is Lβ0 .
Based on this, Friedman showed that in order to prove Borel
determinacy, one has to assume the existence of infinitely many
iterates of the power set.

NCR and Iterates of the Power Set

We can proof a similar result concerning the countability of
NCRn .

Theorem
For every k,
ZFC−
k 0 “For every n, NCRn is countable”.

NCR and Iterates of the Power Set
NCRn is not countable in Lβ0
 Show that there is an n such that NCRn is cofinal in the

Turing degrees of Lβ0 . (The approach does not change
essentially for higher k.)
 The non-random witnesses will be the reals which code the

full inductive constructions of the initial segments of Lβ0 .

Randomness does not accelerate defining reals
Suppose that n ≥ 2, Y ∈ 2N , and X is n-random for µ. Then,
for i < n,
Y ≤T X ⊕ µ and Y ≤T µ(i)

implies

Y ≤T µ.

NCR and Iterates of the Power Set
Example
For all k, 0(k) is not 3-random for any µ.

Proof.
 Suppose 0(k) is 3-random relative to µ.
 0 0 is computably enumerable relative to µ and computable

in the supposedly 3-random 0(k) . Hence, 0 0 is computable
in µ and so 0 00 is computablely enumerable relative to µ.
 Use induction to conclude 0(k) is computable in µ, a

contradiction.

NCR and Iterates of the Power Set

As with arithmetic definability, for n ≥ 5, n-random reals
cannot accelerate the calculation of well-foundedness.

Lemma
Suppose that X is 5-random relative to µ, ≺ is a linear
ordering computable in µ, and I is the largest initial
segment of ≺ which is well-founded. If I is computable in
X ⊕ µ, then I is computable in µ.

Lα ’s and their master codes

Master codes
 Lα , α < β0 , is a countable structure obtained by iterating

first order definability over smaller Lγ ’s and taking unions.
 Jensen’s master codes are sequences Mα ∈ 2N ∩ Lβ0 , for

α < β0 , that represent these countable structures.
 Mα is obtained from smaller Mγ ’s by iterating the Turing

jump and taking arithmetically definable limits.
 Every X ∈ 2N ∩ Lβ0 is computable in some Mα .

Master codes are not random

An inductive argument similar to the example 0(k) ∈ NCR3 ,
using the non-helpfulness lemmas, can be applied transfinitely
to these master-codes.

Theorem
There is an n such that for all limit α, if α < β0 , then there
is no continuous measure µ such that Mα is n-random
relative to µ.

Outline of Lecture 5

Randomness in Fractal Geometry and Dynamical Systems
 Randomness for Hausdorff Measures.
 Kolmogorov Complexity and Hausdorff Dimension.
 Frostman’s Lemma.
 Extracting Randomness.
 Selection Rules, Lowness, and Triviality

Hausdorff Measures

 For s ≥ 0, define set function

Hδs (E) = inf


X


d(Ui )s : E ⊆

i

[

Ui , d(Ui ) ≤ δ .

i

 Letting δ → 0 yields an outer measure.
 The s-dimensional Hausdorff measure Hs is defined as

Hs (E) = lim Hδh (E)
δ→0

Properties of Hausdorff Measures

 Hs is Borel regular:

all Borel sets B are measurable, i.e.
(∀A ⊆ X) Hs (A) = Hs (A ∩ B) + Hs (A \ B),
and for all A ⊆ X there is a Borel set B ⊆ A such that
Hs (B) = Hs (A).

 For X = Rn (Euclidean) and s = n, Hn yields the usual

Lebesgue measure λ (up to a multiplicative constant).

From Measure to Dimension

 Important property: For 0 ≤ s < t < ∞ und E ⊆ X,

Hs (E) < ∞ ⇒ Ht (E) = 0,
Ht (E) > 0 ⇒ Hs (E) = ∞.
 The Hausdorff dimension of a set E is defined as

dimH (E) = inf{s ≥ 0 : Hs (E) = 0}
= sup{t ≥ 0 : Ht (E) = ∞}

Hausdorff Dimension – Famous examples

Mandelbrot set – dimH = 2

Hausdorff Dimension – Famous examples

Koch snowflake – dimH = log 4/ log 3

Hausdorff Dimension – Famous examples

Cantor set – dimH = log 2/ log 3

Hausdorff Dimension – Famous examples

Frequency sets – For 0 ≤ p ≤ 1, let
Ap =

X ∈ 2N : lim
n

|{i < n : X(i) = 1}|
=p .
n

Then dimH Ap = H(p) = −[p log p + (1 − p) log(1 − p)]
[Eggleston].

Properties of Hausdorff Dimension
 Lebesgue measure: λ(A) > 0 implies dimH (A) = 1.
 Monotony: A ⊆ B implies dimH (A) ≤ dimH (B).
 Stability: For A1 , A2 , · · · ⊆ 2N it holds that

[
dimH ( Ai ) = sup {dimH (Ai )}.
 Important geometric properties:
 If F is Hölder continuous, i.e. if there are constants c, r > 0
for which
(∀x, y) d(F(x), F(y)) ≤ cd(x, y)r ,
then
dimH F(A) ≤ (1/r) dimH (A).
 For r = 1, F is Lipschitz continuous. If F is bi-Lipschitz,

then
dimH h(A) = dimH (A).

Hausdorff Dimension and Martingales
Hausdorff dimension can be expressed in terms of martingales.
 Given s ≥ 0, a martingale F is called s-successful on a real

X ∈ 2N if
lim sup

F(X n )
= ∞.
2(1−s)n

 Note that the usual success-notion for martingales is just

being 1-successful.

Theorem [Lutz]
For any set A ⊆ 2N ,
dimH A = inf{s : ∃ martingale F s-successful on all X ∈ A}.

Packing Dimension
Lutz’ martingale characterization allows for an easy
characterization of another dimension concept, packing
dimension, which can be seen as a dual to Hausdorff dimension.
 Instead of “covering” a set with open balls, “pack” it with

disjoint balls.
Given 0 < s ≤ 1, a martingale F is strongly s-successful on a
real X if
F(X n )
lim inf (1−s)n → ∞.
2

Theorem [Athreya, Hitchcock, Lutz, and Mayordomo]
For any set A ⊆ 2N ,
dimP A = inf{s : ∃ F strongly s-successful on all X ∈ A}.

Effective Hausdorff Dimension
The effective Hausdorff dimension, or constructive dimension),
of A ⊆ 2N is defined as
s
dim1H A = inf {s ∈ Q+
0 : A is effectively H -null}.

 Effective dimension has an important stability property

[Lutz]:
dim1H A = sup {dim1H {X} : X ∈ A}.

 For a single real X ∈ 2N , we put dim1H X = dim1H {X}.

There are single reals of non-zero dimension: every
λ-random real has dimension one.

Effective Dimension and Kolmogorov Complexity

Effective Hausdorff dimension can be interpreted as a degree of
incompressibility.

Theorem (Ryabko; Mayordomo)
For every real X,
dim1H X = lim inf
n→∞

K(X n )
.
n

Effective Dimension and Kolmogorov Complexity

Effective packing dimension (constructive strong dimension)
can be effectivized using the martingale characterization by
Athreya et al.

Theorem (Athreya et al)
For every real X,
dim1P X = lim sup
n→∞

K(X n )
.
n

The three basic examples

Let 0 < r < 1 rational. Given a Martin-Löf random set X, define
Xr by

X(n) if m = bn/rc,
Xr (m) =
0
otherwise.
Then dim1H Xr = r.
 Geometry: Hölder transformation of Cantor set
 Information theory: Insert redundancy

The three basic examples

Let µp be a Bernoulli (“coin-toss”) measure with bias
p ∈ Q ∩ [0, 1], and let X be random with respect to µp .
Then
dim1H X = H(µp ) := −[p log p + p log(1 − p)].
[Lutz; Eggleston]
 Kolmogorov complexity can be seen as an effective version

of entropy.

The three basic examples

Let U be a universal, prefix-free machine. Given a computable
real number 0 < s ≤ 1, the binary expansion of the real number

Ω(s) =

X

2−

|σ|
s

σ∈dom(U)

has effective dimension s [Tadaki].
 Note that Ω(1) is just Chaitin’s Ω.

Randomness Extraction
Each of the three examples actually computes a Martin-Löf
random real.
 This is obvious for the “diluted” sequence.
 For recursive Bernoulli measures, one may use

Von-Neumann’s trick to turn a biased random real into a
uniformly distributed random real.
More generally, any real which is random with respect to a
recursive measure computes a Martin-Löf random real
[Levin; Kautz].
 Ω(s) computes a fixed-point free function. It is of r.e.

degree, and hence it follows from the Arslanov
completeness criterion that Ω(s) is Turing complete (and
thus T-equivalent to a Martin-Löf random real).

The Dimension Problem

The stability property implies that the Turing lower cone of
each of the three examples has effective dimension 1.

Question
Are there any Turing lower cones of non-integral dimension?
 Any such lower cone would come from a real of non-integral

dimension for which it is not possible to extract some
content of higher degree of randomness effectively.

The Dimension Problem

Construction of reals of positive dimension for which
randomness cannot be extracted:
 For ≤m [Reimann and Terwijn, 2004]
 For ≤wtt [Reimann and Nies, 2007]

Finally, J. Miller [2010] constructed a real with dim1H = 1/2
that does not compute any real of dimension > 1/2.

Hausdorff Dimension
Mass Distribution Principle

Support of a probability measure
supp(µ) is the smallest closed set F such that µ(2N \ F) = 0.
A ⊆ 2N supports a measure µ if supp(µ) ⊆ A.

Mass Distribution Principle
If A supports a probability measure µ such that for all σ,
µ(σ) ≤ c2−|σ|s ,
then dimH A ≥ s.

Hausdorff Dimension
Frostman’s Lemma

A fundamental result due to Frostman (1935) asserts that the
converse holds, too, as long as A is not too complicated.

Frostman’s Lemma
If A is analytic and dimH A > s > 0, then there exists a
probability measure µ such that supp(µ) ⊆ A and for some
c > 0,
(∀σ) µ(σ) ≤ c2−|σ|s .
(Call such a measure s-bounded.)
The theorem can be interpreted in the framework of capacity
theory. Define the capacitary dimension of A to be
dimc (A) = sup{s : A supports an s-bounded prob. measure}.
Then we have for analytic sets, dimc = dimH .

A pointwise version of Frostman’s Lemma
Randomness and complexity

We will prove a pointwise version of Frostman’s Lemma.

The connection with Kolmogorov complexity
An order is a nondecreasing, unbounded function h : N → N. h
is called convex if for all n, h(n + 1) ≤ h(n) + 1.
Kjos-Hanssen et al called a real complex if for a computable
order h
(∀n) [K(x n ) ≥ h(n)],
where K denotes prefix-free Kolmogorov complexity.
If x is complex via h, then we call x h-complex. Reimann
showed that x is h-complex if and only if it is 2−h -random.

A pointwise version of Frostman’s Lemma
Randomness and complexity

We need to replace K by another type of Kolmogorov
complexity.
A (continuous) semimeasure is a function η : 2<N → [0, 1] such
that
∀σ [η(σ) ≥ η(σ0) + η(σ1)].
There exists an optimal enumerable semimeasure M that
dominates (up to a multiplicative constant) any other
enumerable semimeasure (Levin).
The a priori complexity of a string σ is defined as − log M(σ).
Given a computable order h, we say a real x ∈ 2N is strongly
h-complex (− log M(σ) ≤ K(σ) up to an additive constant) if
(∀n) [− log M(x n ) ≥ h(n)],

A pointwise version of Frostman’s Lemma
The main result

Given an order h, we say x is h-capacitable if there exists an
h-bounded probability measure µ such that x is µ-random.

Effective Capacitability Theorem
Suppose x ∈ 2N is strongly h-complex, where h is a computable,
convex order function. Then x is h-capacitable.

Effective Dimension and Continuous Randomness
Proving the effective capacitability theorem

 By the Kucera-Gacs Theorem, there exists a λ-random real

y such that y ≥wtt x via some reduction Φ.
 For every σ ∈ 2<N we define
Pre(σ) = {τ : Φ(τ) ⊇ σ & ∀τ 0 ⊂ τ(Φ(τ 0 ) + σ)}.
λ(Pre(.)) is an enumerable semimeasure.
 It follows that λ(Pre(.)) is multiplicatively dominated by
M.
 Since x is strongly Hh -complex, there exists a constants c 0
and c 00 such that for all n,
λ(Pre(x n )) ≤ cM(x n ) ≤ c 00 2−h(n)
 x is an infinite path through the co-r.e. tree

T = {σ ∈ 2<N : for all n ≤ |σ|, λ(Pre(σ n )) ≤ c 00 2−h(n) }.

Effective Dimension and Continuous Randomness
Proving the effective capacitability theorem

 We want to define µ(σ), σ ∈ 2<N . We have to satisfy two

requirements:
 Preserve randomness of R when transforming with Φ.

Require that
(∀σ ∈ T ) [λ(Pre(σ)) ≤ µ(σ)].
This way, a possible µ-test covering x would “lift” to a
λ-test covering R.
 Observe the h-bound:
µ(σ) ≤ γ2−h(|σ|) ,
for some constant γ.

 This singles out suitable completions of the semimeasure

induced by Φ.

Effective Dimension and Continuous Randomness
Proving the effective capacitability theorem

 It can be shown that there exists a non-empty Π01 -class of

suitable completions.
 For this, the set of probability measures on 2N has to be

topologized in an effective way.

 Note that if (Vn ) were a µ-test covering x, then Φ−1 (Vn )

would be a λ-test relative to µ covering y.
 So, what we need to show is that y is λ-random relative to

µ for some µ ∈ M.

Theorem
If B ⊆ 2N is nonempty and Π01 , then, for every y which is
λ-random there is z ∈ B such that y is λ-random relative to z.
(Downey, Hirschfeldt, Miller, and Nies; Reimann and Slaman)

Applications of Effective Capacitability

 A new proof of Frostman’s Lemma.
 A new characterization of effective dimension.
 Comparison of randomness notions.

Applications of Effective Capacitability
A new proof of Frostman’s Lemma

We obtain a new proof of Frostman’s Lemma for the base case
of closed sets.
 Let A ⊆ 2N be closed with Hs (A) > 0.
 A is Π01 (z) relative to some z ∈ 2N .
 Since Hs (A) > 0, there exists an x ∈ A that is strongly

Hs -complex relative to s ⊕ z.
 A relativized version of the effective capacitability theorem

yields the existence of a µ such that x is µ-random relative
to s ⊕ z and µ is s-bounded with constant γ.
 A is Π01 (z) and contains a µ-z-random real, it follows that

µ(A) > 0.
 Restrict µ to A and normalize.

Applications of Effective Capacitability
A new proof of Frostman’s Lemma

The new proof is of a profoundly effective nature.
 Kucera-Gacs Theorem (does not have a classical

counterpart)
 Compactness is used in the form of a basis result for Π01

classes.
 The problem of assigning non-trivial measure to A is

solved by making an element of A random.
Kjos-Hanssen observed that strong randomness is the precise
effective level for which a pointwise Frostman Lemma holds.

Theorem
If x is not strongly Hh -random then x is not effectively
h-capacitable.

Applications of Effective Capacitability
A new characterization of effective dimension

We also obtain a new characterization of effective dimension.

Theorem
For any real x ∈ 2N ,
dim1H x = sup{s ∈ Q : x is h-capacitable for h(n) = sn}.

Selection Rules
Von Mises (1919) – Grundlagen der Wahrscheinlichkeitsrechung

Kollektives – Probabilities from a single sequence of
outcomes
(1) “The relative frequencies of the attributes must possess
limiting values.”
(2) “... these limiting values must remain the same in all partial
sequences which may be selected from the original one in
an arbitrary way... The only essential condition is that the
question whether or not a certain member of the original
sequence belongs to the selected partial sequence should be
settled independently of the result of the corresponding
observation.”

Selection Rules
Von Mises revisited

Admissible selection rules
How should the notion of a selection rule be formalized? What
does “independently of” mean?
 Admissible: Select all even/odd/prime/... positions.
 Not admissible: Given a sequence 011010100 . . . , select all

positions where 0 occurs.

Two alternatives
(1) Fix the Kollektiv. Then try to find out what the admissible
selection rules are.
(2) Fix the admissible selection rules. Then investigate the
Kollektiv obtained.

Selection Rules
The Kollektive of normal numbers

Normal numbers
In a normal sequence every finite binary string σ occurs with
limiting frequency 2−|σ| .

Normal numbers as Kollektives – the modern view
Let T : 2N → 2N be the shift map, and given x ∈ 2N , let δx be
the Dirac measure residing on x. Then, if x is normal, any limit
point (in the weak topology) of the measures
1X
δT i (x)
n
n−1

µn =

i=0

is the uniform (1/2, 1/2)-Bernoulli measure.

Selection Rules
Types

Two types of selection rules
 Oblivious selection rule: sequence S ∈ 2N .

Subsequence y = x/S obtained: all the bits x(i) with
S(i) = 1.
 (General) Selection rule: set L ⊆ 2<N .

Subsequence y = x/L obtained: the bits x(i) such that the
prefix x(0) . . . x(i − 1) is in L.

Question
Which general selection rules preserve normality?

Selection Rules
Normality and finite automata

Fundamental result by Agafonoff (1968), Schnorr and Stimm
(1972), and Kamae and Weiss (1975).

Theorem
If L is recognized by a finite automata, then L preserves
normality.

Selection Rules
Normality and automata

Kamae and Weiss asked if normality is preserved by larger
classes of languages, too (e.g. context-free languages).
By generalizing Champernowne’s construction Merkle and R.
(2006) gave two counterexamples:

Theorem
There exist
 a normal sequence not preserved by a deterministic

one-counter language (accepted by a deterministic
pushdown automata with unary stack alphabet);
 a normal sequence not preserved by a linear language

(slightly more complicated).

Selection Rules
Oblivious selection rules – the role of entropy

For oblivious selection rules, Kamae (1973) gave a complete
characterization in terms of entropy of measures generated by
sequences under shift map.

Invariant measures for the shift map
If T denotes the shift map on 2N and x ∈ 2N , then any limit
point of the measures
1X
δT i (x)
n
n−1

µxn =

i=0

is shift invariant.

Selection Rules
Kamae’s Theorem

To any shift-invariant measure µ is assigned an entropy h(µ).

Kamae-entropy
For x ∈ 2N , define h(x) = sup{h(µ) : µ is a limit point of {µxn }}.

Theorem
If S ∈ 2N has positive lower density, i.e.
P
lim inf n 1/n k S(k) > 0, then the following are equivalent.
(i) S preserves normality
(ii) h(S) = 0
The proof uses Furstenberg’s notion of disjointness: Every
process of Kamae entropy 0 is disjoint from a process of
completely positive entropy.

Lowness for randomness
Van Lambalgen (1987) studied reals that preserve Martin-Loef
randomness in the following sense:
 If x is µ-random, then it is also µ-random relative to z.

(The sequence z provides no useful information to prove any
µ-random real non-random.) Call such reals low for
mu-random.
In the following we restrict ourselves to Lebesgue measure λ.

Question
Are there non-computable reals that are low for random?

Martin-Löf Randomness
Lowness for randomness

Kucera and Terwijn (1999) showed that such reals exist. They
constructed a simple r.e. set that is low for random.
 The construction was the first example of a cost function

construction.

Questions
 What is the recursion theoretic nature of such reals?
 Is there a connection to entropy as in Kamae’s result?

Algorithmic Entropy
Entropy and randomness

Schnorr’s Theorem (1973)
A real x is Martin-Löf random if and only if
∃c ∀n K(x n ) ≥ n − c.

Pointwise Shannon-McMillan-Breiman Theorem
(Levin,Brudno)
If µ is a computable Bernoulli measure, then for any µ-random
x
lim

n→∞

K(x n )
= h(µ) = −[p log p + (1 − p) log(1 − p)].
n

Algorithmic Entropy
Reals of low information content

K-triviality
 Chaitin (1976) considered trivial reals:

∃c ∀n C(A n ) ≤ C(n) + c
He showed that a real is C-trivial if and only if it is
recursive.
 Solovay (1975) constructed non-recursive K-trivial reals.

Chaitin showed that all K-trivial reals are ∆02 .

Low for K
Muchnik (1999) introduced reals that are low for K:
∃c ∀σ Cx (σ) ≥ C(σ) − c

Algorithmic Entropy
Lowness for randomness = K-trivial

Work mainly by Nies (2005) showed that all notions coincide.

Theorem
A real x is low for random iff it is low for K iff it is
K-trivial.
K-triviality hence provides a robust notion of low information
content.

Computational properties
The K trivial reals form a Σ03 ideal in the Turing degrees.

