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Normal distribution (Gauss Distribution)
X ~ N(u, %), with density function:

_(x=p)?
f(x): 202 | —0o < x < 400

e
\V2TTo

Variance Var(X)=E((X — E[X])Z)
= E(X?%+E[X]? —2XE[X])
= E(X?* - E[X]%)
= E[X *]- E[X]?
Chebyshev’s Inequality

Va > 0, Pr(|X — E(X)| = a) < Y&

a2




Law of Large Numbers

 In probability theory, the law of large numbers
(LLN) 1s a theorem that describes the result of
performing the same experiment a large number
of times.

« According to the law, the average of the results
obtained from a large number of trials should be
close to the expected value, and will tend to
become closer as more trials are performed.



Law of large numbers

Let x4, x5, ..., X, b€ n Independent samples of a

random variable x, then
Var(x)

X1+ Xy 4+ X
Pr( 1T X2

Proof. (Chebychev’s Inequality)
X1+ X+ xp
Pr(

14
L _EX)| = e) < e 62" )

n—E(x)‘ ZE) <

n ne?

X1+ X+ X

n

_Var(xy + x4+ xp)

née?

_ Var(x)
~ ne?




Application
 x be a d —dimensional random point whose

coordinates are each selected from N (Oﬁ)

+iie. x = [y g, ] With x; ~ N (0,5)

+ By LLN: [x]2 = 3L x2 = £ =0(d) with high

2T
probability.

* The probabillity that point x lie in the unit ball is
vanishingly small.



Application

e X,V :[2q,25, ..., 24| With z; ~ N(0, 1)
e [x|*=d,|y|* = d,

o |x—y|* ~?



Application

e X,V :[2q,25, ..., 24| With z; ~ N(0, 1)

x|¢ =~ d,|y|* = d,

x—yI2 =38 (x; — v)?
E(x; —y)* = E(x?) + E(y?) — 2E(x;y;)



Application

X,V :|2zq,2y, ...,24] With z; ~ N(0, 1)
x|? = d,|y|* = d,

x—y|*= ?:1(951' —y)¢=2d*

E(x; —y)? = E(x7) + E(y7) — ZE(xiYiD
[x =y = [x]* + [y]
Pythagorean theorem = random

d —dimensional x, y are approximately
orthogonal.
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Application
e X,V : 24,2y, ...,24] With z; ~ N(0, 1)
* Pythagorean theorem = random

d —dimensional x, y are approximately
orthogonal.

If we scale these random points to be unit length
and call x the North Pole, much of the surface
area of the unit ball must lie near the equator.

(to be formalized latter.)
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Master Taill Bound Theorem

Theorem. Let x=x;+x,+:-4+x, , where
X1, X5, ..., X, are mutually independent random
variables with zero means and variance at most
o?. Let 0 < a <+2no?.Assume that |E(x)| <

o?s! for s = 3,4, ...,|(a*/4nc?)| then
a2
Prob(|x| = a) < 3e 12no2?,
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Table of tall bounds

Condition Tail bound
Markov x>0 Prob(z > a) < Eff)
Chebychev Any x Prob(|lz — E(z)| > a) < %
Chernoff r=x1+x2+ -+ 1y Prob(|z — E(x)| > eE(x))

x; € [01 1] i.i.d. Bernoulli;

< 3emes @)

Higher Moments

r positive even integer

Prob(|z| > a) < E(2")/a’

Gaussian
Annulus

x; ~ N(0,1); 8 <

=+ /2?+ 22+ + 22

n indep.

Prob(|z — /n| > B) < 3¢~¢#

Power Law
for z;; order k > 4

r=x1+T9+ ...+ Ty
z; id.d ;e < 1/k?

th(|r — E(z)| > eE(z))
(4/£2k?1)( 3)/2
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The law of Large numbers
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Geometry of High Dimensions

« Most of the volume of the high-dimensional objects is
near the surface:

Volume((l = e)A) B
Volume(A) B

Fix € and letting d — oo, the above guantity rapidly
approaches zero.

Application -
S be the unit ball in d —dimensions (i.e., the

set of points within distance 1 of the origin). =3

Then 1 — e~ €4 fraction of the volume is in |
S\(1 —¢€)S. &
Especially, consider € = %. S

o S

(1—€) <ecd

-~

&
J|
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Relationship between the
sphere and cube

Nearly all the volume

\{— Vertex of hypercube

John’s Book Fig 2.4

The difference between the volume of a cube with
unit-length sides and the volume of a unit-radius
sphere at the dimensions: 2,4 and d.
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Conceptual drawing of a sphere and a cube

Nearly all the volume

<— Vertex of hypercube

For large d, almost all the volume of the
cube Is located outside the sphere.
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Unit ball in d —dimensions

d d
272 2 T2
= ”E ~Volume: V(d) ===

r(z)

_________________________

T(n) =(n—1)!
i I'(x) = j t* e tdt (x > O)
\T(1/2) = V7
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Unit ball in d —dimensions

d d

F(z) voume V&) =g ay

V(Z) — 7T,V(3) = %7‘[) lim V(d) = 0. in! Zn"/zi

n—0o

Surface: A(d) =

Q.IN
=]
Ve
N |
N—

Most of the volume of a unit ball in high dimensions
IS concentrated near Iits equator no matter which
direction Is defined to be the North Pole.

J'l

Theorem: Forc = 1 and d = 3, at least
al-— %e‘cz/ 2 fraction of the volume of /4

the d —dimensional unit ball has
C

Near orthogonality !

|
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How it can be that nearly all the points in the unit ball are

very close to the surface and yet at the same time nearly

all points are in a box of side length 0(2%)?

A. Points on the surface of the ball satisfy
xZ + x5 +-xh =1,

so for each coordinate i, a typical value will be +0 (\/ia)

In fact, it is helpful to think of picking a random point on
the sphere as very similar to picking a random point of

the form (i ¢1a' ija, i%ﬁ)
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Generating points uniformly at random on
the surface of the unit ball

%

-
N

+1

\ )
JH
1
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Generating points uniformly at random on
the surface of the unit ball

e d=2

— Generate x;, y; u.a.r from the %
interval [—1,1]; 1
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Generating points uniformly at random on
the surface of the unit ball

e d=2

— Generate x;, y; u.a.r from the %
interval [—1,1]; 1
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Generating points uniformly at random on
the surface of the unit ball

e d=2

— Generate x;, y; u.a.r from the
interval [—1,1];

— Discard the points outside the unit
circle;
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Generating points uniformly at random on
the surface of the unit ball

e d=2
— Generate x;, y; u.a.r from the
interval [—1,1];
— Discard the points outside the unit
circle;

— Project the remaining points onto
the circle.

 How about d is large?
— The above strategy would falil.
(why?)

(1 Surface: Spherical normal
distribution + Normalizing.

2 Surface+interior: Scale the point
on the surface.
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Generating points uniformly at random
on the surface of the unit ball

 When d is large, generate a point x:

@ 1 ~N(0,1),i.e., \/%_nexp(—rz/Z) forall i € [d];

@ Normalizing the vector to a unit vector x = ﬁ
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Generating points uniformly at random
on the surface of the unit ball

 When d is large, generate a point x:

@ 1, ~N(0,1),i.e., \/%_nexp(—‘riz/Z) foralli € [d];

@ Normalizing the vector to a unit vector x = %

 Proof. As every dimension is generated independently, then
probability density of r is

" FEATS 4T
P(r=17)= a2 €
1 712
= e 2
(27-[)61/2

As the density only depends on the length of 7 (i.e., |#]|?), the
distribution is u.a.r..

Note that after step @),coordinates are no longer statistically independent.
28



Generating points uniformly at random over
the unit ball

When d is large, generate a point y over the ball
(surface and interior):

« Scale the point x generated on the surface by a scalar
p € [0,1].

v' p should be a function of r,

v' As the volume of the radius r ball in d dimensions is ¢V (d), the
density of p at radius r is: % (r?v(d)) = dre=tv(d).

 Thus, pick p(r) with density for r over [0,1],i.e. p(r) =
dré-1:

y=dré1.x

29
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 1-dimensional Gaussian

1.0

0.0

0.8

0.2

H=0, 0?=0.2, ==
[\ H=0, 0%=1.0, m—
H=0, 0?=5.,0, ==
H=-2, 0?=0.5, ==
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e d —dimensional spherical Gaussian with 0 means and
variance o2 in each coordinate has density function:

1 x|
p(x) = (2m)4/2g4 P\ T 202
« Integrate the PDF over a unit ball centered at the origin
will cover almost O mass, for the volume of such a ball is

negligible.
« The radius of the ball need to be nearly v/d before there

IS a significant volume and hence significant probability
mass.
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Gaussian Annulus Theorem

 For a d —dimensional spherical Gaussian with
unit variance in each direction ,for any g < /d,

all but at most 3e~¢#” of the probability mass lies
within the annulus

Vd — B < |x| <Vd+pB

where c Is a fixed positive constant.
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Database query: Nearest neighbor search
V11V21:Vn1
n points from R%: |12 U?Ziv’}z
_Uidvédév{zd_

 Nearest neighbor search: find the nearest or
approximately nearest database point to the query
point.

 When d is large, it could cost more than expected.

« Dimension reduction : Project the database points to
a k dimensional space with k «< d. It will work so
long as the relative distances between points are

approximately preserved.
35



Projection function
» Pick k vectors uq, u, ..., uy, in R% W|th nit-

variance coordinates mdependently :

from the Gaussian distribution

L XY g tor v. th
(Zn)d/zexP( 2) or any vector v, the

projection f: R¢ —» R* is

f(w) =(ug-v,uy v, .., ug v)
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Projection function

Pick k vectors o f(vy—vy) =f(v) — f(vy)

uq, Uy, ..., Uy, Independent -
ly from the Gaussian If ()| = Vk|v| w.h.p.

distribution * To estimate
1 _ |lv; — v,], it suffices
(2m)*/2 o (~75). forany to compute
vector v, the projection
f:R* - R% is: |f(v1) — f(v2)

fw) = -vuy v, .., u; - v)
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Random Projection Theorem

» Let v be a fixed vector in R and let f be defined
as above. Then there exists constant ¢ > 0 such
that for € € (0,1)

Pr(“f(v) — \/ElvH = E\/E|U|D < 3e¢~Cke’
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Johnson-Lindenstrass Lemma

« Forany 0 < e <1 and any integer n, let k >
%lnn for ¢ as in the Gaussian Annulus

theorem, for any set of n points in R%, the
random projection f defined above has the
property that for all pairs of points v; and v,

with probability at least 1 — —.
(1 — e)Vk|v; — j‘ < |f(v) —f(vj)‘ < (1+ e)Vk|v; — vj‘.
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Comments

« JL lemma works for all pairs of points,
e k depends on Inn,

 To the database, JL Lemma says the
algorithm will yield the right answer with
high probabllity whatever the query Is.

40
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4l R e Mixtures of

T Gaussians

 Parameter
estimation problem

0.0

0.06

0.04

o0z

0.00
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» When A € w(d¥*)

.d / \@ i__h VAZ 1 2d — =
i ) I X . )

« Algorithm for separating points from two
Gaussians: Calculate all pairwise distance
between points. The cluster of smallest
pairwise distances must come from a
single Gaussian. Remove these points.
The remaining points come from the
second Gaussian.

43
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