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Communication Complexity of Relations
Direct Sum
Lower Bounds for Disjointness

Asymmetric Communication Complexity
and Data Structures



dy(x,y) > 0.9n
or
di(z,y) <0.1n

-
Y 4
¢ /

re{0,1}" @

> J n
< ‘a y E {07 1}

7

distinguish between the cases:
* “yes” if the hamming distance du(x,y)=0.9n
*“no” if du(x,y)<0.1n
* no definition for other inputs



Qﬁ Ti 7 Yi

re{0,1}" @

> J n
<€ ‘G y 6 {07 1}

7

output an index i that x;#y;
output arbitrarily if no such i exists

* some inputs may have more than one correct answers
e some inputs may be illegal (have 0 correct answer / all
answers are correct)



Relation

Qa“hat RcXxYxZ

Y, 2) € R
- 0)
Y yeyY
< 7

A\

re X

deterministic, randomized, nondeterministic communication
protocols are defined in the same way as before

For every legal input ((x.y) that dz, (x,y.2)ER ),
Alice outputs a 7z that (x,y,2)ER

or outputs such a z with 1-0 probability

or Alice and Bob certify such a z that (x,y,2)ER
by adaptive communications.



ai+1=A(x, by,..., b)) ) . bi=B(y, ai,..., ai)

Z:A(.X, bl,..., bt) that (az,y,z) c R



public random bits r €{0,1}"

ai =A(r, x) 4l

" bl:B(l", y) Cll)

i1 = AT, X, bi,..., bi) ~ bi=B(r,y, a,..., ai)

Adi+1 q

z=A(r, x, by,..., by)
Pr{(z,y,2z) e R| > 1—9



private random bits r4, r €{0,1}"

a
ai =A(ra, x) : b1=B(rs, y, ai)

l

di+1 =A(]’A, X, bl,.“, bl) < bi=B(rB) y) ai,..., al)

Adi+1 q

Z:A(I"A, X, bl,..., bt)
Pr [((z,y,2) e R| >1—6

rA,TB



certificates: Ca, Cp€E{0,1}"

a___
ai =A(CA’ X) : bi =B(CB, Y, Cll)

l

aiv1 =A(Cy, X, b, ..., b)) bi=B(Cs, y, ar,..., ai)

di+1 .

7=A(Cq, x, b1,..., by) €ZU{1} 1 : “Can’t decide.”

e completeness: V legal x,y, 3certificate Cya, Cp, s.t. (x,y,2) ER

e soundness: V legal x,y, Vv Ca, Cp, either (x,yz) ERorz=_1



Relation

Ga“hat RcXxYxZ

Y, 2) € R
8 ) « g ‘G“ yeyY

= >

For every legal input ((x.,y) that dz, (x,y,2)ER),
Alice outputs a z that (x,y,2)ER

or outputs such a z with 1-0 probability

or Alice and Bob certify such a z that (x,y,2)ER
by adaptive communications.

r ”

re X

motivated by circuit complexity:
we are interested in relations that find an i that x; # y;



Monochromatic Rectangles
R C{0,1}° x {0,1}° x {1,2,3}

000
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011

100
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110

111

000 001 010 Ol1 100 101 110 111
G | {33 | {2y | {23} {1} [ {13} | {1.2} [{1.23}
{3y | D [{23}] {2y | {13} | {1} [{123}]{1.2}
{2y ({23} © | {33 | {12} [{123}] {1} | {13}
{23y | {2} | 3y | @ [{1233) {12} [ {13} | {1}
{13 [{L3} [ {12} {123} <D | {3} | {2} | {23}
{13} | {1} {1233 {12} | {3} | D [{23}| {2}
{12} {123} {1} [{L3}| {2} |{23}| < | {3}
{1233 {12} ({13} | {1} | {23} | {2} | 3} | 9

rectangle: AxB for some ACX, BLY
z-monochromatic rectangle: V(z,y) € A x B, (z,y,2) € R

or (x,y) is illegal




Monochromatic Rectangles

Theorem:

Any t-bit deterministic protocol that computes

the relation R induces a partition of XxY into
at most 2/ monochromatic rectangles.

R cannot be partitioned into <M monochromatic rectangles

Z{> D(R) = log M



approx-Sl: approximate set intersection

approximation version of DISJ (set disjointness)
“fooling set’:
(Slvgl)a'”?(SMng) V\/hy‘>

Vi 4. |S, ﬂgj‘ S % Z{> D(approx-SI) = log M




by the probabilistic method:
3(51,S51),...,(Sa, Sar)
Vi, [SiNS;| > %

Z{> D(approx-SI) = log M = (n)

sample each §;C[n] uniformly & independently:
rl keS;N gj

0 otherwise

fix Vi # 9 Vk € [n], let Z; = <

‘S@ﬂgj‘: sz:Z E[Z]:E
ke[n] B 4
Chernoff bound: Pr[|S; NS;| < 2] =Pr[Z < 2E[Z]] < e 18

union bound: Pr|{3: # j,|5; N §j <

for some )/ — (1)



randomized protocol:

k uniformly random points X1,...,Xj € [n]

k
1 X,esSNT
let Zi—{ and Z=E Z;
=1

0 otherwise

output: £ cost: klogn =O(log n)
error: E[z] = M5O T

n

Pr[|22 — [SNT|| > &] =Pr[|Z — E[Z]| > &]
Chernoff bound: < 90— SUk) <1/3 for k=0O(1)




approx-Sl: approximate set intersection

approximation version of DISJ (set disjointness)

D(approx-SI) = C2(n)
R(approx-SI) = O(log n)

while R(DISJ) = Q(n)



Universal Relation

Qw U c{0,1}" x {0,1}" x {1,...,n}
U={(z,y,%) | i # vi}

re{0,1}" | ‘ga y €10,1}"
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Universal Relation

Q:’;? U c{0,1}" x {0,1}" x {1,...,n}
U={(%,y,7) | vi #yi}

z € {0, 1}” ) - ‘g" y €{0,1}"

D(U) > D(EQ) —2 >n — 2

a protocol for EQ using the protocol for U:

run protocol Py for U on the inputs of EQ);

if output of Py is i, then Alice and Bob share x;,y;;
if x;=y; or an illegal input is detected, return “yes’’;
else return “no’’;



Universal Relation

Qx@ U c{0,1}" x {0,1}" x {1,...,n}
U={(%,y,7) | vi #yi}

z € {0, 1}” ) - ‘g" y €{0,1}"

D(U)>n—2 N(U) = O(logn)

just send (i, x;) to Bob

recall: D(f) = O(N(f)*)

for any total function f

“Differences are easier to certify than their nonexistence.”

with relations (or partial functions) we avoid the hard instances



R@ C X XY X% {1,,7?/}
Qz N #@ Ry = {(2,y,1) | v € X,y € Y, 20 # yi}

& ) ) oy
— 8

for any x € {0,1}" its parity is (). ;) mod 2

re X

X : all x&{0,1}" with parity 1
Y : all y&{0,1}" with parity O

a sub-relation of U, all inputs must be legal

D(Rs) = O(logn)

binary search: maintain an (i,j) such that the parity
of (xi,...,x;) is different from parity of (y;,...,y))



Qw.#y. U c{0,1}" x {0,1}" x {1,...,n}
T U=l | a A
s public 7
ZEE{()’]_}” « > yE{O,l}n

RPUP(U7) = O(log n)

(O(1) bits)  compare whether (z,r) = (y,r)

(x,r) = (Z zvz-ri) mod 2 IS the inner—product over GF(2)

(legal input) if x#y : <x>#<y,> with probability 1/2
x,y have different parities over {i: ri=1}
(O(log n) bits) binary search to locate x;#y; (deterministically)

(O(1/n) error) repeat for O(log n) times



Qaj.#y. U c{0,1}" x {0,1}" x {1,...,n}
U= 1(z,y,1) | w5 7 yi}
o, publicr)
— U

RPU () = O(logn)

r€40,1}"

recal. = R(R)= O(R"“"(R) + logn)



Qaj.#y. U c{0,1}" x {0,1}" x {1,...,n}
T U= {@yi) | A i)
public 7
=== 8 con

R(U) = O(log n)

-
. ”
P /

r€40,1}" g

recal. = R(R)= O(R"“"(R) + logn)



R@ C X XY X% {1,,7?/}
Qz N #@ Ry = {(2,y,1) | v € X,y € Y, 20 # yi}

& X ) oy
— 8

for any x € {0,1}" its parity is (). ;) mod 2

re X

X : all x&{0,1}" with parity 1
Y : all y&{0,1}" with parity O

a sub-relation of U, all inputs must be legal

D(Rs) = O(logn)

binary search: maintain an (i,j) such that the parity
of (xi,...,xj) is different from parity of (yi,...,y))



R@ C X XY X% {1,,7?/}
Qz N #@ Ry = {(2,y,1) | v € X,y € Y, 20 # yi}

& X ) .y
—

for any x € {0,1}" its parity is (). ;) mod 2

re X

X : all x&{0,1}" with parity 1
Y : all y&{0,1}" with parity O

a sub-relation of U, all inputs must be legal

D(Rg) = O(logn)



Theorem: disjoint X,YC{0,1}»
R={(z,y,1) |z e X,y cY,x; #y;}
C={(r,y) |z e X,yeY,du(z,y) =1}

iy C°
partition# of R > X[y
2
R cannot be partitioned into < ‘ )‘(C‘Y“Y’ monochromatic rectangles

= D(R) = Q(2log|C| — log | X| — log|Y)
X : all x&{0,1}* with parity 1
Y : all y&{0,1}” with parity O

X|=Y|=2"" C| =n2""!
= D(Rs) = logn)

for R@




Theorem: disjoint X,YC{0,1}»
R={(z,y,i) |ze X, yeY,z; #y}
C={(z,y) |z€ X,yeY,du(z,y) =1}

. C7
partition# of R > X[y
Ri, Ry, ..., R;: optimal partition of R into monochromatic rectangles

t

t
let m; = |R; NC| then IXI[YI=) |R| [C]=) m,
1=1

1=1

: }- in any monochromatic rectangle:
T (x,y) € C can only appear in

distinct rows and columns

> |Ri| = m;



Theorem: disjoint X,YC{0,1}»

R=1{(z,y,1) |z € X,y €Y, z; # yi}

C={(z,y) |z € X,y €Y, du(z,y) =1}
C°

XY

partition# of R >

Ri, Ry, ..., R;: optimal partition of R into monochromatic rectangles

let m; = |R; N C| then
t t
X||Y] :Zum C)| =Zmz~ R;| > m?

oe:(zmz) <tzm <1) Rl = tX])Y

2
(Cauchy- Schwarz) :: > t> C
XY




Rets(R) = R;*®(R) + O(logn + log )

transfo

rm any public-coin protocol P to P’

which uses only O(log n+log (1/0)) public random bits

xe{o,l}” — ye{o’”’n

pu

Z(x,y,r) =3

blic random bits r~2 (of any length)

(1 if Pis wrong on inputs x,y and random bits r

\ 0 otherwise

Vilegal z,y, E,.x|[Z(x,y,7)] <e¢

Goal: 3 r1, ra, ..., r: such that for uniform i&[n]

s legal £,Y, ﬂi[Z(x?yv’ri)] S €+ 0

i is new random bits, {r1, r2, ..., 7:} is hard-wired into protocol P’



Rets(R) = R;*®(R) + O(logn + log )

7 ( ) 1 it P is wrong on inputs x,y and random bits r
£T , — .
/ 0 otherwise

v 1egal L y7 4I’I“NE[Z('CE) ya 7“)] S €
Goal: | *
v 16%81 x,y, EilZ(z,y,ri)| <

=] r1 ra, ..

sample ri, r2, ..., s i.i.d according to >

. 1 ¢
v particular legal x,y, Ei[Z(z,y,r)] = - PIPACRIN
i=1 )
Chernoff 082

bound: L %, [EilZ(@y,ri)]>etol= Pr ZZ z,y,75) > (e+0)t| <e

choose t—O(n/éz) < 272"
union bound:  Pr [9x,y,E;[Z(x,y,7:)] > e+ ] x0

T145...94T¢



Rets(R) = R;*®(R) + O(logn + log )

transform any public-coin protocol P to P’
which uses only O(log n+log 0-1) public random bits

ze{o,l}’"’ — ye{o’”’n

public random bits ¥~ (of any length)

find such random bits r1, 2, ..., r+, t=0(n/02) :

V legal inputs x, y
Pr|P is wrong on z,y with random bits ;] < e+ ¢

Alice and Bob know {ri, r2, ..., r:} without communication

P’:run P(x,y,ri;) where uniform i is new public random bits



FORK Relation

FORK c ¥ x ¢ x {1,...,4—1}

alphabet 2={1,2, ..., w}

output: such an index i that

Xi=y; and Xit1 # Yi+l



FORK Relation

1 1

| |
LoL1 - Lplyp+1 |

FORK Cc ¥f x ©¢ x {0,1,...,¢}

1 2
> &sa I ]
< A YOUL " Yyt

5/ y¢
T1dp Ty S alphabet 2={12, ..., w} Yiya e S

output: such an index i that
Xi=Vyi and X1 # Vi+l

output O if x=y and 1 if x# y entry-wise

w=3 Alice: | 231213
[=6 Bob: 1321223

correct answers i= () 4 6



FORK Relation

1 1

| |
LoL1 - Lplyp+1 |

FORK Cc ¥f x ©¢ x {0,1,...,¢}

1 2
> &aa I ]
< N YoY1 - YeYi4a

5/ y¢
Tia e S alphabet 2={12, ..., w} Yiya e S

D(FORK) = O(log ¢log w) How?

binary search to maintain an (i, j) such that
1<], xi=y; and Xx;j# Y,
starting with =0, j=I
by exchanging a character in X2 in each round



FORK: [Zl=w, for vx, y € 2/, find i that x;=y; and Xi+1 Z yis1

(a, )-protocol: successfully solves FORK for Vix,y €5
for an SC2Y of size at least |SI=aw!

a protocol for FORK is a (1, /)-protocol

Lemma: 3 c-bit (a, /)-protocol for FORK

= > 3 (c-1)-bit (02, )-protocol for FORK

P : successfully solves FORK for Vx,y €S with ISI=ow!

WLOG: Alice sends the Ist bita € {0,1}
choose a larger S, = {x € S| Alice sends a}

run P without Alice sending the 1st bit :: correct for
(under the assumption that Alice sent a) Vx,y €S,




FORK: [Zl=w, for vx, y € 2/, find i that x;=y; and Xi+1 Z yis1

(a, )-protocol: successfully solves FORK for Vix,y €5
for an SC>7 of size at least |SI=aw!

a protocol for FORK is a (1, /)-protocol

Lemma: 3 c-bit (a, /)-protocol for FORK

= > 3 (c-1)-bit (02, )-protocol for FORK

— > D(FORK) = Q(logw)
How? Why not blgger"?
the subproblem should be nontrivial

o < 1/w may trivialize the problem



FORK: [Zl=w, for vx, y € 2/, find i that x;=y; and Xi+1 Z yis1

(a, )-protocol: successfully solves FORK for Vix,y €5
for an SC>7 of size at least |SI=aw!

a protocol for FORK is a (1, /)-protocol

Lemma: 3 c-bit (a, /)-protocol for FORK

= > 3 (c-1)-bit (02, )-protocol for FORK

Amplification Lemma: for FORK, for a > 1%
3 ¢c-bit (a, [)-protocol |::> 3 c-bit ( \/_ e) protocol

— > D(FORK) = Q(log ¢log w)



a protocol for FORK is a (1, /)-protocol
then it must also be a (1/w'?3, [)-protocol

Lemma: 3 c-bit (a, /)-protocol for FORK

= > 3 (c-1)-bit (02, )-protocol for FORK

'::> (¢ — Q2(log w))-bit (w2/3,€)—pr0tocol

Amplification Lemma: for FORK, for a > 1%

3 c-bit (a, [)-protocol I::> 3 c-bit ( \/_ , £)-protocol

'::> 3(c — Qlog w))-bit (— 3, = )-protocol

repeat for O(log /) times
(¢ — Q(log £ log w))-bit (wll/3 ,2)-protocol |::> c > Q(log ¢ logw)




FORK: [Zl=w, for vx, y € 2/, find i that x;=y; and Xi+1 Z yis1

(a, )-protocol: successfully solves FORK for Vix,y €5
for an SC2Y of size at least |SI=aw!

Lemma: 3 c-bit (a, /)-protocol for FORK

'::> 3 (c-1)-bit (a/2, [)-protocol for FORK

Amplification Lemma: for FORK, for a > 12

w

3 c-bit (a., [)-protocol _> 3 c-bit (@, £)-protocol

[Gring1, Sipser "91]

D(FORK) = Q(log ¢ log w)



FORK: [Zl=w, for vx, y € 2/, find i that x;=y; and Xi+1 Z yis1

(a, )-protocol: successfully solves FORK for Vix,y €5
for an SC2Y of size at least |SI=aw!

Amplification Lemma: for FORK, for a > 12

3 c-bit (a., [)-protocol I::> 3 c-bit ( \/_ , £)-protocol
P P’
P : solve inputs from S C >/

P’ : use protocol P to solve inputs from a denser §’ C /72

re S Cxnt? . yGS’QZWZ
‘L @ > ‘gc‘ l‘
fx) e S C Xt LA < NG (y) € S C XF
FORK(f(x), g(y)) answers FORK(x, y)
i that f(x)i = g(¥)i f(X)ix1 # g(y)ix1 tells us j that x;= yj, Xjs1 # yjsi




FORK: [Zl=w, for vx, y € 2/, find i that x;=y; and Xi+1 Z yis1

(a, )-protocol: successfully solves FORK for Vix,y €5
for an SC2Y of size at least |SI=aw!

Amplification Lemma: for FORK, for a > 12

3 c-bit (a., [)-protocol I::> 3 c-bit ( \/_ , £)-protocol
P P’
P : solve inputs from S C >/

P’ : use protocol P to solve inputs from a denser §’ C /72

f(x),g(y) €S

R/_/H/_/
extension U r,y €S’

Ju €22 : many elements z € S is in form z=(u,x)



FORK: [Zl=w, for vx, y € 2/, find i that x;=y; and Xi+1 Z yis1

(a, )-protocol: successfully solves FORK for Vix,y €5
for an SC2Y of size at least |SI=aw!

Amplification Lemma: for FORK, for a > 12

3 c-bit (a., [)-protocol I::> 3 c-bit ( \/_ , £)-protocol
P P’
P : solve inputs from S C >/

P’ : use protocol P to solve inputs from a denser §’ C /72

f(x),g(y) €S

+ |# |+ |+

R/_/H/_/
z,yc S extension

3 large §°C 2072 : any x,y € S’ can be extended to (x, ¥y H,)ES) € S
such that F(w’,G/(y) are entry-wise different




FORK: [Zl=w, for vx, y € 2/, find i that x;=y; and Xi+1 Z yis1

(a, )-protocol: successfully solves FORK for Vix,y €5
for an SC>7 of size at least |SI=aw!

Amplification Lemma: for FORK, for a > 1%
3 ¢c-bit (a, [)-protocol I::> 3 c-bit ( \/_ 5) protocol

S C ¥ and |S|> aw I:{>

{ Ju €22 : many elements z € S is in form z=(u,x)
or

3 large §”C 2072 ; any x,y € S’ can be extended to (x, F(x)), (y, GO)) €S
such that F(x), G(y) are entry-wise different

L
umany” — “Ial‘ge” — @w§



S C ¥ and |S|> aw’ I:{> “many” = “large” = X235 :

— 2
{ J u €22 : many elements z € S'is in form z=(u,x)
or
3 large §”C 2072 ; any x,y € S’ can be extended to (x, F(x)), (y, GO) €S

such that F(x), G(y) are entry-wise different
Boolean matrix §:  y¢/2

/

1 if (u,v) €S

0 otherwise

Yu,v € 22, S(u,v) = <

\

S is a-dense (of 1-entries)

or
Q : a
3,/ -fraction of rows > 5 -dense

{ 3 a row u that is > \/g-dense
|

25/2

“Either one row is very dense, or there are many rows that are pretty dense.”
By contradiction:
all rows are < ,/Z-dense and < \/§w"/?rows are > §-dense

:{> density of S < §+ /55 =a contradiction!



: any x,y € S’ can be extended to (x F (x)) v, G(y)) s
- such that F(x), G(y) are entry- -wise dlfferent \

$t/2
1 if (u,0) €S

0 otherwise

Boolean matrix S :

Yu,v € 22, S(u,v) = <

\

S is a-dense (of 1-entries)

or
El\ﬁ -fraction of rows > 5 -dense

{ 3 a row u that is > \/g-dense
I




S C EE, 3> \/gwe/2 many x € %¢/2: {(z,u) € S}| > %wé

—>3 S’ C 32 of size |S'| > \/TEUJWZ such that:

any x,y € S’ can be extended to (x,F(x)), (y,G(y)) €S
such that F(x), G(y) are entry-wise different

Goal:  find nonempty subsets: Fy, I, ..., Fyp/o C X
and their compliments: f', F, ,FE/Q Y

such that for > @weﬂ many x & /2

dJu € £ X -+ X Fy/9 such that (x,u) €S  (F)=u)
and Ju € Fl X +ee X Fﬁ/z such that (:E,v) cS (G(x)=v)

|::> an)’UEFlX°°'><Fg/2&ndan)’”l)€71X"'Xﬁg/2
y ui#vi

must be entry-wise different: V1 < <

NOIEQN



S ——
SCZe *3>\/7w€/2manym625/2

—>3 S’ C 32 of size |S'| > \/_ w2 such that:

any x,y € S’ can be extended to (x,F(x)), v,G(y) €S
such that F(x), G(y) are entry-wise different

independently random: F1, Fo,..., Fy/o C 2
and their compliments: F; I ... 7F£/2 )

2\ is sampled uniformly and
each F; € (w/2> independently at random

for any “good” x that |[{(z,u) € S}| > %w%

Pr[ Ju € Fi x o X Fyyy such that (z,u) € S ] o9
and Ju € F'y X -+ X Fy/y such that (x,v) € S



SCEe ‘3>\/7w€/2manym625/2

—>3 S’ C 32 of size |S'| > \/_ w2 such that:

any x,y € S’ can be extended to (x,F(x)), v,G(y) €S
such that F(x), G(y) are entry-wise different

independently random: F1, Fo,..., Fy/o C 2
and their compliments: F; I ... 7F£/2 )

2\ is sampled uniformly and
each F; € (w/2> independently at random

for any “good” x that |[{(z,u) € S}| > %w%

Pr[ x is “‘really good” ] >7?



SCZe ‘3>\/7w€/2manym625/2

—>3 S’ C 32 of size |S'| > \/_ w2 such that:

any x,y € S’ can be extended to (x,F(x)), v,G(y) €S
such that F(x), G(y) are entry-wise different

independently random: F1, Fo,..., Fy/o C 2
and their compliments: F; I ... 7F£/2 )

2\ is sampled uniformly and
each [y € (w/2> independently at random

for any “good” x that |{(z,u) € S}| > Qw3

| | Why?
PriVu € Fy x - X Fyo, (x,u) € S o 2
+ _ <2(1-5)" < 2070w/t
Pr[vo € Fy X --- X Fy9, (2,0) € S’ :

x is “really good™ Ju e Fy x -+ x Fy/q, (z,u) € S and
v e Fy x--- xfg/g,(x,v) e S



SCZe ‘3>\/7w€/2manym625/2

—>3 S’ C 32 of size |S'| > \/_ w2 such that:

any x,y € S’ can be extended to (x,F(x)), v,G(y) €S
such that F(x), G(y) are entry-wise different

independently random: F1, Fo,..., Fy/o C 2
and their compliments: F; I ... 7F£/2 )

2\ is sampled uniformly and
each [y € (w/2> independently at random

for any “good” x that |{(z,u) € S}| > Qw3

Pr[z is really good | > 1 — 2e~aw/4

i [#of really good z] > (1 — 2e*¥/4), /S > \/T& (for a > 122

x is “really good™ Ju € Fy x -+ X Fy/q, (z,u) € S and
v e Fy x--- xfg/g,(x,v) e S



FORK: [Zl=w, for vx, y € 2/, find i that x;=y; and Xi+1 Z yis1

(a, )-protocol: successfully solves FORK for Vix,y €5
for an SC2Y of size at least |SI=aw!

Amplification Lemma: for FORK, for a > 1

w

3 c-bit (a., [)-protocol ::> 3 c-bit (@, £)-protocol

- /=
P : solve inputs from S C >/

P’ : use protocol P to solve inputs from a denser §’ C /72

cS cS
/_/R

= |=|=|= F|F |F | F

extension U z.y €S r,y €S"  extension F(x), G(y)



FORK: [Zl=w, for vx, y € 2/, find i that x;=y; and Xi+1 Z yis1

(a, )-protocol: successfully solves FORK for Vix,y €5
for an SC2Y of size at least |SI=aw!

Amplification Lemma: for FORK, for a > 1%

3 c-bit (a., [)-protocol ::> 3 c-bit (TO‘, £)-protocol

- /=
P : solve inputs from S C >/

P’ : use protocol P to solve inputs from a denser §’ C /72

either: z € 8 C 2?2 4 ye s 2
l " > J i
(u, ) € S N < N (U, y) €S

or: z€S5 C 26/2 ye S Cxl/?
i & : gi
(x, F(z)) € S e, < a (

F(x), G(y) are entry-wise differen



FORK: [Zl=w, for vx, y € 2/, find i that x;=y; and Xi+1 Z yis1

(a, )-protocol: successfully solves FORK for Vix,y €5
for an SC2Y of size at least |SI=aw!

Lemma: 3 c-bit (a, /)-protocol for FORK

'::> 3 (c-1)-bit (a/2, [)-protocol for FORK

Amplification Lemma: for FORK, for a > 12

w

3 c-bit (a., [)-protocol _> 3 c-bit (@, £)-protocol

|Gring1, Spser "91]

D(FORK) = Q(log ¢ log w)



Direct Sum

® Direct product: The probability of success of
performing £ independent tasks decreases in 4.

® Yao’s XOR lemma, the parallel repetition theorem of
Ran Raz ...

® Direct sum: The amount of resources needed
to perform £ independent tasks grows with 4.

® direct sum problems in CC



Direct Sum Settings

f:XfXYf%{O,l}
g: X, xY, = {0,1}

subproblems are independent:
inputs are arbitrary over V((z¢,x,), (yf,yy)) € (X5 X Xy) X (Y X Y)

Hf over Xf < Yf Hg oveng X Yg IZ:> HF = Hf X Hg



Direct Sum Settings

f:XfXYf%{O,l}
g: X, xY, = {0,1}

F: Xgp XYF%{O,l}Q with <

F((zy,2g), (Yryg) = (f(zy,yy

communication complexity: CC(f,g) = CC(F)

for deterministic, randomized, nondeterministic protocols...



Direct Sum Settings
fiXpxYr—{0,1}

@fw\g(xgvyg) g : Xg X Yg — {O’ 1}

IfEXf
Ty € X,

-
' ”
| /@

A\

FXFXYF%{O,l} with <

F((zg,2g), (Wr,yg)) = fxp,yr)Ag(2g,g)

communication complexity: CC(f A g) £ CC(F)

for deterministic, randomized, nondeterministic protocols...



ooooo

Direct Sum Settings

f: XxY —1{0,1}

e XExYr —{0,1}"
fk(fv g) — (f(xlayl)a + 7f($k7yki))

communication complexity: CC(f*)




Direct Sum Problems

® Question |: Can CC(f¥) « k-CC(f) ?
® Question ll: Can CC(A*f) « k-CC(f) ?

® “Can we solve several problems simultaneously
in a way that is substantially better than to solve
each of the problems separately?”

® Answer(?) to QI: possibly “no” for all functions.

® Contemporary tool: Information Complexity



Randomized Protocols

f: X xY —{0,1}
e XEx YR = {0,1}"

= (y1,...,yx) €Y"

® |ndividually correct: each output(x;,y;) is correct
with probability > 2/3.

® Simultaneously correct: all output(x;,y;) are correct
simultaneously with probability > 2/3.

direct product (conjecture): The probability of simultaneous
success is < (2/3)%% with any communication cost < O(k - CC(/)).

examples: parallel repetition theorem,Yao XOR lemma



EQ: X xY — {0,1}
X =Y ={0,1}"

(z1,...,75) € XF @ > kav 7= (y1,...,y;) €YF
A, < 7

RPU(EQ) = O(1)

by checking whether (z,r) = (y,7)
where r is a shared random Boolean vector

and (z,r) := (Zx '>m0d2

is the inner-product over GF(2)



EQ: X xY — {0,1}
X =Y ={0,1}"

(z1,. ... amexk~€§ > ‘qaﬂg:@MWJMEYk
A, < ¥%

recall:

RPU(EQ) = O(1)

Theorem:

R(f) = O(R™(f) + logn)



X =Y =

EQ: X xY — {0,1}

10, 1}"

77

RPU(EQ) = O(1) R(f) = ORP™(f) + log n)

repeat the protocol on every J>
instance (x;,y;) for O(log k) times

RPU(EQ) = O(klog k)
R(EQ") = O(klogk + log n) <::

each instance: 1/3k error
Prloutput(z;, y;) = 1| 25 # vi] < 5%

~ union bound

all k instances: 1/3 error
Pr(3i, output(z;,y:) =1 | £ # ] < 3



EQ: X xY — {0,1}
X =Y ={0,1}"

recall:  Theorem: R(EQ)= ©O(logn)

consider k=log n :
R(EQ") = O(lognloglogn) < k- R(EQ) = O((logn)?)



Randomized Protocols

f:XxY—={0,1}  X=Y={0,1}"
e XEx YR = {0,1}"

> z]’(yh---,yk)GY"'
< ¥4
Observations:

individually correct: R(f k) < k-R(f)
simultaneously correct: R(f & ) =0(klogk-R(f))

individual: apply the protocol independently on k instances

simultaneous: repeat O(log k) times for every instance
individual error < 1/3k, then apply union bound



Randomized Protocols

e XEx YR = {0,1}"

Observations:
individually correct: RPub (fk) <k- RPUb(f)
simultaneously correct:  R°“°( %) = O(klogk - R™"°(f))

recall:

Theorem: R(f) = O(RP*(f) + logn)



Randomized Protocols

e XEx YR = {0,1}"

O (R™°(f*) + log kn)

( simultaneous
correctness )

< O (klogk - R™ (f) + logn)

when R™®(f) <« logn and R(f) = Q(logn)

this gives an acceleration over k - R(f) for small k



Randomized Protocols

e XEx YR = {0,1}"

Observations:
individually correct: RPub (fk) <k- RPUb(f)
simultaneously correct:  R°“°( %) = O(klogk - R™"°(f))



List-Non-Equality problem:
LNE; . (Z,7) = /\aj‘z#yz X =Y ={0,1}"

> ‘at‘ g:(yl,...,yk)éyk
<€

RPU(LNE ,,) =?  R(LNEy,,) =?

Ist trial: run the inner-product protocol on every (x;,y:)
each x;#y; is missed with probability 1/3

Pr[ miss one of z; # y;] = 1 — (2/3)"

-
¢ ”

= (z1,...,x5) € X" @

A\

2nd trial: run the protocol on every (x;,y;) for ®(log k) times
every x;#y; is missed with probability <1/3k
cost = O(k log k)

31rd trial: make every x;i#y; missed with probability <1/3k
and every (x;,y;) repeated for O(1) times on average!



List-Non-Equality problem:

LNE »(%,9) = N\ # v X =Y ={0,1}"
)
f:(x,...,x)GXk & > ‘a“ y_’:(yl,...,yk)EYk
for i=1 to k

repeat the IP protocol on (x;,y;) until detecting x;#y;;
break and return O at any time if overall repetitions > Ck ;
return 1;

communication complexity: O(Ck)

T, T, = Y, fl> always correct

Vi, T; #+ Y; fl> (C-1)k failures in Ck independent trials
each trial succeeds with prob. >1/2

Chernoff: C=3, exponentially small probability



List-Non-Equality problem:

LNE; . (Z,7) = /\aj‘z#yz X =Y ={0,1}"
R — k v > ‘GL‘ ) = Y*
r=(x1,...,25) € X ) = = (Y1, ---,Yk) €
for i=1 to k

repeat the IP protocol on (x;,y;) until detecting x;#y;;
break and return O at any time if overall repetitions > 3k ;
return 1;

communication complexity: O(k)
T, T = Y; fl> always correct
Vi, T # Y fl>

—> R (LNEy,,) = O(k) 5> R(LNEy.,.) = O(k + logn)

incorrect with exp(-$2(k)) prob.




List-Non-Equality problem:
LNEy, . (%, ) = /\xz £ y;

= (x1,...,25) € X"

Las Vegas:

for i=1 to k

repeat for < t times the IP protocol on (x;,y;) until detecting x;#y;;
if a (x;,y;) has been repeated for 7 times
Alice sends Bob x; to see whether x;=y;
and if so break and return 0;
return 1;

always correct if terminates
the first x; = y; :> costs O(r+n) bits

each z; # vy, :{> expectedly costs O(Zﬂ T2 t) =0(1)
when f=n




List-Non-Equality problem:
LNEy, . (%, ) = /\xz £ y;

= (x1,...,25) € X"

Las Vegas:

fori=1to k
repeat for < t times the IP protocol on (x;,y;) until detecting xi#y;;
if a (x;,y;) has been repeated for n times

Alice sends Bob x; to see whether x;=y;
and if so break and return 0;

return 1;

always correct if terminates
communication cost in expectation: O(k+n)

Re“P(LNEy ,,) = O(k + n) fl> Ro(LNEg ) = O(k + n)




List-Non-Equality problem:

LNEy . (%, 7) = /\azﬂéyz

Monte Carlo:  R(LNE ,,) = O(k + logn)
LasVegas: Ro(LNEg ,) = O(k +n)
while:  R(EQ) = ©(logn)
Ro(EQ) = ©(logn)

,,,,,



Nondeterministic Protocols

N1(f) : complexity of optimally certifying positive instances of f

u is a probability distribution over 1s of f:

u is a distribution over {(z,y) | f(z,y) =1}

Definition The rectangle size bound of fis

oo
B(f) = max min o

where R ranges over all 1-monochromatic rectangles.

Theorem

logy B.(f) < N1(f) < logy B.(f) + logy 7



, 1
B* (f) T ,ug\lfgrxls R:r{l—lrrelct. ,u( )

Theorem

logy B.(f) < Ni(f) < logy B.(f) + logy 7

N1 (f) = logy Ci(f)

C1(f) : #of monochromatic rectangles to cover 1s of f
optimal cover: C = { Ry, Ra, ... ,Rcl(f)}
for any distribution u over 1s of f:

1<) u(R) <Ci(f /) max p(R) fl> min — = < Cu(f)

ReC

the other direction:

build up a rectangle cover greedily by always taking the largest
rectangle in a uniform u over remaining 1s => Ci(f) < O(nB.(f))



1
B, = '
(f) 7 g\lfgrxls R:r{l—lrrelct. /L(R)

Theorem

logy B.(f) < Ni(f) < logy B.(f) + logy 7

B.(f Ng) = B.(f) - B«(9)

N1 (A" f) > log B.(A"f) = klog B.(f)
> k(N1 (f) — logn)

by symmetry: Ng(V*f) > k(No(f) — logn)

—> N(f*) > max(Ny (AF£), No(VE )
> k(N(f) — logn)

N(f) : complexity of optimal nondeterministic protocol for f




1
B, = ' —
(f) 7’ g\lfgrxls R:r{l—lrrelct. /L(R)

B.(f Ng) =2 B«(f) - B«(9)

suppose optimums are achieved by:

, 1 . 1
1 1
B* 7B>l< -~ -
:{> (f) < (B (g9) < o (F) for all 1-rectangles R

Goal: find a distribution u over 1s of fag such that

V1-rectangles R in fag,

u(R) < pp(Ry)p(Rg)
for some 1-rectangles Rsin fand R, in g

1 1
= B.(frg) > B e 2 B B




given urover 1s of f, and u, over 1s of g

Goal: find a distribution u over ls of fag such that
V1-rectangles R |nf/\g, (R) < ,uf(Rf) (R, ))

for some 1-rectangles Rf in fand R, in g

define 1 over inputs of fAg as:

u((wp,2g), (Vs vg)) = pp(Tr, yr)ig(xg, yg)

Jl> u is a distribution over 1s of fAg

Ry =(zr,ys) [ (zf,%), (yr, %)) € R}
Ry = (2g,4g) | (*,24), (%,44)) € R}

are 1-rectangles in fand g (because of A)

Ry x Ry ={((zr,2q), (Wr:Yg)) | (xf,yr) € Ry, (2g,y4) € Ry}
is a 1-rectangle in fAgand R C Rs X R,

—> u(R) < u(Ry x Ry) < p(Ry) - u(Ry)

V1-rectangle R in fag, projecticns{




1
B, = ' —
(f) 7’ g\lfgrxls R:r{l—lrrelct. /L(R)

B.(f Ng) =2 B«(f) - B«(9)

key property in the proof:
given urover 1s of f, and u, over 1s of g

find a distribution u over 1s of fAg such that
V1-rectangles R in fag, n(R) < pr(Re)u(R,)

for some 1-rectangles Rsin fand R, in g

consequence:

N(f*) > k(N(f) —logn)



Deterministic Protocols

D(f): complexity of optimal deterministic protocol for f

CCP(f*) wvs. k-CCP(f)




rank(f A g) = rank(f)rank(g)

commuhnication matrix:

Mpng = My @ M,

AN
Kronecker product
‘a1B - a1,B]
A®B = : :
amiB - amp B

A ®B((4,k), (J;1) = aijbg

rank(A ® B) = rank(A)rank(B)



rank(f A g) = rank(f)rank(g)
LNEy,(Z, ¥/ /\x@ #Yi so LNE;, = A"EQ

—> rank(LNEk,n) — rank(EQ)¥F = (2m)*
—> D(LNEy.,) > logrank(LNEy,,) = kn =n’

R(LNEk,n) — O(k € lOg TL) (1-sided error with

false negative)

recall:

N, (LNEx ) < R(LNE;.,,) = O(k + log n)
No(LNEg ) < O(logk + n) (Alice sends (i, x) with x=y; to Bob)
when k=n N(LNEg ,,) = O(n)



rank(f A g) = rank(f)rank(g)
there is a function (LNE) such that

D(f) = Q(No(f)N1(f))
D(f) = Q(Ro(f)?)

(both achieve largest possible gaps)



Disjointness

DISJ: X x Y — {0,1}

1 ifSNT =70

0 otherwise

DISJ(5, 7) — {




Disjointness

DIST: X x Y — {0,1}

X =Y ={0,1}"
1 Vz,xzyz = 0

0 otherwise

DISJ(z,y) = {

DISJ(x,y) = /\ T, VY = /\NAND(%',%‘)
i=1 i



D(DISJ) = Q(n) by fooling set

Theorem: [Kalyanasundaram, Schnitger’92] [Razborov’92]
[Bar-Yossef, Jayram, Kumar, Sivakumar’02]

R(DISJ) = Q(n)

Theorem: [Babai, Frankl, Simon’02]

The deterministic communication complexity
on distributional inputs:

D, (DISJ) = O(v/nlogn)

for all product distributions u.



D(DISJ) = Q(n) by fooling set

Theorem: [Kalyanasundaram, Schnitger’92] [Razborov’92]
[Bar-Yossef, Jayram, Kumar, Sivakumar’02]

R(DISJ) = Q(n)

idea: R(DISJ)

(A"NAND)
n

R
Q(n)R(NAND)?

IV

[Bar-Yossef, Jayram, Kumar, Sivakumar’02]

R(DISJ) > IC,(DISJ) = IC,(A"NAND)
> ()(n)IC,(NAND)



Information Theory

entropy:

ZP ) log ()

conditional entropy:
H(X|Y) Z P(yH(X|Y =y)

mutual information:

I(X;Y)=HX)-H(X|Y)=HY)-H(Y | X)

conditional mutual information:
I(X;Y|2)=H(X|2)-HX |YZ)

=I(X;YZ)-I(X;2)



private-coin randomized protocol 7 :

(X,Y) is sampled according to u

o >
X g : &su Y
g < ¥%
communication transcript I1=11(X, Y, ra, rB)

mutual info: I[(XY;Il) = H(XY) — H(XY | II)

the amount of info. about inputs one can get
by seeing the contents of communications



Definition

The (external) information cost of a protocol 7 is

ICu(m) = I1C5" (m) = I(XY;I0)

Definition: The information complexity of f'is

IC,,(f) = ir;f IC,, ()
where 7 ranges over all private-coin randomized protocols
for f with bounded-error on all inputs

IC.(f) optimizes over the same protocols as R( f)

input distribution u is only used to generate 11



X ranges over s values fl> O0<HX)=<logs

subadditivity:
HX,)Y)<HX)+ H(Y)
equality is achieved if and only if X, Y are independent
HX)Y | Z)<HX|Z)+ HY | Z)
equality is achieved if and only if X, Y are conditionally
independent given Z
data processing inequality:

if X, Z are conditionally independent given Y
I(X;Y [ Z) < I(X;Y)



ICu(f) = inf I(XY;TT)

where 7T ranges over all private-coin randomized protocols
for f with bounded-error on all inputs

Vi, R(f) 2 1C.(f)

7T : optimal private-coin protocol for f

R(f) = CC(r) > H(T) > [(XY;I) >1C,(f)

X ranges over s values Z{> O0<HX)=<logs



Z =(Z1,...,%y) are mutually independent

= 1(Z:10) > I(Zy310) + -+ 1(Z,; 1)

each (X;,Y)) is distributed independently according to u :
Pr((zi,y:) = (0,0)] = 4
Pr{(z;,y:) = (0,1)] = Pr{(2;, y:) = (1,0)] = i
(X,Y) follows the product distribution u”



[(XY;I0) > ) I(X;Y;10)
1=1

7t : optimal private-coin protocol for DIS]

comm. transcript I1=11(X, Y, ra, rB)

each (X;,Y;) is distributed independently according to u :
Pr((zi,y:) = (0,0)] = 4
Pr{(z;,y:) = (0,1)] = Pr{(2;, y:) = (1,0)] = i
(X,Y) follows the product distribution u”

all possible inputs have DISJ(X,Y)=1 (ls this a problem?)



S ata br In
mn mn

[(XY;ID) > ) I(X;Y;I0) > I(X;Y;11| D)
1=1 1=1

7t : optimal private-coin protocol for DIS]

comm. transcript I1=11(X, Y, ra, rB)

each (X;,Y;) is distributed independently according to u :

Sample uniform |f Di=0 |:> < ;92650’ 1} uniformly random
“switches” D;&{0,1} ;
. _ :> J X; =0
D — (D17 PR D’n,) |f Dz—l \in £ {0.1} uniformly random

Xi,Y; are conditionally independent given D!




I(X;Y;; 11| D) > IC,(NAND | D;)

(X, € {0, 1} uniformly random

sample uniform  if D=0 => {;'_,
“switches” D;&{0,1} .

D= (Dy,....D,) ifD=1 2>

| Y; € {0,1} uniformly random

A NAND(A,B) B
X2 Y>
z > 5
X, P,

< >

for i=1:

I(XZ}/Z,H ‘ D) = Ed2 dn[](XZ}/MH ‘ Dl,DQ — dg,...,Dn — dn)]

9o

fix any particular Dy = ds, ..., D, =d, X;,Y;are independent for i>1

Alice and Bob can sample X;,Y; with private coins
so that NAND(A,B) is solved by 11(AX>...X,, BY...Yy)

:{> I(X1Yy;1 | Dy, Dy =ds, ..., Dy =dy) > I1C,(NAND | Dy)



I(X,;Y;;11| D) > IC,(NAND | D;)

A NAND(AB) B
X? Y>
z > 5
X, : ‘s“ Y,

< >

for i=1 :
[(X;Y;; 11| D) =Eg,.. q, [(X;Y; 11| D1, Dy =da,..., Dy, =d,)]
fix any particular Dy = ds, ..., D, =d, X;,Y;are independent for i>1

Alice and Bob can sample X;,Y; with private coins
so that NAND(A,B) is solved by 11(AX>...X,, BY>...Yy)

this gives a private-coin protocol 6 for NAND
with bounded error on all inputs such that

I(ABﬁ@ ‘ Dl) :I(lel;H‘D17D2:d27°°°7Dn:dn)

—> I(X,Yi;1l| Dy, Dy =ds,..., D, = d,) > 1C,(NAND | D;)



R(f) 2 1CL(f)

[(XY;II) > ZI(XZY@;H) > ZI(Xz’Yi;H D)
i=1 i=1

I(X,;Y;;11| D) > IC,(NAND | D;)

fl> R(DISJ) > 1C,(DISJ)) = I(XY;II) > n-1C,(NAND | D;)

(X,Y) is sampled according to u

) -

>
comm. transcript I1=11(X, Y, ra, rB)

>

¢ ”

X

&

\ <




R(DISJ) > n - 1C,(NAND | D)

Goal: IC,(NAND | D) = Q(1)

NAND(A,B) II=II(A, B, ra, rs)

. >
'/I °
& . s
A\ < N
: (A e {0, 1} uniformly random
. = \
sample uniform it D=0 ':Il> B =0

“switches” D&E{0,1} £ D1 |:{> <’A=o

| B € {0,1} uniformly random

IC,(NAND | D) = I(AB;11 | D)
= sI(AB;II | D =0) + 3I(AB;II | D = 1)

= 21(A;T1(A,0)) + 2 1(B;11(0, B))  >7



%](A; H(A, O)) -+ %I(BS H(Ov B))

treat random variables I1(0,0),I1(0,1),II(1,0) as
vectors To.0, 70,1, 71,0 Where 7, (z) = Pr|Il(a,b) = z]

Definition: Hellinger Distance between two
probability distributions P={p.}, O={q\} :

HPQ) = = [[VP - VA, - \/§Z<@— Vi)’

|. relation to mutual information:
I(A;1I(A,0)) > h*(I1(0,0),II(1, 0))
I(B;11(0, B)) > h*(11(0,0),11(0, 1))
2. relation to total variation distance:
5P —Qlli < V2h(P,Q)
3. cut-and-paste:
h(Il(a,b),Il(c,d)) = h(Il(a,d),11(c, b))



Definition: Hellinger Distance between two
probability distributions P={p.}, O={q\} :

H7.Q) = 5 [VP -3l = [y - v

|. relation to mutual information:
I(A;11(A, 0)) > h*(11(0,0), I1(1, 0))
I(B;T1(0, B)) > h2(TI(0,0), TI(0, 1))

Kullback-Leibler divergence:  Dg1.(P||Q) = Z Da log o

Jensen-Shannon distance: — %( P+ Q)

IS(P.Q) = %(DKL(PH )+ Dict (@)

e IS(P,Q)>h*(P,Q)
e |1, B are random variables: B is a bit
I(B;I) =JS(II | B=0,11| B=1)



Definition: Hellinger Distance between two
probability distributions P={p.}, O={q\} :

H7.Q) = 5 [VP -3l = [y - v

|. relation to mutual information:
I(A;1I(A,0)) > h%(I1(0,0),I1(1,0))
I(B;11(0, B)) > h*(11(0,0),11(0, 1))
2. relation to total variation distance:
5P —Qlli < V2h(P,Q)
3. cut-and-paste:
h(Il(a,b),Il(c,d)) = h(Il(a,d),1I(c, b))



Definition: Hellinger Distance between two
probability distributions P={p.}, O={qx} :

h(P,@:éﬂﬁ—mﬂf\/;ﬂ@—@? =1-2 Vbt

3. cut-and-paste:
h(I1(z, y), (a, b)) = h(ll(z,b),11(a, y))
it is enough to prove: Vparticular transcript T

Pr|ll(a,b) = 7| Pr|ll(c,d) = 7| = Pr|ll(a,d) = 7| Pr|ll(c, b) = 7]

vparticular transcript 7, 3a “rectangle” R = S x T’
where §;,T: contain (input, random bits) pairs for Alice & Bob

Pr[ll(a,b) = 7] = Pr[((a, R4), (b, Rg)) € R,
= Pr|(a,Ra) € S;, (b, Rp) € T]
— Pr[(a, RA) - ST] Pr[(b, RB) - TT] (private coins)



Definition: Hellinger Distance between two
probability distributions P={p.}, O={q\} :

H7.Q) = 5 [VP -3l = [y - v

|. relation to mutual information:
I(A;1I(A,0)) > h%(I1(0,0),I1(1,0))
I(B;11(0, B)) > h*(11(0,0),11(0, 1))
2. relation to total variation distance:
5P —Qlli < V2h(P,Q)
3. cut-and-paste:
h(Il(a,b),Il(c,d)) = h(Il(a,d),1I(c, b))

5 1(A;TI(A,0)) + 51(B;T1(0, B))



Definition: Hellinger Distance between two
probability distributions P={p.}, O={qx} :

7.0 = 5 [VP A, = [y - e

SI(A;TI(A,0)) + 51(B;11(0, B))

(Ml bound) > = (h*(IIo,0,111,0) + h* (o0, o 1))

DO | —

'V
|

(Cauchy-Schwarz) (h(Ho,o, Hl,o) T h(HO,07 Ho,l))2

(triangle
inequality)

v
Ny

h*(T1(1,0),11(0, 1))

(cut&paste) > ~h*(I1(0,0),11(1,1))

=~ =

(TV bound) >

5| -

|T1(0,0) — II(1, 1)[If > Q(e”)

(soundness of the protocol)



Disjointness

DISJ,, = N"NAND
transcript 11

)

A < =7
(X1,Y1), ..., (X2,Y2) i.i.d. according to u
(Xi,Y:) conditionally independent given D;

If DZ—O :> {X € {0, 1} uniformly random |f Dl—l :> {Y € {0, 1} uniformly random

R(DISJ) > IC,(DISJ) = I(XY;1I) > ZI(XZ-YZ-;H D)

1=1

I(AB;1I | D) for NAND with input (A,B)~u
(1(A;11(A, 0)) + I(B;11(0, B)))

(e"n)

=n -
n
2
()

IV



Disjointness

DISJ: X x Y — {0,1}

1 ifSNT =70

0 otherwise

DISJ(5, 7) — {




Disjointness of k-Sets

DISJ? : X x Y — {0,1}

1 ifSNT =70

0 otherwise

DISJ?(S,T) = {



Disjointness of k-Sets

Theorem [Hastad, Wigderson’ 07]:
RP“(DISIY) = O(k)

Theorem [Hastad, Wigderson’ 07]:
R™(DISJ}) = O(f(k))

“fixed parameter tractable”



Theorem [Hastad, Wigderson’ 07]:

1= f(k) flk)=0(22)

RPU(DISJ}) = O(f(k))
T C Z;?
‘ Tecns

<§EE%ATC%?
. 7
public randomness: g

uniform independent Z1, Za, ..., Z: C [n]

4 [n] )

Observation:
@ S, T are disjoint if and only if:
A7ZC[n]suchthat SC Z AT C Z

S, T intersects IZ{> always correct
S, T disjoint > Pr[S C Z AT C Z] = 27
= PriVi, S € Z, VT € Zi) = (1 —272%)7%) <173




One phase:
TC [n]

bublic randomness:
uniform independent Z1, Z, ... C [n]

Assume: s=<t; Alice and Bob both know s and ¢

Alice sends the smallest i < 2% that S C Z; to Bob;

if no such Z; exists then stop and output “not disjoint”;
if ITN Zil < 3t/4 then T<-TN Z; and Bob updates |7 to Alice;
else stop and output “not disjoint”;

®* communication cost in one phase: O(s+7)

* the disjointness(non-disjointness) between §,T does not change;

e if S, T are disjoint, new (s’+t") < 7(s+1)/8 with probability 1-exp(-£2(¢)).
repeat phases until s+7=0(1), then solve it in O(22(+D)=0(1)
e overall communication cost: O (2721!4: (%)i) = O(k)

e accumulative error: > ;»1exp(—Q(k()")) = exp(—Q(1))



Disjointness of k-Sets

Theorem [Hastad, Wigderson’ 07]:
RP“(DISIY) = O(k)

Theorem [Hastad, Wigderson’ 07]:
R(DISJ;) = O(k + loglogn)



Direct Sum

f: X xY —={0,1} distribution i over XxY

CCL(f) : complexity of optimal protocols (using both public
and private coins) for f with bounded error on u

CC (f*) : bounded per-instance error
direct-sum:  CC,x (f*) > Q(k) - CC.(f)?

Theorem (Barak, Braverman, Chen, Rao 2010)

CCun (F*) = QVE - CCL(f))

and if U is a product measure

Cpur (f*) = Q(k - CCL(f))



Compression of Protocols

(X,Y) is sampled according to u

- M
X

&

L\ <

N

M’

public coins R

If there is a N that INI«<IMI| and N allows
Bob to output an N’ identically distributed as M’

then N contains the same amount of information as M.

protocols . . .
To compress messages to the size of information entropy?

entropy of a message might be o(1)



Information Complexity

protocol 7 :

(X,Y) is sampled according to u

- .
X ) . &sa Y

| I
comm. transcript I1=11(X, Y, Rpub, Ra, RB)

(including public coins)

Definition (Chakrabarti, Shi, Wirth, Yao 2001)
The (internal) information cost of a protocol 7 is

IC,(m) =1L X |Y)+ I(ILY | X)



Information Theory

entropy:

ZP ) log ()

conditional entropy:
H(X|Y) Z P(yH(X|Y =y)

mutual information:

I(X;Y)=HX)-H(X|Y)=HY)-H(Y | X)

conditional mutual information:
I(X;Y|2)=H(X|2)-HX |YZ)

=I(X;YZ)-I(X;2)



Information Complexity

protocol 7 :

(X,Y) is sampled according to u

- .
X ) . &sa Y

- I
comm. transcript I1=11(X, Y, Rpu, Ra, RB)

(including public coins)

Definition (Chakrabarti, Shi, Wirth, Yao 2001)
The (internal) information cost of a protocol 7 is

IC,(m) =1L X |Y)+ I(ILY | X)



Information Complexity

Definition (Chakrabarti, Shi, Wirth, Yao 2001)
The (internal) information cost of a protocol 7 is

IC,(m)=1(I; X | Y)+ I(IL;Y | X)

how much additional info Alice and Bob can learn about
each other’s inputs by observing the transcript 11

external information cost:  I1C5" () = I(II; XY)

Definition: The information complexity of fis

IC,(f) = 1nf IC,, ()

where 7T ranges over all bounded-error (on ) protocols for f



Information Complexity

Definition (Chakrabarti, Shi, Wirth, Yao 2001)
The (internal) information cost of a protocol 7 is

IC(n) = I(ILX | V) + I(ILY | X)

Definition: The information complexity of f'is

C,(f) = inf1C,,(m)

where 7T ranges over all bounded-error (on lt) protocols for f

CC,(m) > 1C,(m) for any distribution  and protocol 7

Can we transform any wto a 7 with CC,(7) = O(IC,())?



Theorem (Raz 1998, BBCR 2010)
ICk (fF) = k- 1C,(f)

fl> v protocol 7 for f* with bounded (per-instance) error on u*

3 protocol 6 for f with bounded error on u such that

IC k()
IC,,(0) < k

program of Barak-Braverman-Chen-Rao:

CCx(f*) = CCu(m) > 1Cn(m) > k-1C,(0)
=) = (k- CCu(n) = k- CCu(f))

Make a wish: protocol 0 can be compressed to protocol T with

CC.(7) = O(IC,.(6))



V protocol i for f* with bounded (per-instance) error on u*
3 protocol 6 for f with bounded error on u such that
IC k()

k

ICL(0) <

Theorem (BBCR 2010)

if v protocol 0 with IC,(0)=I and CC,(0)=C, 3 protocol T
with CC,(7)=< g(1,C) that simulates 0, then

g (%ccuk(fk), ccuk(f’f)> > CCL(f)

Definition: a protocol 7is said to 0-simulate protocol
6 over inputs (X,Y)~u if there exists a mapping ¢ such
that Il ¢(I1)-O ll1<o for I1 = I1(X,Y), © = O(X,Y).



V protocol i for f* with bounded (per-instance) error on u*

3 protocol 6 for f with bounded error on u such that

IC,(0) < ICPJZ(W) and CC,(0) < CC k()

Theorem (BBCR 2010)

if v protocol 0 with IC,(0)=I and CC,(0)=C, 3 protocol T
with CC,(7)=< g(1,C) that simulates 0, then

g (%ccuk(fk), ccuk(f’f)> > CCL(f)

Ccuk (fk) — CCM’“ (77) > ICM"“ (7‘-) > k- IC,LL(H) :> |C < CC (fk)

CC,(0) < CCpu(m) = CC i (fF)

:{> 3 protocol 7 with CC,(7) < g (%CCM;«(]‘%), CC,Lk(fk)>



Theorem (BBCR 2010)

if v protocol 0 with IC,(0)=I and CC,(0)=C, 3 protocol T
with CC,(7)< g(1,C) that simulates 0, then

g (%ccﬂk(fk), ccuk(f’f)> > CCL(f)

Theorem (BBCR 2010)

Any protocol with |IC I and CC C can be simulated
by another protocol with CC < ¢(1,C) = O(VI - O).

Theorem (BBCR 2010)
CCun(f*) = Q(VE - CCL(f))



Theorem (Raz 1998, BBCR 2010)
ICk (fF) = k- 1C,(f)

< direction: easy by independent repetitions

> direction: given protocol 7 for f* with (per-instance) error on u*

: IC,x
construct protocol 6 for f with bounded error on u: 1C,(6) < “k(ﬁ)
led b A1 1
sampled by : . sampled by
public coin . (Xa Y) ~ H : private coin
' Yii
- )
<€
led b Lo
sampled by : - . sampled by
srivate coin ) i€[k] is random : ublic coin
X, sampled via public coins Yi

to ensure: (X:?) ~ 1 6: run x on (X,Y)



Theorem (Raz 1998, BBCR 2010)
ICk (fF) = k- 1C,(f)

led b A1 h
sampled by : . sampled by
public coin . (Xa Y) ~ H : private coin
' Yi1
> Y
<
ed b Yi+1
sample : : :
Pl”ival?ce COi)I; : i€[k] is random ; SauIE::i)cl:ecc:loti)r)\l
X sampled via public coins Yi g
to ensure: (X,Y) ~ pu¥ O:run on (X,Y)
i k
1
16: X |Y) =3 JI(ILX |V, Xei, Vo) _EZ (I X, | X<, Vi)
1=1 1=1
(Xidand YTIZ- are 1 k 1
conditionally - _ .
independent k Z I X | X<y Y) = kI(H’ = ‘ Y) (chain rule)

given X ;Y>;)



Theorem (Raz 1998, BBCR 2010)
ICk (fF) = k- 1C,(f)

< direction: easy by independent repetitions

> direction: given protocol 7 for f* with (per-instance) error on u*

. IC
construct protocol 0 for f with bounded error on u: 1€,(9) < “k(”)

(O:X V)< IILX|Y) IO |X) < IILY | X)

IC,(0)=10;X |Y)+I1(0;Y | X)
< (X | Y) + I(IY | X))
1C % ()

L

k




Theorem (Braverman, Rao 2011)
“Information = Amortized Communication’

CC,x(fF
lim a ()
k— 00 k

— ICu(f)



Asymmetric Communications

f:40,1}™ x {0,1}" — {0,1}
a:E{O,l}m > yE{O,l}”
< 4

D(f) < min{m,n}

when m < n itis always very cheap to send x to Bob

we want something like this:

“To successfully solve f, either Alice has to send a total
of at least a bits or Bob has to send a total of b bits.”



Asymmetric Communications

f:X xY = {0,1)

e a bits total
reX g @ cY
g < Y Y

b bits total

la.,b]-protocol: Alice sends a total of <a bits
Bob sends a total of <b bits

while communications are still interactive and adaptive



Data Structures

query Xx
database l ACCESS

Y= (y1,¥2:---,yn) €Y data structure

S e o - 3
@ Jiw ®  |preprocessing |

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,



Nearest Neighbor Search
(NNS)

metric space (X,dist) query £ € X

database l access

— ’ ooy Yn) € X"
y = (y1,92 Yn) data structure

"/‘_,,—" . \\\\\

7 e o -
@ ® :r" ®  |preprocessing
. .... .

13

L

output: the data point y; that is closest to the query x

applications: database, pattern matching, machine learning, ...

Curse of dimensionality!



Cell-Probe Model

(Yao 1981)

f:XxY —{0,1} query 7 € X
database Jlgorithm A: ”«7/
Yy - Y (decision tree) o

t adaptive
e table ell-probes

S e ® . v
@ @ © ® code T }w bits

\,

L O T.V 38 s cells (words)
where ¥ = {0,1}"

protocol (cell-probing scheme): the pair (A, T)



Cell-Probe Model

query © € X
A- Il fy)=Ax, Tolil, .., Tlir1])
i1=AX) i =\:4(x, Tylii])  ix= A, Tylitl, -... Tylic1])
l1 I> e o 0 o Ik
\ 4 % v

table 7.y — ¢

database y € Y

(s,w,f)=cell-probing scheme



7
ai >
2— b1 -B(y, a1)
abzz ) b> =B(y, a1, a2)
b

bi=B(y, ai,..., a;)
Cl‘_|_1=A(x, bl)"') bl) .

fix,y)=A(x, by,..., by)



f: X xYx—{0,1}

oblivious
> QP yevy
< g Y
ar=A(x) 4
b
< : bl =B(y, 611)
ar - A(x, by) abz >
—— b-B(y, a)
b bi-B(y, a;
aiv1 =Ax, bi,..., b))~ i=B(y, ai)
say a; € [s], biE X

fix,y)=A(x, by,..., by)

B:Y x|S] =%
equivalent: B:Y — X»°



f: XxYx —{0,1}

oblivious
reX . ~ P ey
: 7
random coins r
23! =A(I", X) ‘@ >
b
< al bl =B(y, 611)
a2=A(r,X, bl) [92 >
—— b-B(y, @)
Y biB
< . .
ai+1=A(r, x, by,..., b;) i=B(y, ai)
say a; € [s], biE X

fix,y)=A(r, x, by,..., by)

with large probability

B:Y x[S] =¥
equivalent: B:Y — X»°



f:40,1}"™ x {0,1}"™ — {0,1}

every round: oblivious
log(s) bits
g ‘@“ y € {0,1}"
< - —
w bits
T:Y — 3°
t rounds where X = {0,1}"

(s,wf)=cell-probing scheme

tradeoff between time complexity t and
space complexity s, w in optimal protocol

t > g(s,w,m,n)?



f:40,1}"™ x {0,1}"™ — {0,1}

every round: adaptive
log(s) bits
<€ ) V
w bits
t rounds

trivial solution for adaptive Bob:

n
< —
w



f:40,1}"™ x {0,1}"™ — {0,1}

every round: oblivious
log(s) bits
> P yeqoy
<€ ) V
w bits .
t rounds Y — 2

where > = {0,1}¥
trivial solution for adaptive Bob:
m n
S t < —
log s w

trivial solution for oblivious Bob (cell-probe model):

T
t < — sw < 2" for any nontrivial ¢

W
(retrieve entire database) (store answers for all queries)



f:40,1}"™ x {0,1}"™ — {0,1}

every round: oblivious
log(s) bits
> P yeqoy
<€ ) y
w bits .
t rounds Y — 2

where ¥ ={0,1}"
trivial solution for oblivious Bob (cell-probe model):
n
t < — sw < 2" for any nontrivial ¢

w
(retrieve entire database) (store answers for all queries)

Theorem (Miltersen 1999)
there exists such £:{0,1}”x{0,1}"—{0,1} that any
deterministic cell-probing scheme solving f must have:

either ¢t > % —logm —O(1) or sw > (1 —o0(1))2™



Asymmetric Communications

f:X xY = {0,1)

o a bits total
L q ‘sv
@ ( yecyY

N,
b bits total -

re X

la.,b]-protocol: Alice sends a total of <a bits
Bob sends a total of <b bits

(s,w,t)-cell-probing scheme > [ log s, wt]-protocol



The Richness Lemma

f: XxY —1{0,1}

a-dense: density of 1s = «
(u,v)-rich: =v columns contain =u 1s

|a,b]-protocol: Alice sends a total of <a bits
Bob sends a total of <b bits

(s,w,t)-cell-probing scheme

> [ log s, wt]-protocol

Richness lemma (Miltersen, Nisan, Safra, Wigderson, 1995)

fis a-dense }
f has [a,b]-protocol

>

f has 1-rectangle of size:
alX| ~afY]
20(a) ~* 90(a+b)




The Richness Lemma

f: XxY —1{0,1}

a-dense: density of 1s = «
(u,v)-rich: =v columns contain =u 1s

|a,b]-protocol: Alice sends a total of <a bits
Bob sends a total of <b bits

(s,w,t)-cell-probing scheme > [ log s, wt]-protocol

Richness lemma (Miltersen, Nisan, Safra, Wigderson, 1995)

fis a-dense } >f has 1-rectangle of size:

ol X| alY|
2O0(tlogs)  9O(t(w+log s))

f has (s,w,f)-cell-probing scheme



(u,v)-rich: =v columns contain =u 1s

Richness lemma (Miltersen, Nisan, Safra, Wigderson, 1995)

fis (u,v)-rich
f has [a,b]-protocol

}

> f has l-rectangle of size:

u U

f 0 | Y
X
f Y
0
|
X

20(a) * 90(atb)

if Bob sends the first bit:

f is partitioned to 2 subproblems
each solved by a [a, b-1]-protocol

one of them must be (u,v/2)-rich

if Alice sends the first bit:

f is partitioned to 2 subproblems
each solved by a [a-1, b]-protocol

one of them must be (1/2,v/2)-rich



(u,v)-rich: =v columns contain =u 1s

Richness lemma (Miltersen, Nisan, Safra, Wigderson, 1995)

fis (u,v)-rich } > f has 1-rectangle of size:

U v
f'has [a,b]-protocol 20(a) * 90(atb)

Richness lemma (Miltersen, Nisan, Safra, Wigderson, 1995)

fis a-dense } >f has 1-rectangle of size:

ol X| alY|
2O0(tlogs)  9O(t(w+log s))

f has (s,w,f)-cell-probing scheme



Approximate Near Neighbor

(ANN)

Hamming space X = {0,1}% query x € X

database l ACCEess

— ’ ooy Yn) € X"
y = (y1,92 Yn) data structure

13

A-NN: determine whether 3y; that is /-close to x

e radius A

E- . @
@ o L 0 preprocessing

[ approx ratio )/>1

(4,7)-ANN: answer “yes” if 3y; that is A-close to x

“no” if all y;are y/-far from x
arbitrary if otherwise



Lower Bounds for Hamming NNS

Hamming space X = {0, 1}¢

time: t cell-probes;

database y € X"

space: s cells, each of w bits

deterministic

randomized

t =1 (1023) [Miltersen et al. STOC’ 93] t =) (1023)
p [Barkol, Rabani, STOC’00]
exact t =) ( _w) [Patrascu, Thorup, STOC’06]

og =4

— ( g 20 ) ours [Patrascu, Thorup, STOC’06]

. = QO log log d oht fi - 1
[Liu, 2004] lgloglogd ) tight for s = poly(n)

[Chakrabarti, Regev, FOCS’04]

aPPrOX ( Tw) [Patrascu, Thorup, STOC’06] = QO (1(1)(;g % )

d
t =1} (1Og%) ours

[Panigrahy, Talwar, Wieder, FOCS’08]
[Panigrahy, Talwar, Wieder, FOCS’10]




(u,v)-rich: =v columns contain =u 1s

Richness lemma (Miltersen, Nisan, Safra, Wigderson, 1995)

fis (u,v)-rich } > f has 1-rectangle of size:

U v
f'has [a,b]-protocol 20(a) * 90(atb)

Richness lemma (Miltersen, Nisan, Safra, Wigderson, 1995)

fis a-dense } >f has 1-rectangle of size:

ol X| alY|
2O0(tlogs)  9O(t(w+log s))

f has (s,w,f)-cell-probing scheme



Metric Expansion

metric space X = {0,1}“

Definition (metric expansion)

Metric space X is (1,9 ,W)-expanding if
any 1/®d-fraction of X expands to all but at
most 1/W-fraction of X in A distance.

Harper’s Inequality
Hamming space is (0(d), 24 29(d))_expanding

(extremal expansion achieved by Hamming balls)

> there is no 1-rectangle of size gcid s 9c2nd for c3d-NN

for some constant C1,C2,C3 © (O, 1) S ; n \/2111;2%)




A-NN: {0,1}¢ x {0,1}**4 — {0,1}

there is no 1-rectangle of size gcid s 9c2nd for c3d-NN

Richness lemma (Miltersen, Nisan, Safra, Wigderson, 1995)

fis a-dense } >f has 1-rectangle of size:

a| X alY
20(tlog s) X 20 (t(w+log s))

f has (s,w,f)-cell-probing scheme

> for A-NN: either t:Q( d

1og3) or wt = Q(nd)

Cell-Sampling Richness lemmma

fis a-dense Vi < A < s, f has l-rectangle of size:
I ax ol
20(tlog %) X 20(wA+Alog X)

f has (s,w,f)-cell-probing scheme

> for A-NN: choose some A:@(%d) , then t:Q( d )

log %



Lower Bounds for Hamming NNS

Hamming space X = {0, 1}¢

time: t cell-probes;

database y € X"

space: s cells, each of w bits

deterministic

randomized

t =1 (1023) [Miltersen et al. STOC’ 93] t =) (1023)
p [Barkol, Rabani, STOC’00]
exact t =) ( _w) [Patrascu, Thorup, STOC’06]

og =4

— ( g 20 ) ours [Patrascu, Thorup, STOC’06]

. = QO log log d oht fi - 1
[Liu, 2004] lgloglogd ) tight for s = poly(n)

[Chakrabarti, Regev, FOCS’04]

aPPrOX ( Tw) [Patrascu, Thorup, STOC’06] = QO (1(1)(;g % )

d
t =1} (1Og%) ours

[Panigrahy, Talwar, Wieder, FOCS’08]
[Panigrahy, Talwar, Wieder, FOCS’10]







