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Assignment 2 is announced! (deadline Nov. 7)




Turing Machine




Alan Turing

Alan Turing (23Jun.1912-7Jun.1954), an English student of Church,
introduced a machine model for effective calculation in

“On Computable Numbers, with an Application to the Entsheidungs
problem”,

Proc. of the London Mathematical Society, 42:230-265, 1936.

Turing Machine, Halting Problem, Turing Test




British Prime Minister Gordon Brown:

“...I am pleased to have the chance to say how deeply sorry I and we
all are for what happened to him ... So on behalf of the British
government, and all those who live freely thanks to Alan’s work, I am
very proud to say: we’re sorry, you deserved so much better.”
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Motivation

What are necessary for a machine to calculate a function?

* The machine should be able to interpret numbers;
* The machine must be able to operate and manipulate numbers
according to a set of predefined instructions;
and
* The input number has to be stored in an accessible place;

* There should be an accessible place for the machine to store the
intermediate results;

* The output number has to be put in an accessible place.



Turing Machine

A k-tape Turing Machine M has k-tapes such that
* The first tape is the read-only input tape.
* The other k — 1 tapes are the read/write work tapes.
* The k-th tape is also used as the output tape.

Every tape comes with a read/write head.
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Turing Machine

The machine is described by a tuple (T', Q, §) containing
» A finite set I, called alphabet, of symbols. It contains a blank
symbol L], a start symbol >, and the digits 0 and 1.
* A finite set Q of states. It contains a start state g5 and a halting
state g,.
* A transition function § : Q@ x I'* — Q@ x T*=1 x {«, — =}F
describing the rules of each computation step.
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Computation and Configuration

read only head

Input '--'
ape  [2]o[ofo[1[1[o[1]o]o[o[sfo Molo[o[ [ [T
readiwrite head ala
Work :--I
ape [ [1folsfolifofofo[:] [T [T TTIC
readiwrite head
Output r-'
e IR DT TTTTTTTITTIC
-I-I
[ |
Register 'liaj:]

Configuration, initial configuration, final configuration, computation
step



An Example

O q:.an, 91,592,493}, T = {0,1,0,>},
and ¢ is as follows:

plelOl agel o(p, o)
qs 0 (%707 *})
qs 1 (qS7 17_>)
qs O (417D7<*)
4s > (gs,>,—)
91 0 (q2,0,—)
q 1 (q3,8,—)
q1 | (q1,0,-)
q > (gn, >, =)
q2 0 (q5707 <*)
q2 1 (gs,0,+)
q2 g (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (gs,1,4)
q3 1 (qS7 17<_)
q3 O (qS’ 174*)
% > (gn, >, —)




An Example

O q:.an, 91,592,493}, T = {0,1,0,>},
and ¢ is as follows:

peEQ o€l o(p, o) Start the machine with input 010
qs 0 (%707 *})
qs 1 (qS7 17_>)
qs o (‘117‘:'7%)
qs > (q-Y7 >, _>)
91 0 (q2,0,—)
q1 1 (‘137|:’7‘>)
q1 O (QhD,—)
a1 > (> =)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q92 g (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (gs,1,4)
q3 1 (qS7 17<_)
q3 O (qS’ 17(*)
93 > (gn, >, —)




An Example

O q:.an, 91,592,493}, T = {0,1,0,>},
and ¢ is as follows:

peEQ o€l o(p, o) Start the machine with input 010
qs 0 (%707 *})
4s 1 (5,1, =) * 45, 010
qs | (‘117‘:'7%)
qs > (q-Y7 >, _>)
q 0 (92,0, =)
q1 1 (‘137|:’7‘>)
q1 O (QhD,—)
q1 > (gn, >, =)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q2 | (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (a5, 1, =)
q3 1 (qS7 17<_)
q3 o (qS’ 17(*)
8 > (gn; >, —)




Q =5 {QsaCIhW]la‘IZvCI?a}, I'= {07 17‘:’7 I>}’

and ¢ is as follows:

An Example

plelOl agel o(p, o)
qs 0 (45,0, —)
qs 1 (qS7 17_>)
qs o (‘117‘:'7%)
qs > (q-Y7 >, _>)
91 0 (q2,0,—)
q1 1 (‘137|:’7‘>)
q1 O (QhD,—)
a1 > (> =)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q92 g (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 O (qS’ 17(*)
93 > (gn,>, =)

Start the machine with input 010

® g5, >010
® g5, >010



Q =5 {QsaCIhW]la‘IZvCI?a}, I'= {07 17‘:’7 I>}’

and ¢ is as follows:

An Example

plelOl agel o(p, o)
qs 0 (45,0, —)
qs 1 (qS7 17_>)
qs o (‘117‘:'7%)
qs > (q-Y7 >, _>)
91 0 (q2,0,—)
q1 1 (‘137|:’7‘>)
q1 O (QhD,—)
a1 > (> =)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q92 g (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 O (qS’ 17(*)
93 > (gn,>, =)

Start the machine with input 010

® g5, >010
® g5, >010
® g5, >010



An Example

O q:.an, 91,592,493}, T = {0,1,0,>},
and ¢ is as follows:

peEQ o€l o(p, o) Start the machine with input 010

qs 0 (qS7 07 *})

qs 1 (qS7 17_>) y gs, 2010
qs | (QI,D,F) . >010
as > (g5,>,—) G
q 0 (g0 * g, P010
q 1 (¢3,0,—) ° g5, >010
q1 O (QI ) D) _)

q1 > (gn, >, =)

q2 0 (qsv 0, <*)

q2 1 (6]3, 0, <_)

q2 | (qS7 0, <_)

q2 > (qh7 >, _))

q3 0 (a5, 1, =)

q3 1 (qS7 i, <_)

q3 o (qS’ 1, (*)

8 > (gn; >, —)




An Example

O q:.an, 91,592,493}, T = {0,1,0,>},
and ¢ is as follows:

peEQ o€l o(p, o) Start the machine with input 010
qs 0 (qS7 07 *})
qs 1 (qS7 17_>) y gs, 2010
qs | (QI,D,F) . >010
9 > (4>, —) i
a1 0 (9,0—) = Gl
q1 1 (g3,0,—) * g5, >010
q1 O (q17‘:|,_) ° g5, >0100
a1 > (> =)
q2 0 (qsv 0, <*)
q2 1 (6]3, 0, <_)
q92 g (qS7 0, <_)
q2 > (qh7 >, _))
q3 0 (gs,1,4)
q3 1 (qS7 i, <_)
q3 O (qS’ 1, (*)
93 > (gn, >, —)




Q =5 {QsaCIhW]la‘IZvCI?a}, I'= {07 17‘:’7 I>}’

and ¢ is as follows:

An Example

plelOl agel o(p, o)
qs 0 (45,0, —)
qs 1 (qS7 17_>)
qs o (‘117‘:'7%)
qs > (q-Y7 >, _>)
91 0 (q2,0,—)
q1 1 (‘137|:’7‘>)
q1 O (QhD,—)
a1 > (> =)
q2 0 ((15707 <*)
q2 1 (qS’Of <_)
q92 g (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 O (qS’ 17(*)
93 > (gn,>, =)

Start the machine with input 010

® g5, >010
® g5, >010
® g5, >010
°* g5, >010
* g5, >0100
* ¢q1,>0100



Q =5 {qs7qh7q17q27CI3}’ I'= {07 17‘:’7 I>}’

and ¢ is as follows:

An Example

plelOl agel o(p, o)
qs 0 (45,0, —)
qs 1 (qS7 17_>)
qs o (‘117‘:'7%)
qs > (q-Y7 >, _>)
91 0 (q2,0,—)
q1 1 (‘]37|:’7‘>)
q1 O (QhD,—)
a1 > (> =)
q2 0 (q5707 <*)
q2 1 (qS’Of <_)
q2 g (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 O (qS’ 174*)
% > (qn, >, =)

Start the machine with input 010

* 45,010
® g5, >010
°* g5, 1>010
° g5, >010
* g5, >0100
* 41,0100
* ¢, 0100



Q =5 {qs7qh7q17q27CI3}’ I'= {07 17‘:’7 I>}’

and ¢ is as follows:

An Example

plelOl agel o(p, o)
qs 0 (45,0, —)
qs 1 (qS7 17_>)
qs o (‘117‘:'7%)
qs > (q-Y7 >, _>)
91 0 (q2,0,—)
q1 1 (‘]37|:’7‘>)
q1 O (QhD,—)
a1 > (> =)
q2 0 (q5707 <*)
q2 1 (qS’Of <_)
q2 g (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 O (qS’ 174*)
% > (qn, >, =)

Start the machine with input 010

® g5, >010
® g5, >010
® g5, >010
°* g5, >010
* g5, >0100
* ¢q1,>0100
* ¢, >0100
® g5, >0100



Q =5 {qs7qh7q17q27CI3}’ I'= {07 17‘:’7 I>}’

and ¢ is as follows:

An Example

plelOl agel o(p, o)
qs 0 (45,0, —)
qs 1 (qS7 17_>)
qs o (‘117‘:'7%)
qs > (q-Y7 >, _>)
91 0 (q2,0,—)
q1 1 (‘]37|:’7‘>)
q1 O (QhD,—)
a1 > (> =)
q2 0 (q5707 <*)
q2 1 (qS’Of <_)
q2 g (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 O (qS’ 174*)
% > (qn, >, =)

Start the machine with input 010

* 45,010
® g5, >010
°* g5, 1>010
° g5, >010
* g5, >0100
* 41,0100
* ¢, 0100
* g5, >0100
° g1, 0100



Q =5 {qs7qh7q17q27CI3}’ I'= {07 17‘:’7 I>}’

and ¢ is as follows:

An Example

plelOl agel o(p, o)
qs 0 (45,0, —)
qs 1 (qS7 17_>)
qs o (‘117‘:'7%)
qs > (q-Y7 >, _>)
91 0 (q2,0,—)
q1 1 (‘]37|:’7‘>)
q1 O (QhD,—)
a1 > (> =)
q2 0 (q5707 <*)
q2 1 (qS’Of <_)
q2 g (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 O (qS’ 174*)
% > (qn, >, =)

Start the machine with input 010

® g5, >010
® g5, >010
® g5, >010
°* g5, >010
® g5, >01000
® q1,>01000
® ¢, >0100
® g5, >0100
® ¢q1,>0100
* g3, >0000



Q =5 {qs7qh7q17q27CI3}’ I'= {07 17‘:’7 I>}’

and ¢ is as follows:

An Example

plelOl agel o(p, o)
qs 0 (45,0, —)
qs 1 (qS7 17_>)
qs o (‘117‘:'7%)
qs > (q-Y7 >, _>)
91 0 (q2,0,—)
q1 1 (‘]37|:’7‘>)
q1 O (QhD,—)
a1 > (> =)
q2 0 (q5707 <*)
q2 1 (qS’Of <_)
q2 g (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 O (qS’ 174*)
% > (qn, >, =)

Start the machine with input 010

® g5, >010
® g5, >010
® g5, >010
° gs,>010
* g5, >0100
* ¢q1,>0100
* ¢, >0100
® g5, >0100
® ¢q1,>0100
* g3, >0000
* g5, >0010



Q =5 {qs7qh7q17q27CI3}’ I'= {07 17‘:’7 I>}’

and ¢ is as follows:

An Example

plelOl agel o(p, o)
qs 0 (45,0, —)
qs 1 (qS7 17_>)
qs o (‘117‘:'7%)
qs > (q-Y7 >, _>)
91 0 (q2,0,—)
q1 1 (‘]37|:’7‘>)
q1 O (QhD,—)
a1 > (> =)
q2 0 (q5707 <*)
q2 1 (qS’Of <_)
q2 g (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 O (qS’ 174*)
% > (qn, >, =)

Start the machine with input 010

® g5, >010
® g5, >010
® g5, >010
° gs,>010
* g5, >0100
* ¢q1,>0100
* ¢, >0100
® g5, >0100
® ¢q1,>0100
* g3, >0000
* g5, >0010

* g1, >0010



An Example

O q:.an, 91,592,493}, T = {0,1,0,>},
and ¢ is as follows:

pEQO o€l 5(p, o) Start the machine with input 010
qS 0 (q.Y7 07 *})
qs 1 ((qs, 1,—>)) °* g5, >010 * g1, 0010
& T * g5, >010 . ogio
4 > (gD, L 2
q 0 (q2,0,—) * g, P010
q1 1 (g3,0,—) °* g, 1>010
@ g lanasey) * g, 50100
£ > - O ) o g1 50100
q2 0 (q5707 <*) dLei
q2 1 (qS’ 07 <_) . q2, DO]DQ
9 O ((%7 0, <—)) * g5, >0100
q2 > qn, >, — °
B 0 (QS, 1, (_) qi, >01C10
a3 1 (g5, 1,4+) * g3, >000000
g3 o (gs,1,4) * g5, >0010
93 > (gn, >, —)




An Example

O q:.an, 91,592,493}, T = {0,1,0,>},
and ¢ is as follows:

peEQ o€l o(p, o) Start the machine with input 010
qS 0 (q.Y7 07 *})
qs 1 (g5, 1,—) ° ¢, >010 * g1, 00010
qs O (41 ) D7 <;) . 0
10 ’ o100
g b ) 4 P2 92, P2
q1 0 (92,0, =) °® g5, >010 ® qo.>0010
q1 1 (g3,0,—) ° g5, >010
ch 0 * g, >0100
il > (>, =) R -
q2 0 (qS707 <;) ql’ L ™
q2 1 (qS’ 07 <_) . q2, DO]DQ
Lz . ((q“ 0, <_)) * g5, >0100
q2 > qn, >, = o
a 0 (451,¢) a1, >01C0
q3 1 (gs,1,+) * g3, >0000
9 O (g5,1,4) °* g5, >0010
93 > (gn, >, —)




An Example

O q:.an, 91,592,493}, T = {0,1,0,>},
and ¢ is as follows:

peEQ o€l o(p, o) Start the machine with input 010
qS 0 (q.Y7 07 *})
qs 1 (g5, 1,—) ° ¢, >010 * g1, 00010
qs O (41 ) D7 <;) . 0
10 . ogio
g b ) 4 P2 92, P2
q1 0 (¢2,0,—) ° ¢5,>010 ° go.>0010
q1 1 (93,0, —) ° g5, >010 * g, >0010
ch 0 * g, >0100
a1 > (gD 2) R -
q2 0 (qS707 <;) ql’ L ™
q2 1 (qS’ 07 <_) . q2, DO]DQ
i . ((q“ 0, <_)) * g5, >0100
q2 > qn, [, => o
a 0 (451,¢) gl
% 1 (gs, 1,4) ° g3, >0000
9 O (g5,1,4) °* g5, >0010
93 > (gn; >, —)




Q =5 {qs7qh7q17q27CI3}’ I'= {07 17‘:’7 I>}’

and ¢ is as follows:

An Example

plelOl agel o(p, o)
qs 0 (45,0, —)
qs 1 (qS7 17_>)
qs o (‘117‘:'7%)
qs > (q-Y7 >, _>)
91 0 (q2,0,—)
q1 1 (‘]37|:’7‘>)
q1 O (QhD,—)
a1 > (> =)
q2 0 (q5707 <*)
q2 1 (qS’Of <_)
q2 g (qé'vov <_)
q2 > (qh7 ‘>7_))
q3 0 (qS’ 17<_)
q3 1 (qS7 17<_)
q3 O (qS’ 174*)
% > (qn, >, =)

Start the machine with input 010

® g5, >010
® g5, >010
® g5, >010
° gs,>010
* g5, >0100
* ¢q1,>0100
* ¢, >0100
® g5, >0100
® ¢q1,>0100
* g3, >0000
* g5, >0010

q1, >00010
¢, >0010
g0, >0010
g1, >0010
gn, >0010



The Second Example

0=A{gs,qn,q1}.T ={0,1,00,>}, and § is as follows:

peEQ o€l (p, o)
s 0 (45,0, —)
qs 1 (gs,1,—)
qs O (ql’D7<_)
qs > (qsv‘>7_>)
q1 0 (4h7 17_)
q1 1 (41110, H)
q1 > (% >7_>)




The Third Example

0 =1{4s,9n,9¢,q91,9:}; T' ={0,>,0,1}; two work tapes.



The Third Example

0 =1{4s,9n,9¢,q91,9:}; T' ={0,>,0,1}; two work tapes.

(g5, >, 5, ) = (qe, >, >, =, =, =) (g, 0,>,00) = (gn, >, 1, =, —, =)

<qc,0’|:|7|:|> — (qc,O,D,—>,—>,—> <qt707 17|:|> - <qh7 1,0, 7777>

<QC717D,D>_><QC717D7_>7_>7_> <qt71707|:|>_><qh70707 5 7_>

<Qc O D) — (qz [ P 7) <qt70707|:]> = <qt707D»_>7<_7_>
o L e <ql71717D>4)<qt517|:|7*>7<;77>

<q1707|:]7|:]> % <ql7D7 D? (_7 ) _>

<qla 17|:|7|:|> = <qla‘:‘a‘:‘7<;7777>

<q17[>7D7D> = <Qr7|:|,|j,—>,<—, _>



{0, 1,0, >} vs. Larger Alphabets

Suppose M has k tapes with the alphabet I'.



{0, 1,0, >} vs. Larger Alphabets

Suppose M has k tapes with the alphabet I'.

A symbol of M is encoded by a string o € {0, 1}* of length log |T'|.



{0, 1,0, >} vs. Larger Alphabets

Suppose M has k tapes with the alphabet I'.
A symbol of M is encoded by a string o € {0, 1}* of length log |T'|.

States: A state g is turned into states ¢, (g, o}, ..., 0o%) where

B =1, ..., <‘170110g|1“|v o ’Ulkog|r|> where

1 i — || e il
EE ot = log T,



{0, 1,0, >} vs. Larger Alphabets

Suppose M has k tapes with the alphabet I'.

A symbol of M is encoded by a string o € {0, 1}* of length log |T'|.

States: A state g is turned into states ¢, (g, o}, ..., 0o%) where
B =1, ..., <‘170110g|1“|v N ’Ulkog|r|> where
‘Ullog|F|| — |a{‘og‘F|] = oo |R

A computation step of M is simulated in M by log |T'| steps to read,
log |T'| steps to write, and log |I"| steps to relocate the heads.



One Tape vs. Many Tapes



One Tape vs. Many Tapes

The basic idea is to interleave k tapes into one tape.
The first n + 1 cells are reserved for the input.

M's 3 work tapes:

e
Tepe T [c \ Irﬂ\nl llel bITTTTITTIE

Tape 2 \'Mv\ Ll TTTTTTITTIC
Tﬂpealdﬂ\cglhllilﬂ\els\ [TITTTTTTIC

Encoding this in one tape of M

12 3123123 123123 123
[e]r bnfo[e]apn [o]e [olt [il Ja]i [ <[o[t




One Tape vs. Many Tapes

The basic idea is to interleave k tapes into one tape.
The first n + 1 cells are reserved for the input.

M's 3 work tapes:
-

i
H
Tepe 1 [cJo[mp [yl fr [ W[ TTTTTTTE
—-I--
r
e [le Mol [l [TTTTTTTIC
|
tape3: [ofa [ [i{ofe [ [T T[T T]]C

Encoding this in one tape of M

12 3123123 123123 123
[elr Infole]ah[ole [olt [ih Ja]i JeTelo]

Every symbol a of M is turned into two symbols a,a in M, with @
used to indicate head position.



One Tape vs. Many Tapes



One Tape vs. Many Tapes

The machine M copies the input bits to the first imaginary tape. The
head then moves left to the (n+2)-th cell.



One Tape vs. Many Tapes

The machine M copies the input bits to the first imaginary tape. The
head then moves left to the (n+2)-th cell.

Sweeping the tape cells from left to right. Record in the register the k
symbols marked with the hat _.



One Tape vs. Many Tapes

The machine M copies the input bits to the first imaginary tape. The
head then moves left to the (n+2)-th cell.

Sweeping the tape cells from left to right. Record in the register the k
symbols marked with the hat _.

Sweeping the tape cells from right to left to update using the
transitions of M.



One Unidirectional vs. Bidirectional
Tape

The idea is that M makes use of the alphabet I x T'.

M's tape is infinite in both dirsstions-
DL T T Teelrfe e[t e[ b T T T IC

EECUENENENS
(\

M uses a larger alphabet fo represent it on a standard tape:

(ot el T [ T T T TIC




One Unidirectional vs. Bidirectional
Tape

The idea is that M makes use of the alphabet I x T'.

M's tape is infinite in both dirsstions-
DL T T Teelrfe e[t e[ b T T T IC

EECUENENENS
(\

M uses a larger alphabet fo represent it on a standard tape:

(ot el T [ T T T TIC

Every state g of M is turned into g and g.



Simulation of TM by URM




Simulating TM by URM

Suppose M is a 3-tape TM with the alphabet {0, 1,0, > }.



Simulating TM by URM

Suppose M is a 3-tape TM with the alphabet {0, 1,0, > }.

The URM that simulates Ml can be designed as follows:

L]

Suppose that R, is the right most register that is used by a
program calculating x—1.

The head positions are stored in Ry, 11, Ry+2, Rin+3.

The three binary strings in the tapes are stored respectively in
R4, Rmt7, Rmt10, - - -5

IR e IRt Rilile o o o

The states of M are encoded by the states of the URM.

The transition function of M can be easily simulated by the
program of the URM.



Homework

Encode the addition function by k-tape Turing machine two nature
number partitioned by § on the input tape, for example, 1101041001,
and then try to encode the function by 1-tape Turing machine.



	Turing Machine
	Simulation of TM by URM
	Homework

