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Massive data problem 1

• The input data is too large to be stored in

random access memory.

• Streaming model: data arrive one at a time.

• E.g. 𝑎1, 𝑎2, … , 𝑎𝑛 where 𝑎𝑖 ∈ [1,𝑚] and 𝑚 = 2𝑏

are IP addresses. We would prefer algorithm

polynomial in 𝑏 and log 𝑛 .
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Algorithm

(low space)
Stream 𝑎1, 𝑎2, … , 𝑎𝑛 Some output



Example: Random sampling ‘on the fly’

• A stream 𝑎1, 𝑎2, … , 𝑎𝑛.

• To select an index 𝑖 with probability proportional

to the value of 𝑎𝑖.
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Sleeping Experts algorithm: (sum of the 𝑎𝑖’s seen 

so far, index 𝑖 selected with probability 
𝑎𝑖

𝑠
)

• Initially 𝑠 = 𝑎1, 𝑖 = 1
• When the data 𝑎𝑗+1 comes

𝑖 → 𝑗 + 1 with probability 
𝑎𝑗+1

𝑠+𝑎𝑗+1
;

𝑠 = 𝑠 + 𝑎𝑗+1.



Frequency Moments of Data Streams
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• A stream 𝑎1, 𝑎2, … , 𝑎𝑛, where 𝑎𝑖 ∈ [1,𝑚].

• 𝑛,𝑚 are very large.

• Goal: determine the number of distinct 𝑎𝑖 in the

sequence.

Traditional algorithm

• 𝑂(𝑚) space, or

• 𝑂(𝑛 log𝑚) space

Goal: 𝑂 log 𝑛 + log𝑚

• Impossible for deterministic algorithm.

• Trick: randomization and approximation.
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Frequency Moments of Data Streams
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• A stream 𝑎1, 𝑎2, … , 𝑎𝑛, where 𝑎𝑖 ∈ [1,𝑚].

• 𝑛,𝑚 are very large.

• To determine the number of distinct 𝑎𝑖 in the

sequence.

✓Suppose 𝑛 ≥ 𝑚 + 1,

✓Suppose the Algorithm uses < 𝑚 bits of memory

on all inputs.

There will be a contradiction!



Beat the Lower Bound
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The set 𝑆 of distinct element

• Suppose it’s chosen u.a.r. from 1,… ,𝑚 .

• Let 𝑚𝑖𝑛 be the minimum element in 𝑆.

The expected value of 𝑚𝑖𝑛 is:
𝑚

𝑠 +1

Thus S ≈
𝑚

𝑚𝑖𝑛
− 1

Keeping track of 𝑚𝑖𝑛 in 𝑂(log𝑚) space！



Beat the Lower Bound
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In general, the set 𝑆 is not chosen u.a.r.

Hash function:

ℎ: 1,2, … ,𝑚 → 0,1,2, … ,𝑀 − 1 .

Keep track of the minimum hash value.

Hash function family!



2-Universaly/Pairwise 

Independent Hash Functions
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A set of hash functions

𝐻 = ℎ ℎ: 1,2, … ,𝑚 → {0,1,2, … ,𝑀 − 1}}

is 2-universal or pairwise independent if for all 𝑥
and 𝑦 in 1,2, … ,𝑚 with 𝑥 ≠ 𝑦,  ℎ(𝑥) and ℎ(𝑦) are 

① each equally likely to be any element of 

{0,1,2, … ,𝑀 − 1}, and

② are statistically independent. 

For all 𝑤, 𝑧 :

𝑃𝑟𝑜𝑏ℎ∼𝐻 (ℎ(𝑥) = 𝑤 ∧ ℎ(𝑦) = 𝑧) =
1

𝑀2
.



2-Universaly/Pairwise 

Independent Hash Functions
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𝑀 is a prime number greater than 𝑚. For each pair

of integers 𝑎 and 𝑏 in the range 0,𝑀 − 1 , define a

hash function

ℎ𝑎𝑏 𝑥 = 𝑎𝑥 + 𝑏 (𝑚𝑜𝑑 𝑀)

Then 𝐻 = ℎ𝑎𝑏 𝑎, 𝑏 ∈ [0,𝑀 − 1]} is 2-universal.



Distinct Element Counting Algorithm
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𝑀 is a prime number greater than

𝑚. For each pair of integers 𝑎 and

𝑏 in the range 0,𝑀 − 1 , define a

hash function

ℎ𝑎𝑏 𝑥 = 𝑎𝑥 + 𝑏 (𝑚𝑜𝑑 𝑀)

Then 𝐻 = ℎ𝑎𝑏 𝑎, 𝑏 ∈ [0,𝑀 − 1]}
is 2-universal.

Let 𝑏1, 𝑏2, … , 𝑏𝑑 be the distinct 

values appearing in input.

① Select ℎ from 𝐻,

② 𝑆 = {ℎ 𝑏1 , ℎ 𝑏2 , … , ℎ(𝑏𝑑)} is a

set of 𝑑 random and pairwise

independent values from the set

0, 1,2, … ,𝑀 − 1 .

③ 𝑚𝑖𝑛 = min(𝑆)

Claim: 𝑑 ≈
𝑀

𝑚𝑖𝑛

Lemma. With probability at least 
2

3
−

𝑑

𝑀
, we have 

𝑑

6
≤

𝑀

𝑚𝑖𝑛
≤ 6𝑑, where 𝑚𝑖𝑛 is the smallest element  of 𝑆. 



Number of Occurrences of a Given Element

12

A stream 𝑎1, 𝑎2, … , 𝑎𝑛 where 𝑎𝑖 ∈ 0,1 . We want to count 

the number of 1s (𝑚) in this sequence.

We can obviously do this in log 𝑛 space.  Goal: log log 𝑛 .

Strategy: keep a value 𝑘 such that 2𝑘 ≈ 𝑚.

Represent 𝑘 will need only log log 𝑛 space.  

Algorithm.

Initialize 𝑘 = 0
For 𝑖 = 1 to 𝑛 do

if 𝑥𝑖 = 0 then 𝑘 = 𝑘;

if 𝑥𝑖 = 1 then 𝑘 + + with probability 
1

2𝑘
.

Output 2𝑘 − 1.



Massive data problem 2

The input is stored in the memory, but because the

input is so large, we would need to

① produce a much smaller approximation to it, or

② perform an approximate computation on it in

low space.
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Example: Matrix Algorithms using Sampling
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Algorithms for matrix problems:

• Matrix multiplication

• Low-rank approximation

• SVD

• Compressed representations

• Linear regression

• ……

𝑂(𝑛3) operations

✓ Pick a random sub-matrix and compute with that.

✓ Pick a subset of columns or rows of the input

matrix.



Matrix Multiplication using Sampling
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𝐴 is an 𝑚 × 𝑛 matrix

𝐵 is an 𝑛 × 𝑝 matrix

𝐴 : , 𝑘 the 𝑘th column of 𝐴, a 𝑚 ×1 matrix;

𝐵 𝑘, : the 𝑘th row of 𝐵, a 1 × 𝑝 matrix.

𝐴𝐵 = ෍

𝑘=1

𝑛

𝐴 : , 𝑘 𝐵(𝑘, : )

Sample 𝑘 from the 

set {1,2, … , 𝑛} with 

probability 𝑝𝑘.



Matrix Multiplication using Sampling
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𝐴 is an 𝑚 × 𝑛 matrix

𝐵 is an 𝑛 × 𝑝 matrix
𝐴𝐵 = ෍

𝑘=1

𝑛

𝐴 : , 𝑘 𝐵(𝑘, : )
Sample 𝑘

from the set 

{1,2, … , 𝑛} with 

probability 𝑝𝑘.

Define an associated random matrix variable

𝑋 =
1

𝑝𝑘
𝐴 : , 𝑘 𝐵(𝑘, : ) with probability 𝑝𝑘. 

𝑬 𝑿 = ෍

𝑘=1

𝑛

𝑃𝑟𝑜𝑏(𝑧 = 𝑘)(𝑋 = 𝑥)

= ෍

𝑘=1

𝑛

𝑃𝑟𝑜𝑏(𝑧 = 𝑘)
1

𝑝𝑘
𝐴 : , 𝑘 𝐵(𝑘, : ) = 𝑨𝑩.



Matrix Multiplication using Sampling
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𝑬 𝑿 = 𝑨𝑩

Define an associated random matrix variable

𝑋 =
1

𝑝𝑘
𝐴 : , 𝑘 𝐵(𝑘, : ) with probability 𝑝𝑘. 

𝑉𝑎𝑟 𝑋 =෍

𝑖=1

𝑚

෍

𝑗=1

𝑝

𝑉𝑎𝑟(𝑥𝑖𝑗)

=෍

𝑘

1

𝑝𝑘
𝐴(: , 𝑘) 2 ⋅ |𝐵(𝑘, : )|2 − 𝐴𝐵 𝐹

2

𝐴 = 𝐵𝑇, length squared sampling:  𝒑𝒌 =
𝑨 ;,𝒌 𝟐

𝑨 𝑭
𝟐 .

Minimize 

the variance



Matrix Multiplication using Sampling
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Define an associated random matrix variable

𝑋 =
1

𝑝𝑘
𝐴 : , 𝑘 𝐵(𝑘, : ) with probability 𝑝𝑘. 

Length squared sampling: 𝒑𝒌 =
𝑨 ;,𝒌 𝟐

𝑨 𝑭
𝟐 .

Estimate 𝐴𝐵:

Do 𝑠 independent trials. Each trial 𝑖, 𝑖 =
1,2, … , 𝑠 yields a matrix 𝑋𝑖.

Output  
1

𝑠
σ𝑖=1
𝑠 𝑋𝑖



Matrix Multiplication using Sampling
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Estimate 𝐴𝐵:

Do 𝑠 independent trials. Each trial 𝑖, 𝑖 = 1,2, … , 𝑠
yields a matrix 𝑋𝑖.

Output  
1

𝑠
σ𝑖=1
𝑠 𝑋𝑖

1

𝑠
෍

𝑖=1

𝑠

𝑋𝑖 =
1

𝑠

𝐴 : , 𝑘1 𝐵(𝑘1, : )

𝑝𝑘1
+
𝐴 : , 𝑘2 𝐵(𝑘2, : )

𝑝𝑘2
+⋯+

𝐴 : , 𝑘𝑠 𝐵(𝑘𝑠, : )

𝑝𝑘𝑠

=
𝐴 : , 𝑘1
𝑠𝑝𝑘1

,
𝐴 : , 𝑘2
𝑠𝑝𝑘2

, ⋯ ,
𝐴 : , 𝑘𝑠
𝑠𝑝𝑘𝑠

⋅
𝐵 𝑘1, :

𝑠𝑝𝑘1
,
𝐵 𝑘2, :

𝑠𝑝𝑘2
, ⋯ ,

𝐵 𝑘𝑠, :

𝑠𝑝𝑘𝑠

= 𝐶𝑚×𝑠 ⋅ 𝑅𝑠×𝑝



Matrix Multiplication using Sampling
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Estimate 𝐴𝐵:

Do 𝑠 independent trials. Each trial 𝑖, 𝑖 = 1,2, … , 𝑠 yields a matrix 𝑋𝑖.

Output  
1

𝑠
σ𝑖=1
𝑠 𝑋𝑖

𝐴𝐵 ≈ 𝐶𝑚×𝑠 ⋅ 𝑅𝑠×𝑝=
𝐴 :,𝑘1

𝑠𝑝𝑘1
,
𝐴 :,𝑘2

𝑠𝑝𝑘2
, ⋯ ,

𝐴 :,𝑘𝑠

𝑠𝑝𝑘𝑠
⋅

𝐵 𝑘1,:

𝑠𝑝𝑘1
,
𝐵 𝑘2,:

𝑠𝑝𝑘2
, ⋯ ,

𝐵 𝑘𝑠,:

𝑠𝑝𝑘𝑠

Theorem. Suppose 𝐴 is an 𝑚 × 𝑛 matrix and 𝐵 is an 𝑛 × 𝑝 matrix. The

product 𝐴𝐵 can be estimated by 𝐶𝑅, where 𝐶 is an 𝑚 × 𝑠 matrix consisting of

𝑠 columns of 𝐴 picked according to length-squared distribution and scaled

as above, 𝑅 is the 𝑠 × 𝑝 matrix as above. Then the error is bounded by

𝐸 𝐴𝐵 − 𝐶𝑅 𝐹
2 ≤

𝐴 𝐹
2 𝐵 𝐹

2

𝑠

Thus to ensure 𝐸 𝐴𝐵 − 𝐶𝑅 𝐹
2 ≤ 𝜖2 𝐴 𝐹

2 𝐵 𝐹
2 , it suffices to make 𝑠 greater

than or equal to
1

𝜖2
. If 𝜖 is Ω(1), so is 𝑠 ∈ 𝑂(1), then the multiplication 𝐶𝑅 can

be carried out in time 𝑂 𝑚𝑝 .



Sketch of a Large Matrix
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• Interpolative approximation

• SVD
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