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Why formal semantics?

e To understand how programs behave

e To build a mathematical model useful for program analysis and

verification
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Three kinds of semantics (1/3)

e Operational semantics: describing the meaning of a programming

language by specifying how it executes on an abstract machine.
Gordon Plotkin

e Denotational semantics: defining the meaning of programming
languages by mathematical concepts.
Christopher Strachey, Dana Scott

e Axiomatic semantics: giving the meaning of a programming construct

by axioms or proof rules in a program logic.
R.W. Floyd, C.A.R. Hoare
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Three kinds of semantics (2/3)

e Operational semantics: very helpful in implementation

e Denotational semantics: provides deep and widely applicable

techniques for various languages

e Axiomatic semantics: useful in developing and verifying programs
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Three kinds of semantics (3/3)

Different styles of semantics are dependent on each other. E.g.

e To show the proof rules of an axiomatic semantics are correct, use an

underlying denotational or operational semantics.

e To show an implementation correct wrt denotational semantics, need

to show the operational and denotational semantics agree.

e To justify an operational semantics, use a denotational semantics to
abstract away from unimportant implementation details so to

understand high-level computational behavior.
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Chapter 1. Basic set theory'
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1.1 Logical notation

Let A and B be statements
e A & B: the conjunction of A and B
e A||B: the disjunction of A and B
e A= B:if Athen B
e A < B: logical equivalence of A and B
e Jx.P(x): there exists some x such that P(x) holds

e dlz.P(x): there exists q unique x such that P(z) holds
e Vu.P(x): for all x, P(x) holds
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1.2 Sets (1/3)

o {x | P(x)}: specify a set with property P(x)

e Russell’s paradox: R ={x | x ¢ =} is not a set.

e So we assume all sets in the textbook are properly constructed.
e (): the null or empty set

e w=1{0,1,2,...}
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1.2 Sets (2/3)

e Powerset: Pow(X)={Y |Y C X}.
e Indexed set: {x; |i € I}.
e Big union: Let X be a set of sets. (JX ={a | dzr € X.a € 2}

¢ When X = {x; | i € I} for some indexing set I we write | J X as
Uier @i-

e Big intersection: Let X be a nonempty set of sets.
X ={a|Vxr e X.ae€x}

e When X = {z; | i € I} for a nonempty indexing set I we write [ X as

ﬂie] L -
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1.2 Sets (3/3)

e Product: X xY ={(a,b) |[ae X &beY}.

e More generally, X; x X5 X ... X X, consists of the set of n-tuples

(331, Ly eeny ZCn) = (331, (332, ($3, )))

e Disjoint union:
XowXjw WX, ={0} x Xg)U({1} x X1)U...U({n} x X,)

e Set difference: X\Y ={z |z e X & x ¢ YV}

e The axiom of foundation: Any descending chain of memberships
b, €...€b; €b

must be finite. Thus no set can be a member of itself. It is an

assumption generally made in set theory.
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1.3 Relations and functions (1/3)

e A binary relation between X and Y is an element of Pow(X x V).
e When R is a relation R C X x Y, we write 2Ry for (z,y) € R.
e A partial function from X to Y is a relation f C X x Y with

Ve, y,y  (z,y) e f& () e f=y=1

We write f(x) =y when (z,y) € f for some y and say f(x) is defined,
otherwise f(x) is undefined. Sometimes we write [ : x — y or x +— ¥y
when f is understood, for y = f(x)

e A (total) function from X to Y is a special partial function such that
Vee XAy eY.f(x) =y.

e Write (X — Y) for the set of all partial function from X to Y, and
(X — Y) for the set of all total functions.
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1.3 Relations and functions (2/3)

e Lambda notation To write a function without naming it.
A € X.e = {(x,e) |z e X}

e Let RC X xY and S CY x Z be two relations. Their composition is
SoR=ges {(x,2) e X xZ|JyeY(r,y e R& (y,2) € S}

e For functions f: X — Y and g : Y — Z, their composition is the
function go f : X — Z.

e Each set X is associated with an identity function
Idx ={(z,z) | x € X}.

e A function f: X — Y has an inverse g: Y — X iff g(f(x)) = z for all
x € X and f(g(y)) =y for all y € Y. Then X and Y are said to be in

1 — 1 correspondence.
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1.3 Relations and functions (3/3)

Let R: X xY and A C X. The direct image of A under R
RA={yeY |dx e A (z,y) € R}

Let B C Y. The inverse image of B under R
R'B={re X |3JyeB. (z,y) € R}

If R is an equivalence relation on X, then the (R—)equivalence class of
an element z € X is {z}r =4.r {y € X | yRz}.

Let R” = Idx, define R"T! = Ro R" for all n > 0. The transitive
closure of Ris R* = [
is R*=Idx URT =

R"T1. The reflexive, transitive closure of R
R™.

ncw

new
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1.3 Georg Cantor’s diagonal argument (1/2)

Theorem 0.1 Let X be any set, X and Pow(X) are never in 1 — 1

Correspondence.

Proof: Suppose there exists a 1-1 correspondence 6 : X — Pow(X). Form
theset Y ={x € X |z & 0(x)}. Now Y € Pow(X) and is in

correspondence with some y € X, i.e. 6(y) =Y.
e IfycY theny &€0(y) =Y.
o IfyZY =0(y) theny €Y.

So the correspondence 6 does not exist at all. []
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1.3 Georg Cantor’s diagonal argument (2/2)

Theorem 0.2 N and Pow(N) are never in 1 — 1 correspondence.

0(xo) O(x1) O(x2) --- O(xy)
2o | 0 1 1 ]
xr1 |1 1 1 I |
To | 0 0 0 e 0
z; | 0 1 0 1
z; | 0 | 0 1

In the ith row and jth column is placed 1 if x; € 6(x;) and 0 otherwise.
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‘Chapter 2. Operational semantics'
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2.1 IMP- a simple imperative language

Some syntactic sets in IMP.

numbers N, consisting of all integer numbers, ranged over by

metavariables n, m

truth values T={true, false},

locations Loc, ranged over by X, Y

arithmetic expressions Aexp, ranged over by a
boolean expressions Bexp, ranged over by b

commands Com, ranged over by c

Sometimes we use metavariable which are primed or subscripted, e.g.

X', X for locations.
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2.1 IMP- a simple imperative language

The syntax of IMPdefined by BNF (Backus-Naur form).
e For Aexp: a:x=n|X|ay+ai|ay—ai|agxa;
e For Bexp: b:=true|false|ag=a1|ag<ai|-b|byAbi]|byV b

e For Com:
c:=skip | X :=a | cg;c1 | if b then ¢y else ¢ | while b do ¢
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2.1 IMP- a simple imperative language

The syntax of IMPdefined by BNF (Backus-Naur form).
o For Aexp: a:=n|X|as+ay|ay—ar|agxa;
e For Bexp: b:=true|false|ag=aj|ag<ai1|-b|byAby|byV b

e For Com:
c:=skip | X :=a | cg;c1 | if b then ¢y else ¢; | while b do ¢

e From set-theoretic point of view, this notation gives an inductive
definition of the syntactic sets, the least sets closed under the

formation rules.

e Syntactic equivalence =. e.g. 3+ 4 % 4 + 3.
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2.2 The evaluation of arithmetic expressions

e The set of states consists of functions o : Loc — N.

e A configuration is a pair (a, o), where a is an arithmetic expression

and o a state.

e An evaluation relation between pairs and numbers (a, o) — n
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2.2 Structural operational semantics

Evaluation of numbers (n,o) = n
Evaluation of locations (X,0) = o(X)

Evaluation of sums
(ag, o) = ng (a1,0) — nq n is the sum of ng and n;

(ag +a1,0) = n
Evaluation of subtractions
(ag, o) = ng (a1,0) — nq n is the result of subtracting n; from ng

(ag — a1,0) = n
Evaluation of products
(ag,T) — ng (a1,0) = nq n is the product of ng and n,

(ag X a1,0) = n
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2.2 Derivation tree

(Init,o9) — 0 (5,00) =5 (71,00) = 7 (9,00) = 9

<(Imt -+ 5),0‘0> — 5 <7—|— 9,0‘0> — 16

(Init+5)+ (7+9),00) — 21
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2.2 Equivalence of arithmetic expressions

Two arithmetic expressions are equivalent if they evaluate to the same
value in all states.

ag ~ayp iff Vo € ¥ Vn € N. (ag,0) > n < {(a1,0) = n

Formal semantics of programming languages Y. Deng@QECNU 24



2.3 The evaluation of boolean expressions

(true, o) — true (false, c) — false
(ag,0) = n (a1,0) = n (ag,0) = n (a1,0) = m nZm

ag = a1,0) — true (ag = ay,0) — false

ag,0) = n (a1,0) = m if n is less than or equal to m

ag < ay1,0) — true
ag, o) — 1 (a1,0) = m if n is not less than or equal to m

b,0) — true (b,o) — false

—b, o) — false (=b,0) — true
bo, ) — to (b1,0) — 1 if ¢ is true iff ty = t; = true

b0,0'> — 1o <b1,0’> — 1 if ¢ is false iff to =1 = false
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2.4 The execution of commands

A (command) configuration is a pair (¢, o) where ¢ is a command and o a

state. The execution of commands are defined via relations (c,o) — o’

Notation. Write o[m/X] for the state satisfying
m ity =X

TI=0 Ly vy e x

Formal semantics of programming languages Y. Deng@ECNU 26



2.4 The execution of commands

Atomic commands

, —
(skip,0) — 0 \a,0) = m
(X :=a,0) = am/X]
Sequencing \0,0) = o7 e, o7) = o
(co;c1,0) — o
Conditionals
(b,0) — true (co,0) — 0’ (b,o) — false (c1,0) — o’
(if b then ¢ else ¢1,0) — o’ (if b then ¢ else ¢1,0) — o’

While-loops
(b,o) — false

while b do ¢,0) — o

<
(b,0) — true (c,0) = o (while b do ¢,0”") — o’
<

while b do ¢,0) — o’
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2.4 Big step semantics

To see the semantics just defined is a big step semantics, consider the

following program:
Factorial = Y :=1;
while X > 1 do
{Y =Y xX; X =X-1};
Z =Y
Let o be a state with (X ) = 3, what’s the state ¢’ such that

(Factorial,o) — o' 7 Construct the derivation tree.
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2.4, 2.5 Equivalence of commands

Definition 0.3 ¢y ~ ¢y iff Vo,0’ € 3. (¢p,0) = 0’ < (c1,0) — o’

Proposition 0.4 Let w = while b do ¢ with b € Bexp and ¢ € Com.
Then

w ~ if b then c;w else skip.

Proof: Show that (w,oc) — o iff (if b then c; w else skip, o) — o’ for all
states o, 0’. Inspecting the rules with matching conclusions. cf. Page 21. [
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For example,

2.6 Small step semantics

Formal semantics of programming languages
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Chapter 3. Some principles of induction'
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3.1 Mathematical induction

The principle of mathematical induction: Let P(n) be a property of the
natural number n. To show P(n) holds for all natural numbers n it is

sufficient to show
e P(n) is true
e If P(m) is true then so is P(m + 1) for any natural number m.
Le. (P(0) & (Vmew. P(m)= P(m+1))) = Vn € w. P(n) where
e P(0) is the induction basis
e P(m) the induction hypothesis

e (Vm € w. P(m)= P(m+ 1)) the induction step.
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3.1 Course-of-values induction

If a property ’s truth at m + 1 depends on not just its truth at m but
also its truth at other numbers preceding m as well, we strengthen the
induction hypothesis to be V& < m. Q(k). Then

e the basis: Vi < 0. Q(k) — vacuously true.

e the induction step: Vm € w. (Vk <m. Q(k)) = (VE<m+ 1. Q(k)))
— equivalent to Vm € w. (Vk < m. Q(k)) = Q(m)

So as a special form of mathematical induction is course-of-values

induction: (Vm € w. (VkE <m. Q(k)) = Q(m)) = Vn € w. Q(n).
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3.2 Structural induction

Let P(a) be a property of arithmetic expression a. To show P(a) holds for

all arithmetic expressions a it is sufficient to show:
e For all numerals m, P(m) holds.

e For all locations X, P(X) holds.

e For all arithmetic expressions ag and aq, if P(ag) and P(a;) hold then
so does P(ag + a1).

e Similarly with P(ag —a1) and P(ag X aq).
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3.2 Structural induction: an example

Proposition 0.5 For all arithmetic expressions a, states ¢ and numbers
m,m’, (a,0) - m & (a,0) > m'=m=m'
Proof: By structural induction on arithmetic expressions a using
induction hypothesis P(a) where
P(a) it Vo,m,m'. ({(a,0) = m & (a,0) = m' = m =m)

e o = n: since there is only one rule for evaluating (n, o), trivial.

® a4 = ag+ a1: Again one rule for evaluating (ag + a1,0). So
(ag,0) — mg and (a1,0) — my with m = mg + m1 and
(ag,0) — m{, and (ay,0) — m} with m’ = m{ + m/. By induction
hypothesis applied to ag,a; we obtain mg = m( and m; = m/’. Thus

m=m'.

e The remaining cases are similar.
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3.3 Well-founded relation

A well-founded relation is a binary relation < on a set A such that there
are no infinite descending chains --- < a; < --- < a1 < ag. If a < b then a

is a predecessor of b.
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3.3 Well-founded relation

Proposition 0.6 The relation < on set A is well-founded iff any
nonempty subset () of A has a minimal element, i.e. an element m with

meQ & Vb<m.bé&Q.

Proof: (<) Suppose every nonempty subset of A has a minimal element,
but there is an infinite chain - -- < a3 < ag. The set {a; | i € w} would have

no minimal element, a contradiction.

(=) Take any element ag from Q. Inductively, assume a chain
a, < -+ < ap has been constructed inside (). If there is b < a,, with b € Q,
take a,, 11 = b, otherwise stop the construction. As < is well-founded, the

chain is finite whose least element is minimal in (@). []
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3.3 The principle of well-founded induction

Proposition 0.7 Let < be well founded on set A, and P be a property.
Then Va.P(a) iff Va € A.((Vb < a. P(b)) = P(a)).

Proof: (=) Trivial.

(<) Suppose Va € A.((Vb < a. P(b)) = P(a)) but =P(a) for some a € A.
The set {a € A | —P(a)} has a minimal element m. Then Vb < m.P(b) but
—P(m), contradicting the assumption. ]

In mathematics this principle is called Noetherian induction after the
German algebraist Emmy Noether.
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3.3 The principle of well-founded induction

Proposition 0.6 provides an alternative to proofs by well-founded
induction. To show property P holds for every element in a well-founded
set A, it is sufficient to show the subset of counterexamples

{a € A| —=P(a)} is empty. Suppose it’s nonempty, there is a minimal
element m contradicting the assumption (Vb < m.P (b)) = P(m).
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3.3 The principle of well-founded induction: an example

Fuclid’s algorithm for the greatest common divisor of M, N.
Fuclid = while -(M = N) do
if M < Nthen N:=N-—-Melse M . =M — N
Theorem 0.8 For all states o,
o(M)>1 & o(N)>1= do'. (Fuclid,o) — o’.
Proof: Let S={oceX|oc(M)>1 & o(N)> 1} and < by
o <o iff (¢/(M)<o(M) & o' (N)<o(N)) &
—(0"(M) = o(M) & o'(N) = o(N)).
Then < is well-founded. Let P(o) = do’.(Fuclid, o) — o’. Suppose
Vo' < 0.P(0’), we show P(c) with two cases: (i) o(M) = o(N), (ii)
o(M) # o(N). Argue in both cases that (Fuclid, o) — ¢’ for some o’.
Then conclude Vo € S.P(0) by well-founded induction.
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3.4 Induction on derivations

A rule instance is a pair X /y with premises X and conclusion y. Usually
L1, "y Ln
we write X/y as — if X = (), and if X ={x1,--,2,}
Y Y

Let R be a set of rule instances. An R-derivation of y is either a rule

instance ()/y or a pair {dy,---,dy,}/y where {z1, -+, z,}/y is a rule
instance and d; an R-derivation of x; for all 1 <7 <n. Write d IFr y to
mean d is an R-derivation of y.

A derivation d’ is an immediate subderivation of d, written d’ <7 d, iff d
has the form D/y with d’ € D. Let < be the transitive closure of <; (<7).
We say d’ is a proper subderivation of d iff d’ < d.

Since derivations are finite, both <; and < are well-founded.
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3.4 Induction on derivations

Theorem 0.9 Let ¢ be a command and o a state. If (c,09) — ¢ and

(c,009) — 0, then 0 = 07.

Proof: By well-founded induction on the proper subderivation relation <.
For any derivation d, let P(d) be the following property
Ve € Com,og,0,01 € 2. dIF {c,00) >0 & (c,00) = 01 = 0 = 071.

Show that Vd' < d.P(d") implies P(d) by inspecting the structure of c. cf.
Page 37. []

Formal semantics of programming languages Y. Deng@QECNU 42



3.4 Induction on derivations

Proposition 0.10 Ve € Com, 0,0’ € ¥. (while true do c¢,0) 4 o’.

Proof: Abbreviate w = while true do ¢. Suppose the set
{d|do,0’ € . dIF (w,o) — ¢’} is nonempty. By Proposition 0.6 there is

a minimal derivation d in the form

(true, o) — true (c,o) — o (w,o") — o

(w,o) — o
But this contains a proper subderivation d’ IF (w, ¢”") — o', contradicting

the minimality of d. []
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3.5 Definition by induction

Definition by well-founded induction, also called well-founded recursion,

e.g.
)

1 ifa=nor X

size(a) = { 1+ size(ap) + size(a1) if a =ap+ ay,
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‘Chapter 4. Inductive deﬁnitions'
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4.1 Rule induction

Viewed abstractly, instances of rules have the form () /y or {z1,---,z,}/y.
Let R be a set of rule instances, let Iz be the set of all elements with a

R-derivation, i.e. Ir ={x | IFp x}.

The general principle of rule induction:

Let Ir be defined by rule instances R and P a property. Then
Vy € Ir. P(y) iff for all rule instances X/y in R for which X C Ip,
(Vx € X. P(z)) = P(y).
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4.1 Rule induction

The general principle of rule induction says: for rule instances R we have
Yy € Ig. P(y) iff

e for all instances of axioms —, P(y) is true, and
Y

xl) “ o o 7£Cn
e for all rule instances yifV1I<i<n.z;€lp & P(z;) then

P(y) is true.
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4.1 R-closure

A set (Q is closed under rule instances R, or R-closed, iff for all rule
instances X /y, we have X C Q) = y € Q).

Proposition 0.11 With respect rule instances R,
1. Ir is R-closed.
2. If ) is an R-closed set, then Irp C Q).

Proof: 1. By definition, if {x1,---,2z,}/y is a rule instance, then each x;
has derivation d;. Combining these d; with the rule instance gives a

derivation of y.

2. Each element in I has a derivation. So we do an induction on the
subderivation relation < to show Vy € Ig. dIFr y = vy € @ for all
R-derivations d.
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4.1 Rule induction

Let P be a property. To show P is true of all elements of Ir, define the set
QQ ={x € lr| P(x)}, and Proposition 0.11 says it’s sufficient to show @ is
R-closed, i.e. for all rule instances X /v,

(Vre X. x € Ip & P(x)) = P(y).
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4.2 Special rule induction

Consider the rule for commands
X :Loc a:Aexp

X :=a : Com
In general a rule instance may not be homogeneous, then it’s awkward to

directly use rule induction.

The special principle of rule induction:

Let Ir be defined by rule instances R and A C Ir. Let () be a property.
Then Va € A. Q(a) iff for all rule instances X/y with X C Ir and y € A,
Vre XNA Q(x)) = Qy).
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4.2 Special vs. general rule induction

The special principle follows from the general one.

Let Q(x) be a property we are interested in showing is true of all elements
of A. Define property P(x) by
P(x) < (r € A= Q(x)). Then (Vx € A. Q(x)) & (Vx € Ig. P(x)).

The general principle says for all rule instance X/y in R,

Vre X.xelgr & P(x)) = P(y)

VeeX. zelp& (x € A= Q) = (ye A= Qy))
(VeeX. xelg)& VreX. (e A= Q) &ye A) = Qy)
XCIp&kye A& (VzeX. (zreA=Qx))) = Qy)
XCIp&ye A& (Ve XNA Qx)) = Qy)

r v 0
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4.3 Rule induction for arithmetic expressions

Va € Aexp,o € ¥X,n € N. (a,0) - n = P(a,o,n)

iff

(Vne N,o € X. P(n,o,n)

&

VX € Loc,0 € ¥. P(X,0,0(X))
&

Yag,a1 € Aexp,o € X, ng,n1 € N.

(ag,0) = ng & Plag,o,n9) & (a1,0) > n1 & P(ai,o,ny)
:>P(a0+a1,a,n0+n1)
&
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4.3 Rule induction for boolean expressions

Vb € Bexp,o € 3,t € T. (b,o0) —t = P(b,0,1)

iff

(Vo € X. P(false,o,false) & Vo € 3. P(false, o, false)
&

Vag,a1 € Aexp,o € X, m,n € N.

(ap,0) = m & (a1,0) >n & m=n = P(ap = a1,0,true)
&

Vbo,b1 € Bexp,o € X, tp,t1 € T.

(bo,o) = to & P(bo,0,t0) & (b1,0) —>t1 & P(bi,0,t1)
= P(bo AN b1,0,to A1)

&
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4.3 Rule induction for commands

Ve € Com,o,0’ € X. (¢,0) = d' = P(c,0,0")
iff
(Vo € 3. P(skip,0,0) &

&

Ve € Com,b € Bexp,o € X.

(b,o) — false = P(while b do c,0,0)

&
Ve € Com, b € Bexp,o,0', 0" € .

(b,0) = true & (c,0) > d" & P(c,0,0") &
(while b do ¢,0"”) — ¢’ & P(while b do ¢,c",0")
= P(while b do ¢,0,0') )
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4.3 Rule induction for commands: an example

Proposition 0.12 Let Y € Loc. For all commands ¢ and states o, o/,
(Y &locp(c) & (c,o0) =>0d") = o(Y)=0d(YV).

Proof: Let P be the property given by:

P(c,0,0") < (Y €locy(c) = o(Y)=0'(Y)). Then use rule induction on
commands to show that

Ve € Com,o,0’ € X. (¢,0) = o' = P(c,0,0"). ]
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4.4 Operators and their least fixed points

A set of rule instances R determines an operator R on sets by
R(B) ={y|3X C B. (X/y) € R}.

Proposition 0.13 1. A set B is closed under R iff R(B) C B
2. R is monotonic.

Proof: Directly from definitions.
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4.4 Operators and their least fixed points

Let Ag =0, Apny1=R"TH0), A=, An-

Proposition 0.14 1. A is R-closed
2. R(A)=A
3. A is the least R-closed set.
Proof:

1. Suppose (X/y) € R with X C A. As X is a finite set, say {1, -+, xx},
with X C A, then V1 <1 < k. x; € A,,,. Take n bigger than all n;, we
have V1 << k. z; € A,,,i.e. X CA,. Then y € }A%(An) C A.
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4.4 Operators and their least fixed points

A

2 It’s easy to see that A is R-closed, thus R(A) C A. For the converse,
let y € A. Then y € A, for some n > 0. Thus y € R(A,_1). So there
is some (X/y) € R with X C A,,_; C A, giving y € R(A). Thus
A C R(A).

3 Suppose B is R-closed, then }?(B) C B. Show by mathematical
induction that Vn € w. A,, € B. For the induction step, assume
A, C B. Then
Api1 = R(A,) C R(B) C B. Thus, A C B.
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4.4 Operators and their least fixed points

e It’s essential in Proposition 0.14 that all rule instances are finitary, i.e.

all premises X are finite sets.
e Parts 1 and 3 of Proposition 0.14 say A = Ig.

e Parts 2 and 3 of Proposition 0.14 say [y is the least fixed point of R.
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The lambda Calculusl

Formal semantics of programming languages Y. Deng@QECNU
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Computability

A question in the 1930’s: what does it mean for a function f : N — N to be
computable?

Informally, there should be a pencil-and-paper method allowing a trained

person to calculate f(n), for any given n.

e Turing defined a Turing machines and postulated that a function is

computable if and only if it can be computed by such a machine.

e (Godel defined the class of general recursive functions and postulated

that a function is computable if and only if it is general recursive.

e Church defined the lambda calculus and postulated that a function is
computable if and only if it can be written as a lambda term.

Church, Kleene, Rosser, and Turing proved that all three computational
models were equivalent to each other.
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The untyped lambda calculus

Def. Assume an infinite set V of variables, denoted by x, v, z.... The set of
lambda terms are defined by the Backus-Naur Form:

M,N =z | (MN) | (Ax.M)

Alternatively, the set of lambda terms is the smallest set A satisfying:
e whenever x € V then € A (variables)
e whenever M, N € A then (M N) € A (applications)

e whenever x € V and M € A then (Az.M) € A (lambda abstractions)
B.g (Az.z)  ((Az(zx))Ay.(yy))  (Af(Az(f(fx))))
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Convention

e Omit outermost parentheses. E.g., write M N instead of (M N).
e Applications associate to the left, i.e. M NP means (MN)P.

e The body of a lambda abstraction (the part after the dot) extends as
far to the right as possible. E.g, Ax.M N means \z.(M N ), and not
(Ax.M)N.

e Multiple lambda abstractions can be contracted; E.g., write Axyz. M
for A\x. Ay Az. M.
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Free and bound variables

An occurrence of a variable z inside M\z./V is said to be bound. The
corresponding Ax is called a binder, and the subterm /N is the scope of the
binder. A variable occurrence that is not bound is free.

E.g. in M = (Az.xy)(A\y.yz), x is bound, z is free, variable y has both a

free and a bound occurrence.

The set of free variables of term M is F'V (M):

FV(r) = {z}
FV(MN) = FV(M)UFV(N)
FV(Az.M) = FV(M)\{x}
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Renaming

Write M{y/x} for the renaming of  as y in M.
Hy/ey =y
Ayjzy = 2, ifztz
(MN){y/x} = (M{y/x})(N{y/x})
(AeM){y/xy = Ay.(M{y/x})

Az M)y/x}y = Iz.(M{y/z}), ifx#z
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a-equivalence

M=M N=N'

MN = M'N’
M=M

Ae. M = \z. M’
y & M

ii?ii
vz 2=z &

Formal semantics of programming languages
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Substitution

The capture-avoiding substitution of IV for free occurrences of x in M, in
symbols M|N /x| is defined below:

r|N/x =N
yIN/x =y, ifax#y
MP)[N/z] = (M|N/z|)(P|N/z|)

(
(Ax.M)[N/x] = Xx.M

(Ay.M)[N/x] = My.(M[N/x]), if t Ay and y & FV(N)

(Ay.M)|N/x| =My .(M{y' /y}|N/x]), if x 2y, ye€ FV(N), and 3 fresh.
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p-reduction

Convention: we identify lambda terms up to a-equivalence.

A term of the form (Ax.M)N is S-redex. It reduces to M[N/z| (the
reduct).

A lambda term without S-redex is in S-normal form.

(Ax.y)((Az.z2)(Aww)) —p (Az.y)((Aw.w)(Aw.w))
—5  (Az.y)Aw.w)

(Ax.y)((A\z.z2)(Aww)) —p ¥y
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Observation

e reducing a redex can create new redexes,
e reducing a redex can delete some other redexes,

e the number of steps that it takes to reach a normal form can vary,

depending on the order in which the redexes are reduced.
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Evaluation

Write — 5 for —7%, the reflexive transitive closure of — 5. If M — 5 M’

and M’ is in normal form, then we say M evaluates to M.

Not every term has a normal form.

(Az.z)(Ay.yyy) —p  (Ayyyy)(Ay.yyy)
—  (Ayyyy) Ayyyy) (Ay-yyy)
B
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Formal definition of S-reduction

The single-step S-reduction is the smallest relation — 3 satistying:

(Ax. M)N — 3 M[N/x]
M —pg M’
MN —5 M'N
N —3 N’
MN —s5 MN’
M —p M’
Ae.M — g Ax. M’

Write M =3 M’ if M can be transformed into M’ by zero or more
reductions steps and/or inverse reduction steps. Formally, =g is the

reflexive symmetric transitive closure of — 3.
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Programming in the untyped lambda calculus

Booleans: let T = Azy.z and F = Azxy.y.
Let and = A\ab.abF. Then

and TT
and TF
and FT
and FF

B
B
B

B

o o S

The above encoding is not unique. The “and” function can also be

encoded as \ab.bab.

Formal semantics of programming languages
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Other boolean functions

not
or
XOr

if-then-else

a.aF'T
Aab.a'Tb
Aab.a(bFT)b

A\L.T

if-then-else TMN — g5 M
if-then-else FMN —g N
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Natural numbers

Write f™x for the term f(f(...(fx)...)), where f occurs n times. The bth

Church numeral n = Afx. f"x.

0 = MNazux
1 = Mo fx
3 = A f(fo)
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The successor function

Let succ = Anfzx.f(nfx).

Formal semantics of programming languages

= (wfz.f(nfz)\ . fro)
s A f(f")

= Az f"tla

= n+1

Y. Deng@QECNU
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Addition and mulplication

Let add = A\nmfx.nf(mfxr) and mult = Anmf.n(mf)

Exercises: show that

add nm -—»g n-+m

mult nm —5 n-m

Exercise: Let iszero = A\nzy.n(Az.y)x and verify iszero(0) = true and
iszero(n + 1) = false.
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Fixed points and recursive functions

Thm. In the untyped lambda calculus, every term F' has a fixed point.
Proof. Let © = AA where A = \xy.y(xzy).

OF = AAF
=  (Axy.y(zzy))AF
—g F(AAF)
= F(OF)
Thus OF is a fixed point of F'.

The term © is called Turing’s fixed point combinator.
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The factorial function

fact n = if-then-else (iszero n)(1)(mult n(fact (pred n)))
(

)
1

fact = An.if-then-else (iszero n)(1)(mult n(fact (pred n)))

fact = (Af.An.if-then-else (iszero n)(1)(mult n(f(pred n)))fact

fact = O(Af.A\n.if-then-else (iszero n)(1)(mult n(f(pred n)))
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Other data types: pairs

Define (M, N) = A\z.zM N. Let m1 = A\p.p(Axy.x) and o = Ap.p(Azy.y).
Observe that

T (M,N) —»3 M

mo(M,N) —»g N
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Tuples

Define (M, ..., M) = \z.zM;...M,, and the ith projection
w1 = Ap.p(Axy...x,.x;). Then

for all 1 <1 <n.
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Lists

Define nil = Azy.y and H :: T'= Azy.x H'T'. Then the function of adding a
list of numbers can be:

addlist | = [(Aht.add h(addlist ¢))(0)
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Trees

A binary tree can be either a leaf, labeled by a natural number, or a node
with two subtrees. Write leaf(n) for a leaf labeled n, and node(L, R) for a
node with left subtree L and right subtree R.

leaf(n) = JAxy.an
node(L,R) = Mry.yLR

A program that adds all the numbers at the leaves of a tree:

addtree t = t(An.n)(\r.add (addtree [)(addtree r))
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n-reduction

o.Mz —, M, where x & F'V(M).

Define the single-step S7n-reduction — z,=—3 U —, and the multi-step
Bn-reduction —g,,.
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Church-Rosser Theorem

Thm. (Church and Rosser, 1936). Let — denote either —3 or —g,.
Suppose M, N and P are lambda terms such that M — N and M — P.
Then there exists a lambda term Z such that N — Z and P — Z.

This is the Church-Rosser property or confluence.

See Section 4.4 of the A-calculus lecture notes for the detailed proof.
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Some consequences of confluence

Cor. If M =43 N then there exists some Z with M, N — 3 Z. Similarly for
Bn.

Cor. If N is a f-normal form and M =g N, then M — g N, and similarly
for £n.

Cor. If M and N are f-normal forms such that M =z N, then M =, N,
and similarly for &n.

Cor. If M =3 N, then neither or both have a S-normal form, and
similarly for (7.

Formal semantics of programming languages Y. Deng@ECNU 85



Simply-typed lambda calculus

Simple types: assume a set of basic types, ranged over by ¢. The set of
simple types is given by

A B:=1|A— B|AxB|1

e A — B is the type of functions from A to B.
e A x B is the type of pairs (z,y)

e 1 is a one-element type, considered as “void” or “unit” type in many

languages: the result type of a function with no real result.

Convention: x binds stronger than — and — associates to the right.
Eg. AxB—(Cis(AxB)—C,andA—B —(CisA— (B—C).
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Raw typed lambda terms

M,N =z | MN | \x® M | (M,N) | 7 M | moM | *
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Typing judgment

Write M : A to mean “M is of type A”. A typing judgment is an

expression of the form

xl!Al,IQIAQ,...,InIAnl_MIA

The meaning is: under the assumption that z; is of type A;, for i = 1...n,
the term M is a well-typed term of type A. The free variables of M must

be contained in x4, ..., 7,

The sequence of assumptions z1 : Ay, 29 : Ao, ..., 2, : A, is a typing
context, written as I'. The notations I', I and I', z : A denote the
concatenation of typing contexts, assuming the sets of variables are

disjoint.
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Typing rules

Nz:AFzxz: A
'-M:A—B TFN:A THFM:AxB
I'-MN:B I'tmM:A
I'z: A+ M:B I'+M:AxB
A M:A— B I'+7mM : B

I'-M: A I'-N:B
'-(M,N): Ax B I'Ex:1
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Typing derivation

r:A—> A y: AFxz: A— A r:A—> A y: AFy: A

r: A—> A y:AFrxz: A—> A r:A—> A y: AFxzy: A

z: A—> Ay: A z(xzy) : A

a::A—)AFAyA.a:(a:y):A—)A

A—A

F Az .AyA.x(my):(A%A)—)A—)A
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Reductions in the simply-typed lambda calculus

- and n-reductions:
(A2 M)N —5 M[N/x]
m(M,N) —3 M
2 <M7 N>

A Mz —n M

<7T1M,7T2M> H"? M
M —, * itM:1
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Subject reduction

Thm. fI'- M : Aand M —p, M, then I' - M : A.

Proof: By induction on the derivation of M — 3, M’, and by case
distinction on the last rule used in the derivation of I' = M : A.
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Church-Rosser

The Church-Rosser theorem does not hold for #n-reduction in the

7><7]‘

simply-typed A7 *-calculus.

E.g. if = has type A x 1, then
(12, Tox) —>y @
(T, Tox) —>y (M1, %)

Both x and (mix, %) are normal forms.

If we omit all the n-reductions and consider only [-reductions, then the

Church-Rosser property does hold.
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Sum types

Simple types:
AB:=..|A+B|0

Sum type is also known as “union” or “variant” type. The type O is the

empty type, corresponding to the empty set in set theory.

Raw terms:
M,N,P == ..|initM|inoM
| case M of 24 = N|yP = P
| OaM
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Typing rules for sums

I'EM: A

I'inM: A+ B
I'-M:B

I'FinoM : A+ B
I'-M:A+B TL'x:AFN:C T'y:BFP:C

I'F (case M of 2* = N|y®? = P): C
I'EM:0
'04M: A

The booleans can be defined as 1 + 1 with T = iny*, F = inyx*, and
if-then-else MNP = case M of ' = N |y' = P, where z and y don’t

occur in /N and P. The term 14 M is a simple type cast.
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Weak and strong normalization

Def. A term M is weakly normalizing if there exists a finite sequence of
reductions M — M; — ... — M,, such that M,, is a normal form. It is
strongly normalizing if there does not exist an infinite sequence of
reductions starting from M, i.e., if every sequence of reductions starting

from M is finite.
e ()= (A\r.xx)(Az.xzx) is neither weakly nor strongly normalizing.
o (A\zr.y)() is weakly normalizing, but not strongly normalizing.
o (Ar.y)((Ax.z)(Ax.x)) is strongly normalizing.

e Every normal form is strongly normalizing.
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Strong normalization

Thm. In the simply-typed lambda calculus, all terms are strongly

normalizing.

A proof is given in the following book: J.-Y.Girard, Y.Lafont, and
P.Taylor. Proofs and Types. Cambridge University Press, 1989.
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Chapter 5. The denotational semantics of IMPI
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5.1 Motivation

e Operational semantics is too concrete, built out of syntax, is hard to
compare two programs written in different programming languages.
o E.g. ¢cg ~ ¢y iff (Vo,0". (cy,0) = 0') < {(c1,0) = o iff
{(0,0") | {co,0) = '} ={(0,0") | {c1,0) = 0"}, i.e. ¢g and 1

determine the same partial function on states.

e So we take the denotation of a command to be a partial function on

states.
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5.2 Denotations of Aexp

Define the semantic function A : Aexp — (X — N)

Aln] = {(o,n) |0 €X}

A[X] = {(o,0(X))| o€ X}
Alao +a1] = {(o,n0 +n1) | (0,n0) € Alao] & (0,n1) € Alas]}
Alag —a1] = {(o,n0 —n1) | (o,n0) € Alao] & (0,n1) € Alas]}
Alao x a1] = {(o,n0 x n1) | (0,n0) € Alao] & (0,n1) € Alas]}

The “+” on the left-hand side represents syntactic sign in IMP whereas

R TR,
- ’ X .

the sign on the right represents sum on numbers. Similarly for
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5.2 Denotations of Aexp

The denotation of arithmetic expressions are actually total functions.

Using A-notation,

Aln] = Xo€eX. n

A[X] = XloeX. o(X)
Alag +a1] = Ao € 3. (Afag]
Alag —a1] = Xlo € X. (Alag]
Alag x a1] = Xlo € X. (Alag]
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5.2 Denotations of Bexp

Define the semantic function B : Bexp — (¥ — T)

Bl-b] = {(o.~pt)|ceS & (0.t) € B[H]}
B[[b()/\bl]] — {O‘ to N\ t1)|0'€z & <O’,t0) EB[[bO]] & <O’,t1) EB[[bl]]}

Btrue] = {(o,true)|oc € X}
B(false] = {(o,false)| o € X}
Blag =a1] = {(o,true)|oceX & Alag]o = Alai]o}U
{(o,false) | o0 € X & Alaglo # Alai]o}uU
(
(

The sign “Ap” is the conjunction operation on truth values.
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5.2 Denotations of Com

Define the compositional semantic function C : Aexp — (X — X))

Clskip] = {(o,0)|0€X}
C[X:=a] = {(o,0n/X])|ceX & n= Ala]o}
Clco;c1] = Cler] o Cleo]
C[if b then cq else 1] = {(o,0’) | B[b]Jo = true & (o,0’) € Cco]} U
{(o,0") | B[b]o = false & (o,0’) € C[c1]}
Clwhile bdo ¢] = fiz(T)

where

[(p)= {(o,0") | B[b]Jo =true & (o,0’) € polClc]} U
{(o,0) | B[b]o = false}
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5.2 Denotation of while -loops

Let w = while b do c. Inspired by the equivalence
w ~ if b then c; w else skip. We should have

Clw] = {(o,0") | B[b]o = true & (o,0") € Clc;w]} U
{(o,0) | B[b]o = false}

We want a fixed point of I' to be the denotation of w. But I' is the

operator R on sets where R is

(O-//, O_/)

(0,0")

R= |

{

| B[b]o = true & (0,0") €C|c]} U

| B[b]o = false}.

(0,0)
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5.3 Equivalence of the semantics

Lemma 0.15 For all a € Aexp, Ala] = {(o,n) | (a,0) — n}.

Proof: Define the property P by P(a) =45 Ala] = {(o,n) | (a,0) — n}
and proceed by structural induction on arithmetic expressions. cf. Page
61. []

Lemma 0.16 For all b € Bexp, B[b] = {(o,t) | (b,0) — t}.

Proof: Similar to the proof of Lemma 0.15. cf. Page 62. []
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5.3 Equivalence of the semantics

Lemma 0.17 For all commands ¢ and states o, o’
(c,0) = o' = (0,0") € C[].

Proof: Let P(c,0,0") =4ef (0,0") € C[c]. Use rule induction for

commands given in Section 4.3.3. cf. Page 64.
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5.3 Equivalence of the semantics
Theorem 0.18 For all commands ¢, C|c| = {(o,0") | (¢,0) — '}.

Proof: Restate the theorem as: for all commands ¢

(0,0") € Clc] & (¢,0) — o’
(«<): Shown in Lemma 0.17.

(=): By structural induction on commands ¢. In the case

c = while b do c¢(, show by mathematical induction on n that

Vo,0' € 3. (0,0") € T™(()) = (c,0) — o'. The base base I'°()) = 0 is
trivial. For the induction step, assume (o, o’) € T 1((). Then (i) either
B[b]o = true and (a ") € Cleo], (6”,0") € T™(0) for some ¢”, (ii) or
B[b]o = false and ¢’ = o. For (i), (b, a} — true by Lemma 0.16,

(cg,0) — ¢” by structural induction hypothesis, and (¢, ") — ¢’ by
mathematical induction hypothesis. So {(c,o) — o¢’. For (ii), (b,o) — false
by Lemma 0.16, so {(c,o) — 0.

[]
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5.4 Complete partial orders

A partial order (p.o.) is a set with a binary relation C which is reflexive,

antisymmetric, transitive.

For a partial order (P,C) and subset X C P, say p is an upper bound of X
iff Vg € X. ¢ C p. Say p is a least upper bound (lub) of X iff p is an upper
bound and for all upper bounds ¢ of X, p C ¢q. Write | | X as the lub of X.

An w-chain of the partial order is an increasing chain dg E d; C - --. The
partial order is a complete partial order (cpo) if it has lubs for all w-chains.
(P,C) is a cpo with bottom if it’s a cpo with a least element .
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5.4 Complete partial orders: examples

e Any set ordered by the identity relation forms a discrete or flat cpo
without bottom.

e A powerset Pow(X) of any set X, ordered by C or O forms a cpo as
indeed does any complete lattice.

e The two element cpo L C T is called O. Such an order arises as the

powerset of a singleton ordered by C.

e The set of partial functions X — Y ordered by inclusion, between sets
X,Y,is a cpo.

e Extending the set of natural numbers w by oo and then in a chain

yields a cpo, called ().
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5.4 An alternative definition of CPO

If (P,C) is a partial order, then a subset X C P is directed if every finite
Xo € X has an upper bound in X.

e Every directed set is nonempty, since the empty subset of a directed
set X must have an upper bound in X.

e If X C P is linearly ordered, i.e. x C y or y C « for all x,y € X, then
X is directed.

e Consider the partial order (P,C) with P = {ag, bg, a1, b1, ...},
a; C aj,b; and b; C a;,b; for all ¢ < j. A directed set is P.

A cpo is a partial order (P,C) s.t. every directed subset of P has a least
upper bound.

The two definitions of cpo are equivalent. A general proof involves the

axiom of choice, but for countable cpo’s the proof is much simpler.
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5.4 Continuous functions

A function f : D — FE between cpos D, E is monotonic iff
Vd,d € D.dC d = f(d) C f(d).

It’s continuous iff for all w-chains

f(l_lnew dn) — I—lnEw f(dn)

Proposition 0.19 The identity function Idp on a cpo D is continuous.
Let f: D — E and g: E — F be continuous functions on cpo’s D, E, F'.
Then their composition go f : D — F'is continuous.
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5.4 Continuous functions: examples

The parallel-or function por : T | x T | — T | given by

[ true if z = true or y = true

por(x,y) = false if z =1y = false

\ 1 otherwise

1S continuous.
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5.4 Continuous functions: examples

A solution to the “halting problem” would be a definable function
total? : (N, — N ) — T with the property that for every f: N, — N,

fotal?(f) = true ifVn # Lly. f(n) # Ly

false otherwise

There is no (PCF) expression defining total? because this function is not

continuous. In fact it is not even monotonic.
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5.4 Fixed point theorem

Let f: D — D be a function. A fixed point of f is an element d with
f(d) = d. A prefixed point of f is an element d with f(d) C d.

Proposition 0.20 Let f: D — D be a continuous function on a cpo with
bottom D. Define fiz(f) =[], ., f"(L). Then fiz(f) is the fixed point of
f and the least prefixed point f.

Proof: e f(|],c, f"(L) =l,c, /"H(L) = (Upe,, /ML) L{L}
o If d is a prefixed point. By induction on n we have f™(L) E d. So
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5.5 The Knaster-Tarski theorem for minimum fixed points

Let (P,C) be a partial order and X C P. Similar to lub, we can define a
greatest lower bound (glb) of X. A complete lattice is a partial order
which has glbs of arbitrary subsets.

Proposition 0.21 Let (L,C) be a complete lattice and f: L — L a
monotonic function. Define m = |{z € L | f(x) C x}. Then m is a fixed
point of f and the least prefixed point f.

Proof: Let X ={x € L | f(x) C x}. For any x € X, we have m C z, thus
f(m) C f(x) by monotonicity of f. But f(z) Cz asx € X. So f(m) C x
for any x € X. Thus f(m) C[]|X = m, i.e. m is the least prefixed point.

By f(m) E m and monotonicity, f(f(m)) E f(m). So f(m) € X which
entails m C f(m). Thus f(m) = m. ]
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5.5 The Knaster-Tarski theorem for maximum fixed points

Proposition 0.22 Let (L,C) be a complete lattice and f: L — L a
monotonic function. Define m = | [{x € L | 2 C f(x)}. Then m is a fixed
point of f and the greatest postfixed point f (i.e. x C f(x)).

Proof: A monotonic function on (L, C) is also monotonic on the complete
lattice (L, J). Then the result follows from the minimum-fixed-point

theorem. L]
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‘Chapter 6. The axiomatic semantics of IMPI
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6.1 The idea

Assertions in programs.

S:=0;N =1

{S=0& N =1}

while -(N =101)do S :=S+ N; N =N +1
{5 = 21§m§100 m}
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6.1 Partial correctness

Let A, B be assertions like those in Bexp, and ¢ a command. We write
{A}c{B} to mean: for all states ¢ which satisfy A (precondition) if the
execution c¢ from state o terminates in state o’ then o’ satisfies B

(postcondition).
NB: {true}while true do skip{false}

In contrast to total correctness assertions [A]c|B|] — the execution of ¢

from any state which satisfies A will terminate in a state which satisfies B.
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6.1 Partial correctness

Consider C|c] as a total function in (3 — 3 ) instead of partial function
in (3 — ).

Write 0 = A to mean the state o satisfies assertion A. Let 1 = A for any
A. Then the meaning of { A}c{B} will be

VoeX. o =A=C|co = B.
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6.2 The assertion language Assn

Let 7 range over integer variables, Intvar. Extending Aexp with integer
variables to be Aexpv:

ax=n|X|i|ag+ar|ag—ar|ag X a

Extending Bexp to be Assn:

A :=true |false |ag =a1 |ag < a1 | AgNAL | AgVAL | "A | Ag = Ay |ViLA|
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6.2 Free integer variables

Define free integer variables in Aexpv or Assn expressions by structural

induction.
FV(n)=FV(X)=10
FV (i) = {i}

FV(CLO —+ CLl) = FV(CLO — CLl) = FV(CLO X CLl) = FV(&Q) U FV(CLl)
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6.2 Substitution

Define substitution for Aexpv or Assn expressions by structural
induction.

nla/il =n Xla/i]= X
jla/il=j  ila/i] =
(a0 + a1)la/i] = (aola/i] + a1|a/i])

truela/i] = true false(a/i| = false
(a0 = a1)la/i] = (aola/i] = a1a/i])

(Ao N Ay)la/i) = (Aola/i] A Aila/i])

(mA)[a/i] = (A[a/’l])

(Vj.A)la/i] =Vj(Ala/i])  (Vi.A)la/i] =Vi.A
(35.A)|a/i] = 3j.(Ala/i]) (Fi.A)[a/i] = Fi. A
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6.3 The meaning of expressions, Aexpv

An interpretation is a function [ : Intvar — N assigning an integer to each

integer variable. The value of an expression a € Aexpv in an
interpretation I and state o is written Av[a]lo or (Av[a](1))(o).

Av[n]lo =n
Av[X]Io = o(X)
Avli]Io = I()

AU :CLO —+ CL1:_

AU :CL() — &1:_

Av :CLO X CL1:_

[Io = Av|
1[0 = Av|
[0 = Av|
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|lo + Av|
lap]lo — Av]

lag]lo x Av|

[ 1o
__CL1:IO'

la1]Io
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6.3 The meaning of assertions, Assn

Write I[n/i] for the interpretation given by I[n/i|(j) = n if j =i, and I(j)

otherwise.

For A € Assn, write 0 =! A to mean o satisfies A in interpretation 1.

o =1 true

o =l (ag = a1) if Av[ag]lo = Avlai]lo
c=l ANBifole! Aand o = B
o=l A= Bifot! Aoro=!' B

o =l Vi.Aif o 1M A for alln € N

o =1 3i.Aif o =11 A for some n € N
LA
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6.3 Partial correctness assertions

Write Al = {oc e X, |o ! A}
o 0 = {Ale{B} iff (0 ! A= C|c]o ! B).
o =l {Ale{B} iff Vo € X,. 0 ! {A}e{B}

e Validity: = {A}c{B} iff
o =1 {A}e{B} for all interpretations I and states o

e Similarly, A is valid, = A, means ¢ =! A for all interpretations I and
states o.
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6.4 Proof rules for partial correctness

The proof rules are called Hoare rules and the proof system Hoare logic.

{A} skip {A}

{Bla/X]} X :=a{B}
{Ajco{C} {C}a{B;]
{A} cose1 {B}
{ANb}cog{B} {AAN-b}ci{B}
{A} if b then ¢ else ¢; {B}
{ANb}c{A}
A} while b do ¢ {A A —b)
=(A=A4) {A}e{B'} (B = B)
{A} c{B}
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6.5 Soundness of the proof system

A rule is sound in the sense that if the rule’s premise is valid then so is its
conclusion. The proof system is sound if every rule is sound. Then by rule
induction, every theorem obtained from the proof system is a valid partial

correctness assertion.

Lemma 0.23 Let I be an interpretation, o a state, and X € Loc.
e Let a,ap € Aexpv. Then Av[agla/X]]|Ioc = Av|ag]lo|Av[a]lo/X]
e Let B € Assn. Then o = Bla/X] iff o[AJa]o/X] ! B

Proof: By structural induction on ag and B respectively. []
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6.5 Soundness of the proof system

Theorem 0.24 Let {A}c{B} be a partial correctness assertion. If
- {A}c{B} then = {A}c{B}.

Proof: Show that each proof rule is sound. Consider the rule for

while-loops. Let w = while b do ¢. Then C|w] =, -, 6, where

new

90 :@
Orn11 = {(o,0") | B[b]o = true & (o,0") € 6,, o C[c]} U {(0,0) | B[b]o = false]

and P(n) =gef Vo,0’ € ¥.(0,0") €0, & (6 ! A= o' = AN —b). Show
by induction that P(n) holds for all n € w. cf. Page 92. ]
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6.6 Using the Hoare rules

Let w = (while X >0do Y := X xY; X := X — 1), and show

{(X=n&n>0&Y =1}w{Y =n!}

Take [ = (Y x X! =n! & X > 0), then
(IAX >0V :=X xV; X :=X — 1{I}

and so {[}w{l N X # 0}.
Note X=n&n>0&Y=1=Tand INX »0=Y =n!
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Chapter 7. Completeness of the Hoare rules'

Formal semantics of programming languages Y. Deng@QECNU 131



7.1 Godel’s incompleteness theorems

e The first incompleteness theorem states that no consistent system of
axioms whose theorems can be listed by an “effective procedure”
(essentially, a computer program) is capable of proving all facts about
the natural numbers. For any such system, there will always be
statements about the natural numbers that are true, but that are

unprovable within the system.

e The second incompleteness theorem shows that if such a system is also
capable of proving certain basic facts about the natural numbers, then
one particular arithmetic truth the system cannot prove is the
consistency of the system itself.
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7.1 No proof system for Assn

Theorem 0.25 There is no effective proof system for Assn such that the

theorems coincide with the valid assertions of Assn.

It follows that there is no effective proof system for partial correctness
assertions. As = B iff = {true}skip{ B}, if we had an effective proof
system for partial correctness it would reduce to an effective proof system

for assertions in Assn, which is impossible by Theorem 0.25.
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7.1 No proof system for partial correctness assertions

Proposition 0.26 There is no effective proof system for partial
correctness assertions such that its theorems are precisely the valid partial

correctness assertions.

Proof: An alternative and direct proof: Observe that = {true}c{false}
iff the command c diverges on all states. If we had an effective proof
system for partial correctness assertions it would yield a computational
method of confirming that a command c diverges on all states. But this is

known to be impossible. []

Still we seek relative completeness of the Hoare rules for partial correctness
— their completeness is relative to being able to draw from the set of valid

assertions about arithmetic.
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7.2 Weakest preconditions

Motivation: consider to prove {A}cg;c1{B}. In order to use the rule for
composition one requires an assertion C so that {A}co{C} and {C'}ci{B}

are provable. Why assertion C' can be found?

Let ¢ € Com, B € Assn and [ an interpretation. The weakest
precondition wp![e, B] of B wrt ¢ in I is

wp![c, B] = {o € X1 | C[c]o ! B}.

It’s all those states from which the execution of ¢ either diverges or ends

up in a final state satistying B.
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7.2 Weakest preconditions and expressiveness

=1 {A e{B} iff A C wpl[e, B].

If there is an assertion Ag s.t. in all interpretation I, A} = wp’[c, B], then
=1 {A}e{B} iff =1 (A = Ag) for any interpretation I, i.e.

— {A}e[B} iff |= (A = Ao).

So the weakest precondition is implied by any precondition that makes the

partial correctness assertion valid.

Say Assn is expressive iff for every command ¢ and assertion B there is an

assertion Ag s.t. Al = wp![c, B] for any interpretation I.
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7.2 Weakest preconditions and expressiveness

In showing expressiveness we use Godel’s § predicate, which involves the

operation mod . For x = a mod b we write

a>0ANb> 0N
Jk.(k>0ANkExb<a)AN(k+1)xb>aNx=a—(kxDb)).
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7.2 Chinese Remainder Theorem

Theorem 0.27 Suppose mq, ..., m,, are relatively prime. Then for any
ai, ..., a, there is an x such that r = a; mod m; fori =1, ..., n.
Proof: Let

Since M; and m; are relatively prime, we can find b; such that
b; M; =1 mod m;. Let

n

i=1
Since m;|M; for j # 1, we get x = a;b;M; mod m; = a; mod m,; for

1=1,...,n.
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7.2 Godel’s 8 predicate

Lemma 0.28 Let 5(a,b,,x) be the predicate over natural numbers
defined by

Ba,b,i,2) =gy x=amod ((1+17)xb+1).

For any sequence ng, ..., n; of natural numbers there are natural numbers
n, m such that for all j, 0 < 5 <k, and all x we have

B(n7m7j7$) < T = nj'

Proof: Let m’ = max{k + 1,ng,...,ni} and m = m'l. We claim that
m+1, 2m+1,...,(k+ 1)m + 1 are relatively prime. Suppose p|(im + 1)
and p|(jm + 1) where j > i > 0. Then p|(j — i)m, thus p|(j — i) or p|m.
Since (j — i)|m, we have p|m. But then p f(im + 1), a contradiction.

By the Chinese remainder theorem there is a number n such that
n=n;mod ((j+1)m+1) for j =0,..., k.
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7.2 Weakest preconditions and expressiveness

Lemma 0.29 Let F(x,y) be the predicate over natural numbers x, and

positive and negative numbers y given by

F(x,y) =qef 20&
22>0(z=22=2y=2)& (e =224+1=y=—2))

Define 3= (n,m, j,y) =acs Jx.(B(n,m, j, ) & F(x,v)).

Then for any sequence ng, ..., ng of positive or negative numbers there are
natural numbers n,m s.t. for all j, 0 < 5 <k, and all x we have
BE(n,m,j,x) & x = n,.

Proof: F(n,m) expresses the 1-1 correspondence between n € w and
m € N in which even n stand for non-negative and odd n for negative

numbers. Then apply Lemma 0.28. []
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7.2 Weakest preconditions and expressiveness

Theorem 0.30 Assn is expressive.

Proof: Show by structural induction on commands c that for all assertion
B there is an assertion w|c, B] s.t. for all interpretation I,

wp! [e, B] = w(e, B}, i.e.
o =1 wle, B] iff C[c]o =! B for all states o.

e w[skip,B] =B
e w[X :=a,B] = Bla/X]
e wlcy;c1, B] = wlcy, wler, B]]

e w[if b then ¢q else ¢1, B] = (b A w[cg, B]) V (=b A w[cy, B]).

e w|while b do ¢y is complicated but can be defined. See Page 105.
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7.2 Weakest preconditions and expressiveness

Lemma 0.31 For ¢ € Com, B € Assn, let w[c, B] be an assertion
expressing the weakest precondition, i.e. w[ec, B]! = wp![c, B]. Then
= {wlc, B]}e{B}.

Proof: Show by structural induction on commands c. cf. Pag 107.

Theorem 0.32 The proof system for partial correctness is relatively
complete, i.e. if = {A}c{B} then - {A}c{B}.

Proof: Lemma 0.31 gives - {w[c, B]c{B}}. If = {A}c{B} then
= A = w]c, B], by the consequence rule we obtain - {A}c{B}.
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7.3 Proof of Godel’s Theorem

Theorem 0.33 The subset of assertions {A € Assn | = A} is not

recursively enumerable.

Proof: For a command ¢, let A, be the assertion w[c, false][0/X] where
X collects all locations mentioned in w[c, false]. If {4 € Assn| = A} is
recursively enumerable, there would be a computational method to check
the validity of A., thus confirming the divergence of ¢ on the zero-state.
But it is known that the commands ¢ which diverge on the zero-state do

not form a recursively enumerable set. []
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7.3 Proof of Godel’s Theorem

Theorem 0.34 There is no effective proof system for Assn s.t. its

theorems coincide with the valid assertions of Assn.

Proof: Suppose there were an effective proof system for Assn so that A is
provable iff A is valid. Being effective means there is a computational
method to confirm precisely when something is a proof. Searching through
all proofs systematically till a proof of assertion A is found would provide a
computational method of confirming precisely when A is valid,

contradicting Theorem 0.33. []
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7.4 Verification conditions

= {A}c{B} Iff = A= w|c, B]. However, the previous method of

obtaining w|c, B] is inefficient and not practical.
Define annotated commands:

c:= skip| X :=al|cy (X :=a)|cy;{D}ecy |
if b then ¢( else ¢; | while b do {D}c

where D is an assertion, and in cg; {D}c1, the annotated command ¢ is
NOT an assignment. The assertion D in a while-loop is intended to be an

invariant, i.e. {D A b}c{D} is valid.

145
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7.4 Verification conditions

= {A}c{B} Iff = A= w|c, B]. However, the previous method of

obtaining wc, B] is inefficient and not practical.

Define verification conditions:

ve({A}skip{B})

ve({A}X = a{B})

ve({A}co: X := a{B})
ve({A}co; {D}ei{B})

ve({A}if b then ¢ else c1{B})
ve({A}while b do {D}c{B})
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{A = B}

{A = Bla/X]}

ve({A}eo{ Bla/X]})

ve({A}eo{D}) Uve({D}ei{B})

ve({A N b}co{B}) Uvc({A N —-b}eci{B})
ve({D Ab}e{D})U{A= D}yU{DA-b= B
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7.4 Verification conditions

To show the validity of an annotated partial correctness assertion it is

sufficient (but not necessary) to show its verification conditions are valid.

E.g. {true}while false do {false}skip{true} is certainly valid with false

as an invariant, its verification condition contains
true = false

which is not a valid assertion.
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7.5 Predicate transformers

Previously a command is a function f : > — >, a state transformer.

Now consider the set of partial correctness predicates to be
Pred(¥X) =4{Q | Q C ¥, & 1 € Q}. The cpo of predicates is (Pred(X), D).

Let f: X — X, be a partial function on states. Define
W f: Pred(3) — Pred(%);
W NQ)={ceX, | flo)eQU{L}

A command c is a predicate transformer with (W (C[c]))(B') = wp![c, B],
which given a postcondition returns the weakest precondition.
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‘Chapter 8. Introduction to domain theory'
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8.2 Streams — an example

Let S be the set of finite or infinite sequences of 0’s and 1’s which may end

with a special symbol “$”. They admit the partial order: s C s’ if s is a

prefix of s’. This yields a cpo with bottom €, the empty sequence.

Let’s define a function isone : S — {true, false} to detect whether or not

1 appears in an input sequence. Certainly we have isone(000$) = false.

How about isone(000)?

We introduce a “don’t know” element standing for undefined. Then

isone : S — {true, false} is a continuous function defined by

isone(ls) =
isone(0s) =

isone(0¥) =

true
isone(s)

1
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isone(e€)

false

1L
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8.3 Constructions on cpo’s

8.3.1 Discrete cpo’s

e Discrete cpo’s are simply sets where the partial order relation is the

identity. Then an w-chain has to be constant.

e Basic values, like truth values or the integers form discrete cpo’s, as do

syntactic sets.

e Any function from a discrete cpo to a cpo is always continuous. In

particular, semantic functions from syntactic sets are continuous.
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8.3.2 Finite products

Assume that Dq,---, D} are cpo’s. Their product Dy x --- x D}, is a cpo.
The partial order is determined “coordinatewise”, i.e.

(di,- - dy) T (d,, -, d}) iffd; ©d forall 1 <i <k

An w-chain (di, -, dkn) for n € w, of the product has
(Lew dins -+ -5 ,ew din) as an upper bound, and indeed the least upper

bound. So
[ imoeesen) = (L i L] o

ncw new new
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8.3.2 Projection

The projection function m; : Dy X --- X Dy, — D,, for 1 =1,---,k, selects
the ¢th coordinate of a tuple: w(dy,---,d;) = d;.

Projection functions are continuous:

W(unew(dlna ) dk:n)) — 7T(|_|n€w dlna Ty I_lnew dk’n)
- I—lnEw dzn
— |_|n€w ﬂ-(dln) R dkn)

Formal semantics of programming languages Y. Deng@ECNU 153



8.3.2 Tupling

Let f, : . — D;, forv=1,---,k be continuous functions. Define the
tupling function (fy1,---, fx) : £ — Dy X -+ x Dy by taking
<f17"'7fk>(6) — (f1<€>7”'7fk’(6)>'

The tupling function satisfies the property
mo(fi, -, fx)y=/fi fori=1,---k

and is continuous:

o Je)Unewen) = (lUnewen)s s frlUnew €n))
= (Upew frlen), - Lpew fr(en))
= Lheo(filen), - fr(en))
= newlf1, 5 i) (en)
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8.3.2 Product of functions

Let f; : D; — E;, for i =1,---,k, be continuous functions. Define
fix X fr:Dyx---x D — Ey X---x E} by taking

(f1 3 x fi)(dy, - di) = (fi(dh), - -+, fr(di))

That is, f1 x -+ X f = (from, -, fr 0 k).

Each component f; o 7; is continuous, being the composition of continuous

functions, so is the tupling function (f; o7y, -+, fr o mk).
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8.3.2 Three important properties (1/3)

Lemma 0.35 Let h: £ — Dy x --- x Dy, be a function from a cpo E to a
product of cpo’s. It is continuous iff for all ¢, 1 <1 < k, the functions
m; 0o h: E — D; are continuous.

Proof: (=) The composition of continuous functions is continuous.

(<) Suppose 7; o h is continuous for i = 1,--- k. For any = € F,
hz) = (m(h(z)), -, mk(h(x))) = (moh(z), - mpoh(x)) = (mioh, - - -, moh)(x

Therefore, h = (7w o h,---,m; o h) which is continuous as each m; o h is. [
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8.3.2 Three important properties (2/3)

Proposition 0.36 Suppose e, ., are elements of a cpo E for n,m € w
with the property that e, ., C €,/ ., when n < n' and m < m/. Then the

set {en.m | n,m € w} has a least upper bound

L] e = LI (L] enm) = ] (L] enm) = [ ] en

n,mcw ncw mew mew ncw ncw

Proof: We show that all of the sets

{enmnmew), {[]enmlnew}, {|]|enmlImew), {ennl|new}
mew ncw
have the same upper bounds, hence the same lubs. Easy to see that {e, n, | n,m € w}
and {en n | n € w} have the same upper bounds because the former includes the latter
and any ep, m can be dominated by one ey . As the lub of an w-chain |_|n en,n €Xists,
hence the lub | [, <.,
{Ll,,, en,m | n € w} must be an upper bound of {e, m | n,m € w}. Conversely any upper

en,m €Xists and is equal to it. Any upper bound of

bound of {en m | n,m € w} dominates any lub | |, en,m for any m € w. Thus
en,m | n € wand {ey m | n,m € w} share the same upper bounds, so have equa
Ly €| d {enm | } share th bounds, so h 1

lubs. Similarly, |_|n7m€w €n,m = |—|n€w(|—|MEw en,m)- ]
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8.3.2 Three important properties (3/3)

Lemma 0.37 Let f: Dy x---x D, — E be a function. Then f is
continuous iff f is “continuous in each argument separately”, i.e. for all ¢
with 1 <17 < k, and any dq,...,d;_1,d;11, ..., dr the function D; — E given
by d; — f(dq,...,d;, ..., dy) is continuous.

Proof: (=)Trivial.

(«<=) Let k = 2; the general case is similar. Let (xo,y0) C (z1,y1) C - - - be a chain

in D1 X DQ.

fU, (@n,yn)) = f(Upiﬁp,I_lqu)

pf(xp7|_|q Yq)
pl_lq f(@p,yq)
nf<37n,yn)
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8.3.3 Function space

Let D, E be cpo’s. The function space |D — E] consists of elements
{f|f:D— E is continuous} ordered pointwise by

fCgiff Vd € D. f(d) C g(d). If E has a bottom element | g, then the
function space has a bottom s.t. Lp_, g (d) = Lg for all d € D. Lubs of
chains of functions are given pointwise: a chain fy C f; C --- has lub
e, fn with (L, fn)(d) = [],, fn(d). The lub is continuous: let

do C dqy C --- be a chain in D, then

(L fr) (U dm) = Ly fu (L, dim)
= (U, fr(dm))
= Uy, fr(dm))
= U (L f2)(dm))

So the function space [D — FE] is also a cpo.
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8.3.3 Function space

Let I be a discrete cpo and D a cpo. The special function space [I — D] is
called power, often written as D’. Its elements can be thought of as tuples

(d;);er ordered coordinatewise.

When I is the finite set {1,2,---,k}, the cpo D! is isomorphic to the
product D x --- x D, written D¥.
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8.3.3 Application

Let D, E be cpo’s. Define apply : |D — E|] x D — E to act as
apply(f,d) = f(d). Then apply is continuous as it’s continuous in each

argument separately:

e Let fy C f1 C --- be a chain of functions.

apply(l_l fnad) — (I_I fn)(d) — I_Ifn(d) — Uapply(fnad)

n

o LetdyC dy C---beachain in D. Then

apply(f,| |dn) = F(]dn) = | | f(dn) = | |apply(f,d.)

n
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8.3.3 Curring?

Let D, E, F be cpo’s and g € [F' x D — E|. Define curry(g) : F' — [D — E]
to act as curry(g) = \v € F.Ad € D.g(v,d). Write h for curry(g). Check

that h(v) for each v € F' is continuous and that h is continuous.

o letve Fand dy T dy C --- be achain in D.

U)(I_l dn) = g(v, I_Idn) = |_|9(U7 dn) = I_Ih(v><dn>

e Let yyC vy E--- beachainin F and d € D. Then
h(| |vn)(d) = |_|vn, |_|g (vn,d) = | | h(vn)(d) = (|_|h(vn))(d)

@Named after the US logician Haskell Curry
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8.3.4 Lifting

Let D be a cpo. Define an injective (lifting) function |—| on D with
1 # |d] for any d € D.

The lifted cpo D has underlying set
D, ={ld]|[de D}U{Ll}
and partial order

d) T d iff either d), = L or (3do,dy1.d)y = |do| & d, = |di1] & do C dy).

So |do| C |dy] in D, iff dy E dy in D. Clearly the function |—|: D — D,
1s continuous.
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8.3.4 Lifting

A continuous function f € D — E from a cpo D to a cpo E with a bottom,
can be extended to a continuous function f* : D — E by defining

f(d) ifd = |d]| for some d € D

1 g  otherwise

Fr(@) =

The operation (—)* is continuous. Let fy C f; C --- be a chain in [D — E]|
and d € D, .

o If ' =1 then (||, fn)"(d") = Le = (L], /2)(d)
o If d = |d]| then

(|| @y = @ =| | fald) = | fid) = ( | £:)(d)

n

If function f is described by Az.e then write let = < d’.e for (Ax.e)*(d’).
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8.3.5 Sums

Let Dy, -+, Dy be cpo’s. A sum Dy + --- + D; has underlying set
{an(d1> ‘ di € Dl} J-.--u {mk(dk) ‘ dk; c Dk}
and partial order

where in;(d) # in;(d’) for all d € D;,d" € D; with i # j.

Easy to see that Dy 4+ --- + Dj is a cpo and the injection functions
m; - D; — Dy + ---+ D, are continuous.
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8.3.5 Sums

Let f; : D; — E are continuous functions, for : = 1,..., k. They can be

combined to be a function
[fh"')fk] Dl—i_—'_Dk%E

given by
[fl; SR fk](mz(dz)) = fz(dz> for all dz -~ Dz‘,
for all i =1, ..., k. That is, [f1, -, fx] 0cin; = f;.

By Lemma 0.37 it can be shown that [f1,-- -, fx] is continuous.
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8.3.5 Conditional

The truth values T = {true, false} can be regarded as the sum of two
cpo’s: {true} + {false}, with in;(true) = true and in,(false) = false.
Let Axy.eq : {true} — F and A\zs.es : {false} — F be two obviously
continuous functions to a cpo E.

Then cond(t,e1,e2) =4es |A\x1.€1, AT2.€3](t) behaves as a conditional:

e; if t = true
cond(t,e1,es) =
e, 1f t = false

The conditional (b — ejlea) =4er let t <= b. cond(t,e1,es) acts as

/

e; if b= |true]
(b—eile2) = ey if b= |false]
1 ifb=_1

\
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8.3.5 Case construction

Let E be a cpo, and Dy + --- 4+ Di be a sum of cpo’s with an element d.
Suppose A\x;.e; : D; — E are continuous functions for 1 < ¢ < k£ Then

Axy.€1, ..., A\rp.ex(d)
describes the case-construction

case d of iny(xy).eq]

mk(azk)ek
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8.4 A metalanguage

Let expression e be an element of a cpo E. Say e is continuous in the
variable x € D iff the function \ox € D.e: D — FE is continuous. Say e is

continuous in its variables iff e is continuous in all variables.

Variables: A variable x ranging over elements of a cpo is continuous in its
variables.

Constants: | p; true; false; m;; apply; curry; (=)*; ing; [f1, ..., fx] etc.

Tupling: Let e; € F; for i = 1,..., k. The tuple (eq, ..., ex) is continuous in

its variables provided its components are.

Ax.(e1, -, er) is continuous
<  mo(Ax.(e1,---,er)) is continuous for 1 <¢ < k by Lem. 0.35
& Az.e; 1s continuous for 1 < < k
& e; 1s continuous in x for 1 < ¢ < k
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8.4 A metalanguage

Application: Let K be a continuous function (in Constants), and e is an

argument.
Ax.K (e) is continuous
< K o (Az.e) is continuous
< Az.e is continuous

& e 1s continuous in x
The application is continuous in its variables provided its argument is.

E.g. the general form of application e (e3) are continuous in variables if
e1,es are, since eq(ey) = apply(ey, es), i.e. applying the constant apply to

the tuple (e, e2).
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8.4 A metalanguage

M-abstraction: Let e € E be continuous function in its variables. Form
the abstraction Ay.e : D — E. It is continuous in x iff

AT.\y.e is continuous
< curry(Ax,y.e) is continuous
< Az,y.e is continuous as curry preserves continuity

& e is continuous in z and y

The application is continuous in its variables provided its body is.

E.g. function composition preserves the property of being continuous in

variables as e 0 es = Az.eq(ea(2)).
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8.4 A metalanguage

let-construction: Let D be be a cpo and E a cpo with bottom. If
e1 € D, and e; € F are continuous in variables then so is the expression

let x < eq.eo since
(let x <= e1.ea) = (Ax.e2)™(eq)

which is built up by the methods admitted above.

case-construction Assume F is a cpo and Dy + --- + D a sum of cpo’s
with an element e continuous in variables. Suppose e; € E are continuous

in variables, then so is the case construction

case e of iny(xy).eq]

mk(xk)ek

because it is just [\zy.eq1, ..., Axp.ex](e).
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8.4 A metalanguage

Fixed-point operators: Each cpo D with bottom is associated with a
fixed-point operator fixz : |[D — D| — D, which is continuous because

fix = | |(Af (L)),

new

i.e. fix is the lub of the chain of functions

ALEAS(L) EALF(F(L)E -

where each of these is continuous and so an element of the cpo
[D — D] — D]. Thus their lub fix exists in the cpo.

Notation: we use px.e to abbreviate fix(Azx.e).
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‘Chapter 9. Recursion equations'
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9.1 The language REC

A simple programming language for recursive definition of functions. It has
syntactic sets:

e numbers n € N
e variables over numbers x € Var
e function variables fi, f5,... € Fvar

Terms ¢, g, ... of REC have the following syntax:

tii=n ‘ X ‘ t1 + 19 | t1 — 19 ‘ t1 X 19 ‘ ift() then 11 else o | fi(tl, ...,tai)

Evaluating g to 0 means true and to nonzero numbers means false.

A term is closed when it contains no variables from Var.
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9.1 The language REC

Function symbols f are given meaning by a declaration, consisting of

equations:
filzr, - 2ay) = dy
fo(@i, - 2a,) = di
where the variables of d; are included in z1,---,z,,. Term d; is the

definition of f;.
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9.1 Two methods of evaluation

To evaluate a term f(t), there are two methods:

e call-by-value: evaluate t first and once an integer n is obtained then

evaluate f(n)

e call-by-name: pass to the definition of f, replacing all occurrences of x
by t.

Consider the equations

filz) = fi(z)+1
fo(x) = 1

How to evaluate the term fo(f1(3))7
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9.2 Operational semantics of call-by-value

d
N —>,a N

d d
5] —7va N1 to —7va T2

{1 op to —>ga n1 Op Na

d d
t() %va 0 tl %va 1

if ¢ty then ¢, else t5 —>,ffa n1

d d
to —va 1O to S 1)) 1o 7% 0

if ¢ty then ¢, else t5 —>ffa Mo

d d

t1 —>,ffa ny - ta, 20, Na, dilni/x1,....ng, /xq.] =0, N0

f’i(tla cees tai) %ga n

Proposition 0.38 If t -2 n; and t =% no, then n; = ns.
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9.3 Denotational semantics of call-by-value

Terms will be assigned meanings in the presence of environments for

variables and function variables.

An environment for variables is a function p : Var — N. Write
Env,, = [Var — N] for the cpo of all such environments.

An environment for the function variables fq, ..., fr is a tuple
© = (p1,..., o) where p; : N — N . Write
Fenv,, = [N — N | x--- x [N — N | for the cpo of environments for

function variables.
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9.3 Denotational semantics of call-by-value

A term t denotes a function [t],, € [Fenv,, — [Env,, — N ||

[

=]

[t1 op 2

[if to then t; else t2]

[[fi<t17 T 7tai):

lva

va

va

va

va

Formal semantics of programming languages

= Ap.\p.|n|
= Ap.Ap.|p(z)]
= ApApfti]vatpp opr [t2]vapp op =+,—, X
= Ap.Ap.Cond([to]vatpp; [t1]vap, [t2]vapp)
= Ap.Ap.
(let v1 <= [t1]vapp, s Va; < [ta;]vap- pi(vi, -+, Va,
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9.3 Denotational semantics of call-by-value

Let 1szero: N — T be defined as

1szero = An € N.if n then true else false
Its strict extension iszero; : N| — T | 1is

iszero] = Az € N | .let n < z.|iszero(n)]

which acts so

( [true| if z = 0]
iszeroy (z) = ¢ |false| ifz=|n| & n#0

\ 1 otherwise

Then Cond(zg, 21, 22) = (iszero (zg) — z1|z2) is continuous.
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9.3 Denotational semantics of call-by-value

Lemma 0.39 For all terms ¢ of REC, the denotation [t],, is a

continuous function in [Fenv,, — [Env,, — N ]].

Proof: By structural induction on terms t. []

Lemma 0.40 For all terms t of REC, if environments p, p’ € Env,, yield
the same result on all variables which appear in ¢ then for any ¢ € Fenv,,,

[tloap = [tluar’.

In particular, the denotation of a closed term [t],qp is independent of the

environment p.

Proof: By structural induction on terms t. []
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9.3 Denotational semantics of call-by-value

A declaration

iz, 2e,) = da
fk:(xla'”)xak> — dk
determines a function environment § = (41, ..., dx) such that
01(n1, -,ng,) = [di]vadplni/x1,...;na, /Ta,], for all ny,...;,n,, € N
Or(n1,-++yng,) = |dilvadplni/x1,...; 04, /Ta, ], forall ny, ... .ng, €N

The updated environment p[n/x] is continuous. View the discrete cpo Var
as a sum of the singleton {z} and Var\{z}, with the injection functions
iny : {x} — Var and ins : (Var\{x}) — Var being the inclusion functions.
Then p[n/x] is equal to \y € Var.case y of ini(x).n | ing(w).p(w).
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9.3 Denotational semantics of call-by-value

The equations of a declaration d will not in general determine a unique
solution. We are interested in the least one, which is the least fixed point

of the continuous function F': Fenv,, — Fenv,, given by

F(SO) — (Anlwﬂancu € N.[[dl]]wgap[nl/xl,...,nal/xal],

)\nl, ey Ny, € N-[[dk]]va(pp[nl/xla "'7nak/xak]>

The function environment determined by the declaration d is § = fiz(F).
A closed term t denotes a result [t],,0p in N wrt this function

environment 0, independent of what environment p is.
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9.3 Denotational semantics of call-by-value: example 1

Consider the declaration

Ji = h+1
fo(x) = 1
which determines the denotation of f1, fo as § = (d1,02) € N X [N — N ]
where
(01,02) = po.([f1 + vap, Am € N.[1]vapp|lm/z])

= pp.(p1+1 (1], Am e N.|1])
= (L, AmeN.[1])

From WhiCh, [[fZ(fl)]]va5p — let ny < (51. 52(711) = 1
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9.3 Denotational semantics of call-by-value: example 2

Consider the declaration f(x) = if x then 1 else z x f(x — 1). Let f
denote the function § € [N — N |, ¢ be the definition and p an arbitrary

environment for variables.
6 = fiz(Ap.(Am.[t]vatpplm/z]))
= |_|T€w or.

For an arbitrary m € N, §°(m) = L and

it m =
6" (m) = cond(iszero(m), [1], |m] x1 6°(m —1)) = EJ otherwize

o | | m!| f0<m<r
By mathematical induction, we obtain 6" (m) = . The
L otherwise

. Im!] if0<m
least upper bound 9§ is §(m) = :
1 otherwise
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9.4 Equivalence of semantics for call-by-value

Lemma 0.41 Let ¢t be a term and n a number. Let

¢ € Fenv,,, p € Env,,. Then [t],.pp[n/x| = [tin/x]]vapp-

Proof: By structural induction on t.
Lemma 0.42 Let ¢ be a closed term and n a number. Let p € Env,,.

Then t =<, n = [t]uadp = |n].

Proof: By rule induction. Consider the rule instance for the last rule.
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Assume

3] %ga n; and [[tl]]va5p — Lnﬂ?

ga Na; and [[tai]]va(sp — LnaiJ7

di[ni/x1,...,na, /2a,] =%, n and [d;[ni/x1,.... 04, /Ta,]]vadp = 1]

Then

Lfi(t1s s ta)vadp = let v1 <= [t1]vadp, ...s Vo, <= [ta;]vadp. 0i(v1, ..., va;)
= 9;(n1,...,ng,)
= [d;]vadplni/x1,....,nqa, /Tq,] by &’s definition as a fixed |
= |din1/x1,...,n4, /x4, ]|vadp by Lem. 0.41

= [n]
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9.4 Equivalence of semantics for call-by-value

Lemma 0.43 Let ¢t be a closed term and p € Env,,. For all n € N,
[t]oadp = [n| = t =2, n.

Proof: Define the function ¢; : N — N |, for ¢ = 1, ..., k by taking

In| if di[ni/x1, ..., na, /Ta,] =%, 0

va
©i(N1,...,Ng, ) = .
1 otherwise

and show ¢ = (1, ..., o) is a prefixed point the function F', thus ¢ C .

To this end, show by structural induction on ¢ that provided the variables
in ¢ are included in x1, ..., x;, then

[tloaplna /21, ...oni/2]) = |n] = ting /o1, ..ong/x)] =% n (1)
for all n,nq,...,n; € N.

For the case t = f;(t1,...,ts,), Suppose
[fi(t1, ... ta, ) Jvaopln1 /a1, ...;ng/z;] = |n|. Then there must be
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M, ...,Mq, € N s.t. [ti]oapplni/x1,...;ni/x)) = |m;] for j =1, ..., a;, with
@i(m1,....mq,) = |n]. By induction, t;[ny/x1,...,n;/2;] =%, m; for all j
and d;[mq /1, ...,mq, /24,] —¢, n. Tt follows that

filt1,.nta,) 01 /2, ...,y /2] =2 n as was to be proved.

va

As a special case of (1),

[[di]]’vagpp[nl/wla “‘7nai/$ai] — LnJ = di[nl/xla '--7nai/xai] %ga n

for all n,n1,...,ne, € N. Thus by the definition of ¢,

I

ANy, .oy Ng, € Nudi]vaoplni/x1, ccosng, /Ta, ] 1

I

AN, ...,Ng, € N.[d;]vappni/x1, ..., N4, /Ta, ] Ok

which makes ¢ a prefixed point of F'. It follows that

[tloadp = (0] = [tloapp = |n] =t n
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9.5 Operational semantics of call-by-name

d
N —2n, N

d d
11 7 na 11 to 7 na T2

i1 op t2 —%Uflm N1 Op N2

d d
t() —)na 0 tl —)na 1

if to then 3] else 19 _>7C’lba nq

d d
to 7 mna 1O to —~na T2 1o 713_5 0

if to then 3] else 19 _>gza N9

di[ti/x1, . te, /24, =2 n
f’i(tly"'atai) %ga n

Proposition 0.44 Ift ¢ n; and t =9 ng, then n; = no.
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9.6 Denotational semantics of call-by-name

A term will be assigned a meaning as a value in N | wrt environments for

variables and function variables.

An environment for variables is now a function p : Var — N | . Write
Env,, = [Var — N ] for the cpo of all such environments.

An environment for the function variables fq, ..., fr is a tuple
© = (1, ..., pr) where ¢; : N9 — N | . Write
Fenv,, = [N7" — N | x--- x [N — N | for the cpo of environments for

function variables.
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9.6 Denotational semantics of call-by-name

A term t denotes a function [t],, € [Fenv,,, — [Env,,, — N_]]

[

]

[t1 op 2

[if to then t; else t2]

[[fi<t17 T 7tai):

na

na

na

na

na

Formal semantics of programming languages

= @ Ap.|n|

= Ap.Ap.[p(z)]

= Ap.Ap.[t1]napp opL [t2]natpp op = +,—, X
= Ap.Ap.Cond([to]nap, [t1]napp, [t2]napp)

= A Ap. @i([ti]nap, -+, [ta; ] nap)
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9.6 Denotational semantics of call-by-name

Lemma 0.45 For all terms ¢ of REC, the denotation [t],, is a

continuous function in [Fenv,,, — [Env,, — N ||.

Proof: By structural induction on terms t. []

Lemma 0.46 For all terms ¢ of REC, if environments p, p’ € Env,,, yield
the same result on all nariables which appear in ¢ then for any ¢ € Fenv,,,,

[thnatpr = [tlnawr’.

In particular, the denotation of a closed term [t],pp is independent of the

environment p.

Proof: By structural induction on terms t. []
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9.6 Denotational semantics of call-by-name

Let d be a declaration

f1(5131,'°'7513a1) = d;

fk;(CCl,"',ZUak> — dk
Define F': Fenv,,, — Fenv,,, by
F(SO) — (Azla"wzcu S N'[[dl]]nagpp[zl/$17"'7Za1/$a1]7

..’

)\Zl, ey Zay, € N-[[dk]]nagpp[zl/xla e Zak/ajak])

The function environment determined by the declaration d is § = fiz(F).
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9.6 Denotational semantics of call-by-name: an example

Consider the declaration

i = hHh+1
fo(z) = 1

which determines the denotation of fi, f5 as
0 = ((51,52) e N | X [NJ_ %NJ_] where

(01,02) = pp-([f1 + Unapp, Az € N1 [1]napplz/x])
= pp-(p1+1 1], Az e NL[1])
— (L, M2 eNL.|1))

From WhiCh, [[fQ(fl)]]naép = 52(51) = Llj
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9.7 Equivalence of semantics for call-by-name

Lemma 0.47 Let t be a term and n a number. Let
¢ € Fenv,,,, p € Env,,. Then [t],.opl[t'|navp/x| = [t]t' /x]]|napp-

Proof: By structural induction on t.
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9.7 Equinalence of semantics for call-by-name

Lemma 0.48 Let ¢ be a closed term and n a number. Let p € Env,,,.
Then t =2 n = [t],..dp = [n].

Proof: By rule induction. Consider the rule instance for the last rule.

Assume

dilt1/x1, .. ta, /Ta,] %fm n and [d;[t1/x1, ..., ta, /Ta,|nadp = | 0]
Then

[fi(t1,...sta,)]|nadp = i([t1]nadp, .- [ta;|nadp)
= [dilnadp|[t1]nadp/x1, ..., [ta;|nadp/xa,] by §’s def as a fixed t
= [di[t1/z1, ..., ta, /Ta;]]nadp by Lem. 0.47
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9.7 Equinalence of semantics for call-by-name

Lemma 0.49 Let ¢ be a closed term and p € Env,,,. For all n € N,
[t]nadp = |n] =t =<, n.

In| ift—=2%, n .
Proof: Define res(t) = Let 0" be the rth approximant to
1 otherwise

0. Show by induction on r € w that

[[t]]naérp[res(ul)/yla e TGS(US>/yS] — LnJ — t[ul/ylv X US/ys] _>gza, n <2>

It is equivalent to
[t]nad” plres(u)/ya, ..., res(us)/ys] = [n| C res(tfui/y1, ..., us/ys])

Consider the induction step. Suppose the induction hypothesis holds for (r — 1).

We show (2) by structural induction on ¢. Only consider the case
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t = fi(t1,...,ta,). Let p’ = p[res(ui)/y1, ...

[fi(t1, s ta;)]nad"p'

By structural induction

[ti]nad"p’

Then
IIfZ (tl, ceey ta,b. )]]na5rp/

I

L

,res(us)/ys|.

0; ([t1]nad™p', -, [ta; ]nad™p")
[di]nad™ ™ P/ [[t1]nad"p /21, ..., [ta; Jnad" P /2a,]

[[tj]]nad"’“p[res(ul)/yl, ey TGS(’LL3>/yS]
res(t;lui/yi, ...,

Us /Ys])

[di]nad™ " ’[fres(t )/x1,...,res(t,.)/Tq;] monotonicity

res(d;[th/x1, ..

res(fi(th, ...,

7

ta;))

w,/Ta;]) by mathematical induction

by operational semantics

where t; = t;[u1/y1, ..., us/ys], thus establishes the induction hypothesis.

Therefore, for closed term t, [t],.0"p = |n] =t —2, n for all r € w. Since
[t]nadp = [tlna ). 0"p = |l [t]nad" p by the continuity of semantic function,
[t]nadp = |n]| implies [t],a6" p = |n] for some r, and hence t =2, n. ]
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9.8 Local declarations

Let S=1let rec A<t and B < u in v. The denotation of S can be
taken to be

[STep = [v]elao/A, Bo/Blp

where (ag, 8p) is the least fixed point of the continuous function

(o, B) = ([tlela/A, B/Blp, [u]pla/A, B/Blp)

In general the language allows:

let rec fi(x1,..,2,,) = dy and

fk<$1,...,£€ak) = dk

in t
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Chapter 10. Techniques for recursion'
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10.1 Bekié’s theorem

Theorem 0.50 Let F': D x E— D and G : D x E — E be continuous
functions where D, E are cpo’s. The least fixed point of
(F,G) : D x E — D x E is the pair with coordinates

= ufF(f,ng.G(uf-F(f.9).9))
= pg-G(pfF(f,9),9)

&> kh)

Proof: First show (f, g) is a fixed point of (F, G). By definition f= wf.F(f,g),
the least fixed point of \f.F'(f,§). Also the definition of § says

§=G(uf-F(f,9),9) = G(f,9)

Thus (f, ) = (F,G)(/, ).

Let (fo, go) be the least fixed point of (F,G), then (fo,g0) T (f, §). For the
converse ordering, as fo = F'(fo,go), we have uf.F'(f,go) C fo. The monotonicity
of G yields G(uf.F(f,90),90) E G(fo,90) = go Thus g C go. The monotonicity of
F yields F(fo,9) & F(fo,90) = fo, thus f C fo. []
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10.1 Bekié’s theorem

e The proof only relies on the monotonicity and the properties of least

fixed point, so it works for monotonic functions on lattices.

e From Bekié¢’s theorem we can deduce a symmetric form of

simultaneous least fixed point.

f = wufFE(f ug.G(f,9))
g = png.GufF(f,g9)9)

The second equation is the same as in Beki¢’s theorem. The first
follows by the symmetry between f and g.
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10.1 Bekié’s theorem: an example

. T = let rec B<«< (let rec A<t in u)
Consider the term

n (let rec A<t in v)

Abbreviate F(f,g) = [tlelf/A, g/Blp and G(f,g) = [ule|f/A, g/Blp.
Then [T]ep = [v]e[f/A, §/B]p where

g = pug.[let rec A<t in u]p|g/Blp
= ug-[ulplg/B, pf.[tlelf /A, g/Blp/Alp
= pg.GpnfF(f,9),9)

and f = wfltlelf/A, g/Blp = uf.F(f,g). By Beki¢’s theorem, (f,§) is the
(simultaneous) least fixed point of (F,G). So

[T] = [let rec A<t and B < u in v]
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10.2 Fixed point induction

Let D be a cpo. A subset P of D is inclusive iff for all w-chains
dyCdi E--- ifd, € P for all n € w then | | d, € P.

new

Proposition 0.51 Let D be a cpo with bottom 1, and F': D — D be
continuous. Let P be an inclusive subset of D. If | € P and
Vrye D.z e P= F(x)€ P then fix(F) € P.

Proof: Note fix(F')=|], F"(L). If P satisfies the condition above, then
F™(L) e P for all n by mathematical induction. By the inclusiveness of P,
we obtain fix(F) € P. ]
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10.2 Fixed point induction

Fixed point induction implies Park induction.

Proposition 0.52 Let D be a cpo with bottom, and F': D — D be
continuous. Let d € D. If F'(d) C d then fix(F) C d.

Proof: The set P = {z € D | z C d} is inclusive. If every element in a
chain is below d, then so is the lub | | d,,. Clearly, L € P. If x € P, i.e.

x C d, then the monotonicity of F yields F'(z) C F(d) C d, thus F(z) € d.
By fixed point induction, fix(F) € P, i.e. fiz(F) C d. ]
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10.2 Fixed point induction

A predicate Q(x1, ..., r;) with free variables x1, ...,z ranging over the
cpo’s D1, - -, D} respectively, determines a set

P={(x1,..;xr) € Dy X -+ X Dy | Q(x1,- -, xx)}
We say the predicate Q(x1, ..., x1) is inclusive if its extension as a set is
inclusive.

We rephrase fixed point induction as follows. Let

F:Dy x---xDp— Dy x---x D be a continuous function on a product
cpo Dy X -+ x Dy with bottom (Lq,..., Lx). Assuming Q(x1, ..., z) is an
inclusive predicate, if (L4, ..., 1 ;) and

V:Cl - Dl, ey T € Dk. Q(Jfl, ,xk) = Q(F(xl, ,ka))
then Q(fix(F)).
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10.2 Inclusive sets and predicates

Basic relations: Let D be a cpo. The binary relations
{(z,y) e DxD|xEy}and {(z,y) € D x D |z =y}

are inclusive subsets of D x D. So the predicates x = y, z = y are inclusive.

Inverse image: Let f : D — E be a continuous function between cpo’s D

and E. If P is an inclusive subset of £ then the inverse image
f7'P={ze D] f(z) € P}

is an inclusive subset of D.
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10.2 Inclusive sets and predicates

Substitution: Inclusive predicates are closed under the substitution of

terms for their variables, provided the terms are continuous in their

variables. Let Q(y1,---,¥;) be an inclusive predicate of £y x --- x Ej, i.e.
P=ger {(y1,-yui) € By x -~ X E | Qy1,---, 1)}

is an inclusive set. Suppose e, - -, ¢e; are expressions for elements of
Eq,---, E;, continuous in their variables 1, -,z over Dy,---, Di. Then
function f =g4e¢ Ax1, -+, 2k (e1,...,€;) is continuous. Thus

f'P =ger {(x1,...,m1) €Dy X -+~ x Dy, | Qley, -+, e)}
is inclusive, and thus (e, - -, e;) is an inclusive predicate of
D1 X -+ X Dy.

E.g. Take f = x € D. (z,¢). If R(x,y) is an inclusive predicate of D x F,
then R(x,c), obtained by fixing y to a constant c¢ is an inclusive predicate
of D.
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10.2 Inclusive sets and predicates

Logical operation: Let D be a cpo. Then D (predicate “true”) and ()
(“false”) are inclusive. Let P,Q C D be inclusive, then P U Q) and P N Q)
are inclusive. That is, if P(xq,...,z%) and Q(z1, ..., k) are inclusive

predicates then so are P(xq,...,xx) or Q(x1, ..., x;) and
P(le,...,.’L’k) & Q(xlw“axk)‘
If P;,7 € I is an indexed family of inclusive subsets of E then so is [, cr bi-

Note that infinite unions of inclusive subsets need not be inclusive, and

thus inclusive predicates are not generally closed under J-quantification.
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10.2 Inclusive sets and predicates

Direct image under order-monics: Let D, E be cpo’s. A continuous
function f : D — FE is an order-monic iff f(d) C f(d') = d C d’ for all
d,d € D. E.g. the “lifting” function |—| and injection functions in;

associated with a sum are order-monics.

If P is inclusive then so is its direct image fP where f is an order-monic.
Thus, if Q(x) is an inclusive predicate of D then dx € D. y = f(x) & Q(x)
with free variable y € E, is an inclusive predicate of F.
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10.2 Inclusive sets and predicates

Discrete cpo’s: Any subset of a discrete cpo, and any predicate on a

discrete cpo, are inclusive.

Product cpo’s: Let P, C D; be inclusive subsets. Then
Py x- X P,=A(x1,-,2) |21 € PL& -+ & xp € Pt}
is an inclusive subset of the product D X --- X Dy, as
Pix X Py=m " PN--Nm Py

Each inverse image ' P; is inclusive, and is their intersection. P(z1, ..., zx)
is inclusive in each argument separately, if for each ¢, the predicate
P(di,...,di—1,xi,dit1,...,d) got by fixing all but the ith argument, is an
inclusive predicate of D;. If P(x1, ..., xk) is inclusive then it is inclusive in each
argument separately. The converse does not hold in general. Consider the

product cpo Q x , and the predicate P(x,y) =4er (x =y & x # 00).

Formal semantics of programming languages Y. Deng@ECNU 213



10.2 Inclusive sets and predicates

Function space: Let D, E be cpo’s, and P C D, () C E be inclusive
subsets. Then

P Q=4s {f €D — E] | Vo € P.f(z) € Q)

is an inclusive subset of the function space [D — FE]. Thus, the predicate
Ve € D. P(x) = Q(f(x)), with free variable f € |[D — FE/, is inclusive
when P(z),Q(y) are inclusive predicates of D, E respectively.

Lifting: Let P be an inclusive subset of a cpo D. As |—]| is an
order-monic, the direct image {|d| | d € P} is an inclusive subset of D . If
Q(z) is an inclusive predicate of D, then dx € D. y = |z| & Q(x) with free
variable y € D |, is an predicate of D .
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10.2 Inclusive sets and predicates

Sum: Let P; be an inclusive subset of the cpo D;. Then
P+ - -+ FP.=mPLU---Uwn P

is an inclusive subset of the sum D, + - - - + Dy, because each injection is

an order-monic. Thus the predicate

(Jz1 € D1.y =in1(x1) & Q1(x1)) or -+ or (xk € Di.y = ing(xk) & Qr(zk))

with free variables y € Dy + --- + D}, is an inclusive predicate of the sum if

each Q;(x;) is inclusive in D;.

Proposition 0.53 Any predicate of the form Vzq,...,2,,. P is inclusive
where 1, ..., x,, are variables ranging over specific cpo’s, and P is built up
by conjunctions and disjunctions of basic predicates of the form ey C e or
ep = e1, where eg, e; are expressions in the metalanguage of expressions

from Section &8.4.
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10.3 Well-founded induction

Let < be a well founded relation on a set A. Let P be a property. Then
Va € A.P(a) iff Va € A. (Vb < a. P(b)) = P(a))

Well founded relations:

e Product: If <; and <5 are well-founded, taking
(a1,a9) = (a},a5) < ay =1 a} and as =<5 ay determines a well
founded relation <= (=X \Ida,x4,)

e Lexicographic products:

(a1,02) <jex (a],05) < a1 <1 a} or (a1 = a) & as <3 aj)

e Inverse image: Let f: A — B be a function and <pg is well-founded on
B, then so is <4 on A, where a <4 a' & f(a) <p f(d)
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10.3 Well-founded induction: an example

Ackermann’s function.

A(x,y) = ifx then y+ 1 else
if y then A(x —1,1) else
Az =1, Az,y — 1))

For call-by-value, this declaration denotes the least function a € [N?, N ]

s.t.
( n+1] if m=20
a(m,n) =< a(m—1,1) ifm#0&n=0
| let l <= a(m,n—1).a(m—1,1) otherwise

for all m,n € N. The fact that a(m,n) terminates is shown by

well-founded induction on (m,n) ordered lexicographically.
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10.3 Well-founded recursion

Notation: Each element b € B has a set of predecessors
<~ {b} ={b' € B |V < b}. The restriction of function f: B — C to
B'CBis f B ={(bf()|be B}

Theorem 0.54 Let < be a well-founded relation on set B. Suppose
F(b,h) € C, for all b € B and functions h :<~! {b} — C. There is a unique
f:B—Cst.Vbe B. f(b)=F(b,f <" {b})

Proof: First show by well-founded induction a uniqueness property P(x):

Vy <*x. fly)=Fy, fI<""{y}) & gly)=F(y, g9 1< {y})
= f(x) = g(x)

for any x € B. For any = € B, assume P(z) for every z < x. Then
f(z) =g(2). Thus fiI="t{x} = g ~1 {x}. Tt follows that
f(z)=F(z, f ="' {z}) = F(v,g 1{96‘})—9( ), thus P(x).
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Then show the existence of that function f. We need to prove a property
Q(x), for all x € B, by well-founded induction,

3f, <"z} = C.
vy <" z.fo(y) = Fy, fo <77 {}).
Suppose Vz < x.Q(z). Then h = [ J{f. | z < x} is a function because the

uniqueness property ensures that the functions [, agree on values assigned

to common arguments y. Taking f, = h U {(z, F(z,h))} gives a function
fo: ="z} = C witnesses Q(x).

Now take f = |J,.p fo- The uniqueness property yields f : B — C, and f

is the unique function we required. []
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10.3 Well-founded recursion: an example

By the well founded recursion theorem, there is a unique total function

such that
(n+1 itm=20
ack(m,n) = ack(m —1,1) ifm#0&n=0
| ack(m — 1,ack(m,n — 1)) otherwise

for all m,n > 0. Observe that the value of ack at (m,n) is defined in terms

of its value at the lexicographically smaller pairs (m — 1,1) and (m,n — 1).
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Chapter 11. Languages with higher types'
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11.1 An eager language

Types are introduced in the language to classify different kinds of values

terms can evaluate to.

Type expressions:

To=int | Tk | T — T

Variables x, 4, ... in Var are associated with a unique type type(x).
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11.1 Syntax of terms

t = x|
n |ty +ta|t1 —ta |t X tg | if g then t; else t5 |
(t1,t2) | fst(¢) [ Snd(?) |
Azt | (th to) |
let z < t1 in t5 |

rec y.(Az.t)

Here rec y.(\x.t) defines a function y to be A\x.t; the term ¢ can involve .
E.g. fact = rec f.(Ax.if x then 1 else = x f(x —1)).
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11.1 Typing rules

r:71 if type(x) =1 n :int

tl : int t2 : int

- where op is 4, — or X
t1 op to : 1nt

to:int t1:7 to:T

if t) then t else ¢ty : 7

t1:7171 1o : T2 t:7T1 %To t:7T1 *%To
(t1,t2) : T *x T fst(t) : 7 Snd(t) :
rT:71 t:79 t1:71 — T2 to:T

Ax.t T — Ty (tl tg) 2 T2

r:T4 t1:71 to:To y:7 Ar.t:T

let z <= t; In to : ™ rec y.(Ax.t) : T
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11.1 Free variables

FV(t) of a term t is defined by structural induction on t.

FV(in) = 0
FV(zx) = {x}
FV(Axt) = FV(t)\{z}
FV(let z <=ty inty) = FV(t1)U(FV(t2)\{z})
FV(recy.(Ax.t)) = FV(Ax.t)\{y}

A term is closed iff F'V(t) = ().
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11.2 Eager operational semantics

Canonical forms of a type represent the values of the type.

e Ground type: numerals are canonical forms, i.e. n € C¢

int’

e Product type: if ¢; € C2 & cp € CF, then (c1,c2) € CF

T1*7T2°

e Function type: \z.t € C° if \e.t: 17 — 7 and \x.t is closed.

T1—>T92

NB: Canonical forms are special kinds of closed terms.
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11.2 Evaluation rules

c —°c where c € C°

5] —© ny 1o —© N9 )
where op is +, —, X

(t1 op t2) =€ n1 op no

t0—>60 t1 —>° ¢ to%en to —° co n;—éO
if typ then ¢t else to, —°¢ ¢ if to then t; else t5 —°€ co
t1 >c1 to —°co t —° (Cl, (32) t —° (Cl, (32)
(tl, tg) —© (Cl, 62) fSt(t) —° cq Snd(t) —° o

t1 =¢ Ar.t] to = co tilea/x] = c

(tl tg) —c

t1 >¢c1 to [Cl/ZC] —°€ co

: rec y.(Az.t) —° Ax.(t] rec y.(Az.t) /y])
let © <t In to —€ co
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11.2 Eager operational semantics

Evaluation is deterministic and respects types.

Proposition 0.55 If t - cand ¢t —° ¢’ then ¢ = (.

Ift —=°cand t:7 then c: 7.
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11.3 Eager denotational semantics

Guiding idea: denote t as an element of (V.¢); where V¢ is a cpo of values

of type 7.
(& S
int N
V’Tel*’TQ — V’Tel X V’Teg
Vin = VA = (V)L

An environment is a function p : Var — [ J{V.° | ¢ a type} which respects
types: x : 7 = p(x) € V¢ for any x € Var and type 7.
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11.3 Eager denotational semantics

[n]¢ = Ap.In]
[z]© = Ap.Lp(@)]
[t1 op t2]¢ = Xp.([t1]¢p opL [t2]¢p) where op is +, —, X
[if tg then t; else t3]¢ = Ap.Cond([to]p, [t1]°p, [t2]¢p)
[(t1,t2)]¢ = Ap.let v1 <= [t1]%p, v2 <= [t2]p. | (v1,v2)]
[fst(t)]¢ = Ap.let v < [t]¢p. |m1(v)]
[Snd(t)]¢ = Ap.let v <= [t]p. |m2(v)]
[Azt]¢ = Ap. [Av e Ve [t]°plv/x]] where \z.t : 71 —
[t t2)]¢ = Ap.let o <= [ta]%p, v <= [t2]p. p(v)
[let x <t int3]¢ = Ap.let v < [t1]%p. [t2]plv/x]
[ rec y.(Az.t)]¢ = Ap.Lpp.(Av.[t]plv/z, 0/y])]
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11.3 Eager denotational semantics

The function Cond : N| x D x D — D satisfies

’

<1 if <0 — LOJ,

Cond(20,21,%22) = § 29 if 29 = |n] for some n € N with n # 0,

\ 1 otherwise

Lemma 0.56 Let t be a typable term. Let p, p’ be environments which
agree on the free variables of t. Then [t][¢p = [t]p .

Proof: By structural induction.
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11.3 Eager denotational semantics

Lemma 0.57 [Substitution Lemma| Let s be a closed term with s : 7 and
[s]¢p = |v]. Let x be a variable with x : 7. Assume t : 7’. Then t[s/x] : 7’

and [t[s/x]]p = [t]plv/x].

Proof: By structural induction. []

Lemma 0.58 1. If ¢ : 7 then [t]°p € (V.°) ., for any p.
2. If ¢ € C¢ then [c]|°p # L, the bottom element of (V) , for any p

Proof: By structural induction. []
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11.4 Agreement of eager semantics
Lemma 0.59 If t —¢ ¢ then [t]°p = [¢]¢p, for any environment p.

Proof: By rule induction on the rules for evaluation. E.g., consider the
t1 = Ax.t] 1o = thlca/x] =€ ¢
(t1 t2) —° c

[t1]°p = [Az.t1]%p, [t2]p = [c2]p and [ti[co/2]]°p = [c]®p. Then

. Assume

rule

[tr t2]p = let o <= [t1]°p, v <= [t2]p.0(v)
= let o < [Az.t]]p, v <= [e2]¢p.0(v)
= let p < [M.[t1]plv/=]], v <= [e2]p.0(v)
= [ti]°plv/=x] where [ca]“p = [v]
= [t}lc2/x]]|¢p by the substitution lemma

= ldp
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11.4 Convergence

e Operational convergence: t |° iff ¢ —¢ ¢ for some canonical form c.
e Denotational convergence: t |€ iff Jv € VE.[t]°p = |v].

It follows from Lemma 0.59 that ¢ |° implies ¢ [|°. But the converse

implication is more difficult.

234
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11.4 Convergence

A tentative proof of ¢ ||¢ = ¢ ¢ would be by structural induction.

Consider the critical case t = (¢1 t2). Assume t1 ||¢ = ¢; |° and

o ¢ = ty |°. Suppose t ||°. Because

[t]°p = let o <= [t1]%p, v < [t2]¢p. ©(v), this ensures t; ¢ and 5 |}¢, and
so by induction t; —¢ Az.t} and ty —€ ¢ for some canonical forms. Thus
[t]¢p = p(v) where p = [t1]°p = Au.[t}]plu/x] and |v]| = [c2]p. Hence,
[t]¢p = [ti]plv/x] = [t [ca/xz]]¢p by the substitution lemma. Since ¢ {}¢ we
have t/ [co /x| 1¢. Now we’d like to conclude t[co/x] |¢ so t)[co/x] —¢ ¢ and
from the operational semantics that ¢ —¢ c. But we can’t use the structural

induction hypothesis here as t/[co /x| is not structurally smaller than ¢.
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11.4 Logical relations

Define a relation S°C V¢ x (¢ on types 7, and then extend it to a relation

between element d of (V) and closed term ¢ by letting
d<,t iff VveVeid=|v] = de.t=>c&kvic
The relations <° are defined by structural induction on types 7:

e Ground type: n Si)nt n, for all numbers n.

e Product types: (UlavZ> S

~NIT1XT9Q

(c1,c2) iff v SP 1 & vo 7, co.

~T2
e Function types: ¢ <7 . Azt iff
VoeVi,ceCe. vt ¢ = p(v) Sy tle/x).

~T1
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11.4 Logical relations
Lemma 0.60 Let ¢ : 7. Then
1. J_(Ve < t

T)J— ~T

2. f dC d and d' <, t then d <, t.

3. fdy Cdy C...Cd, C ...is an w-chain in (V.¢) such that d,, <, t for
all n € w then | |, . d, S- 1.

Proof: Property 1 follows by definition. Properties 2 and 3 are shown by
structural induction on types. For ground type int they certainly hold.
Consider a function type. Let dy = d; C ... be an w-chain in (V)1
with d,, <, ., t for all n. Either d,, = 1 for all n € w (easy case) or for

some n and all m > n we have d,,, = | @, |, t = Ax.t’ and

Om S5, g vt Assuming v S¢ ¢ we obtain ¢, (v) Sr, t']c/x] for m > n.
By induction, ||, (¢ (v)) S, 'le/a], and 5o (L, o) () Sry ¢lc/a]
whenever v <2 c. In other words | | v, 57, ., Az.t” whence

|—|m dm - “_lm (pmJ §T1—>7'2 t. []
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11.4 Agreement of eager semantics

Lemma 0.61 Let t be a typable closed term. Then ¢ ¢ implies ¢ |°.

Proof: Show by structural induction on terms that for terms ¢ : 7 with

free variables x1 : 71, ...,z : 7, that if [v1| <, s1,..., vk ] <7, sk then

[t¢plvi /a1, . v [ xk] Sy tls1/xa, ..n, S/ Tk

cf. pages 195-200.

Corollary 0.62 If t is a closed term with ¢ : int. Then
t = niff [t]°p = |n|

for any n € int.
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11.5 A lazy language

The syntax is the same as that for the early language except for recursion.

rec x.t

x:t t:71

The typing rule
rec x.t : T

Free variables F'V( rec x.t) = FV (t)\{x}
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11.6 Lazy operational semantics

Lazy canonical forms C.:
: l
e Ground type: n € Cint'

e Product type: (ti,t2) € C!

T1XT2Q

if tl - T & t2 ) with tl and t2 closed.

e Function type: \x.t € C! it \e.t : 71 — 7 and A\x.t is closed.

T1—>T2
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11.6 Evaluation rules

c —'c where cc C!

tl —>l nq tg —)l N9

where op is +, —, X
(t1 op t2) —' ny op no

t0—>l0 tlélcl t0—>ln t1—>l62 n;‘éO
if t; then t; else t5 —! ¢; if t, then t; else to —! ¢
t =l (ti,t2) t1 —=ler t —=! (t1,t2) ta = co
fSt(t) %l C1 Snd(t) %l C9o
ty =t Aoty ti[ex/x] =e
(tl tg) —>l C
tolty/z] =t e t[ rec x.t/x] = c
let x < t; in to —' ¢ rec x.t —' ¢
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11.6 Lazy operational semantics

Evaluation is deterministic and respects types.

Proposition 0.63 If t =/ cand ¢t = ¢/ then ¢ = ¢'.

Ift w'candt:7 thenc: 7.
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11.7 Lazy denotational semantics

Guiding idea: denote t as an element of (V') where V! is a cpo of values

of type 7.
l _
Vint = N
V7§1>I<7'2 — (VJ1>J— X (VJQ)J—
V’7§1—>T2 — [(‘/7?1)L — (ng)L]

An environment is a function p : Var — (J{(V!), | t a type} which
respects types: x : 7 = p(x) € V! for any x € Var and type 7.
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11.7 Lazy denotational semantics

[n]" = Ap.ln)
[z]' = Ap.Lp(x)]
[t1 op t2]' = Ap.([t:1]'popL[t2]'p) where op is +,—, x
[if o then t; else t3]' = Mp.Cond([to]!p, [t1]'p, [t2]'p)
[t t2)]" = Ao [([a]'p [t2]'p)]
[fst(t)]) = Mp.let v <= [t]'p. |71(v)]
[Snd(®)]! = Mp.let v <= [t]'p. |ma(v)]
zt]t = Xp. [Mwe (VE)L. [t plv/z]] where A\z.t : 7y
[(t1 t2)]" = Ap.let o <= [ta]'p. o([t2]'p)
[let 2 <t in ]! = Ap. [t2]'p[[t1]'p/ 7]
[rec z.t]" = Ap.(uov.[t]'plv/x])
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11.7 Lazy denotational semantics

The function Cond : N| x D x D — D satisfies

’

<1 if <0 — LOJ,

Cond(20,21,%22) = § 29 if 29 = |n] for some n € N with n # 0,

\ 1 otherwise

Lemma 0.64 Let t be a typable term. Let p, p’ be environments which
agree on F'V (t). Then [t]'p = [t]'p’.

Proof: By structural induction.
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11.7 Lazy denotational semantics

Lemma 0.65 [Substitution Lemma| Let s be a closed term with s : 7. Let
x be a variable with x : 7. Assume t : 7’. Then t[s/x| : 7" and

[tls/=]]'p = [t])'plls]'p/=].

Proof: By structural induction. []

Lemma 0.66 1. If ¢ : 7 then [t]'p € (V) for any p.
2. If c € C! then [c]'p # L, the bottom element of (V') |, for any p.

Proof: By structural induction. []
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11.8 Agreement of lazy semantics
Lemma 0.67 If t —! ¢ then [t]'p = [¢]'p, for any environment p.

Proof: By rule induction on the rules for evaluation. E.g., consider the
ty =l ot ti[ta/x] =t e
(t1 t2) =" ¢

[t1[t2/=]]'p = [c]'p. Then

rule . Assume [t1]'p = [Mz.t,]'p and

[ti t2]'p = let o <= [t1]'p.0([t2]'p)
= let ¢ <= [Mx.ti]' pp([t2]'p)
= let ¢ <= [.[t]'plv/]|.o([t2]'p)
= [t plltl' o/ ]

= [t} [t2/z]]°p by the substitution lemma

= ld°p
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11.8 Convergence

e Operational convergence: ¢t |' iff t —! ¢ for some canonical form c.
e Denotational convergence: t ||! iff Jv € V. .[t]'p = |v].

It follows from Lemma 0.67 that ¢ |’ implies ¢ |/!. But the converse

implication is more difficult.

248
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11.8 Logical relations

Define a relation <°C V! x C! on types 7, and then extend it to a relation

between element d of (V') and closed term t by letting
d<,t iff vveVlid=|v] = Je.t='c&vsc
The relations <° are defined by structural induction on types 7:
e Ground type: n Si)nt n, for all numbers n.
e Product types: (vi,vs) (t1,t2) iff v1 Sp 11 & vo S, to.

<O

~IT1*T9Q

e Function types: ¢ <2 . Azt iff Vo € (V) closed
w1 v Sy u = e) Sp, tlu/zl.
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11.8 Logical relations
Lemma 0.68 Let ¢ : 7. Then

1. J_(Vz t

)L Sr

2. If dC d and d' <, t then d <, t.

3. Ifdy £dy C ... Cd, C ... is an w-chain in (V') such that d,, <, t for
all n € w then | | . d, S-t.

Proof: Similar to the proof of Lemma 0.60. Property 1 follows by
definition. Properties 2 and 3 are shown by structural induction on types.
[]
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11.8 Agreement of lazy semantics

Lemma 0.69 Let t be a typable closed term. Then ¢ ||' implies ¢ |’

Proof: Similar to the proof of Lemma 0.61. Show by structural induction

on terms that for terms ¢ : 7 with free variables x1 : 71, ...,z : 7, that if

(v1 ] Sry 81500, U] Sy Sk then
[[t]]lp[vl/l’h o U/ Tk Srots1/T1, o Sk Tk

cf. pages 206-209. []

Corollary 0.70 If ¢ is a closed term with ¢ : int. Then
t = niff [t]'p = |n]

for any n € int.
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11.9 Fixed-point operators

Let R' = rec Y.(Af.(f(Y[))) then [R!(\z.t)]'p = [ rec x.t]'p. However,

Let R = rec Y. (Af x.((f(Yf))x)). Then
[R¢(A\y. Azt )]]6 = [ rec y.(Ax.t)]°p.
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11.10 Observations

The operational and denotational semantics agree on the “observations of
interest”, which expresses the adequacy of the denotational with respect to

the operational semantics.

The adequacy wrt convergence will ensure that the two semantics also
agree on how terms of type int evaluate. Consider the context
C' = if _ then 0 else (), where ) : 7 is a closed term which diverges. Then

for both the eager and lazy semantics,

t—n < Ct] ]
& Clt] | by adequacy

< [dp=n
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11.10 Full abstraction

Suppose the observations of interest concern just the convergence

behaviour of terms, then
t1 ~ 1o iff (C[tl] ¢<:> C[tg] i)

for all contexts C'[ | for which C|t{], C'[t5] are closed and typable. A
denotational semantics is fully abstract wrt the observations, if

[t1] = [t] iff t1 ~ to

The “only if” direction follows provided the denotational semantics is
adequate, the “if” direction is hard because in our cpo’s of denotations
there are elements like parallel or which cannot be defined by terms. por is
a continuous function on T extending the usual disjunction with the
property that por(true, 1) = por(L, true) = true.
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11.11 Sums

Extend our language with the constructions:
inl(¢); inr(¢); case t of inl(x1).t1, inr(zs).ts.

Free variables

FV(case t of inl(z1).t1, inr(xs).to) = FV()U(FV (t1)\{z1} ) U(FV (t2)\{x2})

Typing rules

t:7 t: 7o

inl(t) : 71 + 7 inr(t) : 7 + 71

t:71+7T7 X1 :71 X9:T9 T1:T7T tCo:T

case t of inl(x1).t1, inr(xg).to : 7T
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11.11 Sums in eager semantics

Adding two canonical forms

inl(c) e C5 ., ifce CF, inr(c) € C% ,, ifce C;
The operational rules:
t —° inl(cl) tl[Cl/QTl] —€c t —° inr(cz) to [62/332] —Cc
(case t of inl(x1).t1,inr(zs).t3) —°¢ ¢ (case t of inl(xq).t1,inr(xs).t2)

For denotational semantics, the cpo of values of a sum type:
© =VE+VE.

T1+7T2
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11.11 Sums in lazy semantics

Adding two canonical forms

inl(t) € CL
inr(t) € C

T1+7T2

4, it 7 and tis closed

if t: 7o and t is closed

The operational rules:

t =tinl(t) ti[t'/z1] = c t =linr(t) o[t /as] =l e

(case t of inl(xy).t1, inr(z2).t2) —! ¢ (case t of inl(x1).t1,inr(z2).t2)

For denotational semantics, the cpo of values of a sum type:

V7§1—|-T2 — (‘/7?1)L + (‘/7%)L
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PCF
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The syntax of pure PCF

The syntax of pure PCF, without extension by syntactic sugar, is summarized below by
a BNF-like grammar. The first set of productions describe the expressions of an arbitrary
type o. These include variables, conditional expressions, and the results of function appli-
cation, projection functions, and fixed-point application.

(o _exp) ::= (o_var)|if (bool_exp) then (o_exp) else (o_exp) |

(o_application) | (o _projection) | (o _fixed_point)

(o _application) ::= (t — o_exp)(Tt_exp)
(o_projection) ::= Proj,{c x t_exp) | Proj,(t x o_exp)
(o_fixed_point) ::= fix, (o0 — o_exp)

For function and product types, we also have lambda abstraction and explicit pairing.

(o — T_exp) ::= Ax:0.(T_exp)

(o x T_exp) ::= ((o_exp), (t_exp))

The constants and functions for natural numbers and booleans are covered by the following
productions.

(bool_exp) ::= truelfalse| Eq? (nat_exp) (nat_exp)

(nat_exp) = 0|1|2]|...|{nat_exp) + (nat_exp)
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Axiomatic semantics

Equational Proof System for PCF.

Axioms
Equality

(ref)

Types nar and bool
{add)

(Eq?)

(cond)

Pairs

(praj)

(sp)

Binding

(o)

Functions

(B

(n)

Recursion

(fix}

Inference Rules
Equivalence

(syem), (trans)

Congruence

Types nat and bool

Pairs

Functions

M =M
0+0=00+1=1,..., I+S5=
Eq?nn = true, Eq7nm = false (n, m distinet numerals)

if true then M else N = M,if fulse then M else N =N

Proj, (M, N) =M Proj,(M ,N)=N
{Proj, . Proj, P} =P

AxioM = Ay:o.lyv/x|M, provided ¥ not free in M,

(Ax: o MIN = |N/x|M
ix:o.Mx = M, provided x not free in M

Jfixg =Af:0 = o ffix, )

! o M=N.P=Q
M+P=N+Q EqTM P =Eq'N Q

My = M3, Ny =Ng.. b1 =85
if M) then N| else P| =if M; then N; else P;

M=N M=N P=0Q
Proj; M = Proj, N (M, Py =(N. Q)
M= N M=N,P=0
dxio M =)xio N MP=NQ
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Operational semantics

Reduction axioms for PCE.

Types nat and bool

(add) 0+0-0,0+1>1,...,3+458,...

(Eq?) EqTnn - true, Eq?nm — false (n, m distinct numerals)
(cond) if true then M else N — M, if false then M else N - M
Pairs (0 x 1)

(proj) Proj (M,N)— M  Proj,(M,N) - N

Rename bound variables

(@) ix:o.M = ky:a.[y/x|M, provided y not free in M.
Functions (7 - 1)

(f) (Ax:o.M)N = [N/xIM

Recursion

(fix) fixg > Af:0 = a.f(fixs f)

M =,, N if, for every context C[ ] s.t. both C[M] and C[NN] are programs,
we have eval(C|M]) ~ eval(C|N]). Here eval is an evaluation partial
function with eval(M) = N iff M may be reduced to normal form N.
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Denotational semantics

An environment p is a mapping from variables to | J_ V7 with p(x) € V7 if

I . 0.

e A type o is denoted as a cpo V7, with N, and T ;| as bases and
VoxXT =Vox VT and V7T = [V7 = V7.

e Constants 0,1, 2, ... and true, false are interpreted as the standard

natural number and boolean elements of N, and T .

e + and E¢? are interpreted as the lifted versions, +, and Eq7 |, of the
standard functions that are strict in both arguments. E.g.
Iy +1 = Ly and Eq7 | J_T$ — J_T.
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Denotational semantics

[lp =
[«lp =

[if P then M else N]p =

[MN]

Az : 7. M]
[Proj, M]
[Proj, M]
[(M, N)]
[fizo M]

T e .
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Const(c)
p(z)

[ [M]p
[N]p
| L

apply([M
eV,

"

if [P]p = true
if [P]p = false
otherwise

lp, [N]p)

[M]plv/x]
Proj, [M]

Proj,[M]
(M]p, [N

DD

[—]

p)

Lo (IM]p)" (Lo)
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Soundness

Theorem 0.71 Let M and N be expressions of PCF over typed variables
from I'. It I'> M = N : ¢ is provable from the axioms for PCF', then the
CPO model satisfies that equation.

Corollary 0.72 If ' M : o is well-typed term of PCF, and M — N, then
the CPO model satisfies the equation I'> M = N : o.

For PCF terms, =,, € =4, <€ =,, and
(V programs M)(V results N) M =,, N it M =4, N iff M =,, N
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Full abstract

The extension of PCF with parallel-or, PCF+por, is obtained by adding
the constant por : T — T — T with the following reduction axioms.

por true M — true
por M true — true

por false false — false

Theorem 0.73 For PCF-+por, the relations =,.,,, determined by the
CPO model and =,,, determined by the reduction system, are identical.

The proof of =4.,,C=,, involves an approximation theorem, the other

direction makes use of algebraic PCPOs.
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Algebraic PCPO

An element x of a cpo P is compact if, for every directed set X C P with
x C | | X, we have z C 2’ for some 2’ € X. Let K(P) be the set of compact
elements of P. The cpo P is algebraic if every p € P is the limit of its
compact approximants, i.e. p=| {z Ep|x € K(P)}. Two elements p, p’
of a cpo are consistent if there is some p”’ € P with p,p’ C p”. A subset

X C P is pairwise consistent if every pair of elements from X is consistent.
A pcpo (pairwise-consistent complete cpo) is a partial order with the
property that every subset that is either directed or pairwise consistent has

a least upper bound.
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