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Game theory and CS

v There has been a remarkable increase In
work at the interface of computer science
and game theory in the past decade.

----Joseph Y. Halpern
{ computer Science and Game Theory: A Brief Survey)
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v 15ta brief introduction of Game theory
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v Some game-theoretic ideas traced back to
the 18-th century.

v Emile Borel (1871~1956) and John von
Neumann (1903~1957) began the major
development of game theory.

In the beginning g
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The book

v Game theory became a
field since the book of John
von Neumann and Oskar
Morgenstern published In
1944,
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John Nash(1928- )

v Recelved his Ph.D. from

Princeton University with a 28-

page thesis on his 22-nd

nirthday.

Invented the notion of Nash
equilibrium.

v Wrote a seminal paper on
bargain theory.
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What is Game Theory?

Game theory Is a study of how to
mathematically determine the best
strategy for given conditions in order to
optimize the outcome
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Rationality

Assumptions:
v humans are rational beings

v humans always seek the best
alternative in a set of possible
choices
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Why assume rationality?

v harrow down the range of possibilities

v predictability
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Types of Games

v Perfect vs. Imperfect information

v Sequential vs. Simultaneous moves
v Z€ero vs. N0N-zero sum

v Cooperative vs. conflict
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Types of game and Equilibrium

order _ _
I Strategic game | Extensive game
Nash subgame perfect
perfect Equilibrium | equilibrium
(John Nash) |(Reinhard Selten )
Bay_e5|_an perfect Bayesian
. equilibrium row:
iImperfect 10h equilibrium
(Jo i (Reinhard Selten )
Harsanyi )

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com

Two examples

v 1) Prisoner’s Dilemma

v 2) Boxed Pigs
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Prisoner’s Dilemma
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Prisoner’s Dilemma

PrisSener 2

ﬂ[atﬂe paﬂ't

| Blame 10,10 0,20
Prisomer 1

Don't 20, 0 1,1
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Boxed Pigs

\w v
Cost to press When button is pressed,
button = 2 units food given = 10 units
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Decisions, decisions...

Press

Wait
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2hd Strategic game
v <N, (A, (ui) >
A strategic game consists of
+ a finite set N (the set of players)

+ for each player 1€ N a nonempty set 4 (the set of actions available to player i)

+ for each player § € N a preference relation %4 on A= Xgendy (f)e preference relation of player 7).

[1 the sef 4, of actions of every player i 1s finite then the game 1s finife.
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Nash Equilibrium

“If there Is a set of strategies with the
property that no player can benefit by
changing her strategy while the other
players keep their strategies unchanged,
then that set of strategies and the
corresponding payoffs constitute the
Nash Equilibrium. "
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Nash Equilibrium

A Nash equilibrium of a strategic game (e R 55 piofile a" € A of actions with the property that for
every player i € N we have

(oL 2 ol ) or all o € Ay
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Imperfect Information

v Partial or no information concerning the
opponent is given in advance to the
player’s decision.
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Bayesian game
A Bayesian game consisiso (N Q, (Ay), (T3), (), (pe), (224))
< funte sel NV (Ll sel of players)
» 1 finite set €2 (the set of states)
and for cach player i€ N
+a set 4, (the set of actions available to player /)

«a finite set T (the set of signals that may be observed by plaver /) and a function %8 =Tk (the signal function of
player i)

n : . : . =1 .
« probability measure p, on £ (the prior belief of player #) for which P (8) >0 for 1] ti €T,

«1 preference relation %i on the set of probability measures over 4 « £ (the preference relation of player 7). where
A= Xgend
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BoS

Two people wish to go out together to a concert of music by
either Bach or Stravinsky. Their main concern is to go out
together, but one person prefers Bach and the other
person prefers Stravinsky. Representing the individuals'
preferences by payoff functions

Bach  Stravinsky
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Variant of BoS with imperfect information

Consider another variant of the situation modeled by
BoS, in which neither player knows whether the
other wants to go out with her.

Specifically, suppose that player 1 thinks that with
probability 7z player 2 wants to go out with her, and
with probabillity 2 player 2 wants to avoid her, and
player 2 thinks that with probability 2/3 player 1
wants to go out with her and with probability 1/3
player 1 wants to avoid her.

Assume that each player knows her own preferences.
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Variant of BoS with imperfect information
Players The pair of people.
States The set of states is {yy, yn,ny, nn}.
Actions The set of actions of each player is {B, 5}.

Signals  Player 1 receives one of two signals, y; and 11y; her signal function
1y satisfies T1(yy) = Ti(yn) = y1 and 1y(ny) = 1(nn) = ny. Player 2 re-
ceives one of two signals, 1, and 1; her signal function 1, satisties 7 (1) =
T(ny) =1, and 1 (yn) = 1y (nm) = ny.
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Variant of BoS with imperfect information

Beliefs Player 1 assigns probability % to each of the states yy and yn after re-
ceiving the signal y1 and probability % to each of the states ny and nn after
receiving the signal ny. Player 2 assigns probability % to the state yy and
probability % to the state 11y after receiving the signal i/, and probability % to
the state yn and probability % to the state nn1 after receiving the signal 11,
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Payoffs
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A Nash equilibrium of a Bayesian game (M, 90, (A (T, (o) D) 35 s equulibrinm of the strategic game
defined as follows.

» The set of players is the set of all pairs (7, ) for €N and € Tx

» The sef of actions of each player (7, /) 1s 4,

* The preference ordermg ~(4) of each plaver (7, 1) 15 defined by

'y r-‘f‘-iﬂ b* if and Oﬂlj' if I-'i(ﬂ.| Ii) ti Li(b-ltl)l

where [ (a",) 1s the lottery over 4 « € that assigns probability A}/ (1)) 1o (0 (my(@)semsw) i w € 774(8)
zero ntherwise.
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Bayesian Equilibrium

v(B,y) (B,Y)
v (B, Y) (S, n)
v (B, n) (B,Y)
v (B, n) (S, n)
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v3rd Extensive games
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Extensive game with perfect
Information

An extensive game with perfect information has the followmg components.
* A Set N (the set of players).
* A set H of sequences (finite or infinite)that satisties the following three properties

* The empty sequence O 1s a member of A.

k
. (ﬂk}kﬂl-m-ﬁ € H (wwhere K mav ho infinite) and T < K then (a }h=l,.+.,L €H
l(ak)hl,.",l. el

k
(0" ks, € H satisfies for every posttive mteger L then

s EE o ..
* If an mfinite sequence (0" satisfes
("5 € H.
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An example

Two people use the following procedure to
share two desirable identical indivisible
objects. One of them proposes an allocation,
which the other then either accepts or
rejects. In the event of rejection, neither
person receives either of the objects. Each

person cares only about the number of
objects he obtains.
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allocating two identical indivisible objects

(N:H; P1 (ti))

An extensive game that models the mdividuals' predicament 1§ Where

'N={12};

2),n);
o P(0) = and P(h) = 2 for every nonterminal history b A# .
((2,0),8) >4 (1)) >1 ((0,2),) ™ ((2,0)8) ((1,2),1) ~

((0,2)m) and {(0,2,9) 2 ((1,1) ) > (20)9) ~a ((0,2)1) »o
. ((1,1),m) ~2 ((2,0)ym)
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Payoff tree
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Strategy

 INERR).

Astrafegy of plaxerteﬁl an extensive game with prfeet mformation 54 function {haf asigas

an action 1n A()to each nontermunal his orthH\z forwhich () =1

In the just example:

The strategies of player 1: {(2,0),(1,1),(0,2)}
The strategies of player 2:{yyy,yyn,yny,ynn,nyy,nyn,nny,nnn}
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Nash Equilibrium

For eacl elmiewmu“e“(ﬂhen 1 the extensrve game (N 2) we define the outeome () of s fo be the
ternunal hstory that cesults when each plaver §€ N follows the precepts of s lmrn 011 the {possably nfinuts)

~ b o o
history o) € stch that for 06 & <K we have Bt 0000 ) =g

(Niﬂlpi(rti})

A Nash equilibrium of an extensive game with perfect information 18 4 siralegy profile s* such

that for every plaver #€ N we have

O(sZy,8]) i Ole )

for every strategy s, of player 7.
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a problem

v The Nash equilibria of the example game

are ((2, 0), yyy), ((2, 0), yyn), ((2, 0), yny),

((2, 0), ynn), ((1, 1),nyy), ((1, 1), nyn), ((O, 2),
nny), ((2, 0), nny), and ((2, 0), nnn).
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Subgame extensive game

The subgame of the extensive game with perfect information O (NER ) follows the history /i 15
the extensive aame T) = (N, Pl )y e #1135 the set of sequences ' of actions for which

g g , > g K)o (WA, 7
(KY€, i defineg by € Hh gy g S g W i ofined oy )% hN) it and only if
# € Hjy);
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Subgame Perfect Equilibrium

A subgame perfect equilibrium of an extensive game with perfect information € N is astrategy profile s°
; f] ' .
stich that for every player he\Z and every nonfermnal history OhleZnvein) s OnZditi) g i P

=i we have

oh(ﬂiehwﬂ:h] mh Oh(siihv’i}

for every sfrategy s. of player 1 i the subgame F(}).
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Extensive game with imperfect
Information
{HI H, Pr .f-:::- (Il)l {.:'1'.."..{}}
v A function 7 that asstns to each nontermunal hustory (each member of ' Z) a member of Nl (P13 the

plaver function, (A betng the player who takes an action after the history . It A(h) = ¢ then chane determunes
the action faken after the hustory 1.

* A function f that assoctates with every hustory  for which P (/ ) ¢ & probabity measure (') on 4(}), where
each such probability measure 1 1udepe1 de1t0 Levery ofher such measure. f ) 1 the probabilty 1at‘wcc s
after the hustory 1)
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Extensive game with imperfect
Information

+ For each player§ € N patiion & of {h € 5PB) = i he property that 4(h) = () whenever /i and /f
ate i dhe same member of the partton. For A €3 we denote by A(7) the set A(h) and by P(J) the player (1) for

any N € b, (s the information partition of player .2 set % € s an information set of plaver £
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An example
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Nash equilibrium

A Nash equibriuns i mied strategies ofa extensve game 5 (s before) a profile 6 of mived stateges wi
e propetythat o every plaer 1€ we e

b Ol ) . g |
00401 Oy orevery muved stafegy @ of player .
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Four parts of the textbook

v Strategic games

v Extensive games with perfect
iInformation

A COURSE IN
GAME THEORY

v Extensive games without perfect
iInformation

v Coalitional games A NoRSeres:
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