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Abstract
Higher-order process calculi, for its abstraction capability and theoretical significance, have
constantly been receiving much attention in the field of process calculi, and stand as a mathematical tool for describing and analyzing mobile systems with dynamically changing inter-connection
structures. In this thesis we contribute to the higher-order paradigm in several aspects.
• Higher-order π-calculus with mismatch: the bisimulation theory. Linear fragment of higherorder π-calculus with mismatch: the axiomatization.
The problem of the axiomatization of higher-order process calculi, such as higher-order πcalculus, is always a non-trivial one. However, it is important, both in theory and practice,
to be able to decide whether two higher-order processes are equivalent with respect to some
bisimulation, which needs an algorithm that can effectively analyze and give an answer
efficiently. We further the available work by considering the higher-order π-calculus with
mismatch, which is a useful operator in bisimulation theory and especially the axiomatization, from algorithmic point of view. We first formulate the bisimulation theory, where the
bisimulation we define is called open weak higher-order bisimulation, which is a non-delayed
and open-styled bisimulation, in presence of the mismatch operator, and then follow the
linear approach when designing the axiom system, that is restrain to the linear fragment of
the calculus. In terms of the characterization of the open weak higher-order bisimulation,
including properties exclusive in linear calculi such as the relationship between the equivalence of prefixed processes and the equivalence of their continuations, we eventually prove
the completeness theorem of our axiom system.
Our work on bisimulation theory and axiomatization not only extends previous one by
influxing a useful operator, but pushes forward more ahead on the way to more advanced
study on higher-order axiomatization as well. It also gives insight into the study of other
higher-order languages, such as Ambient calculi.
• Encoding first-order π-calculus with higher-order CCS.
Encoding between different calculi is an effective way to compare the expressive power of
them and can shed light on the essence of where the difference lies. Thomsen and Sangiorgi
have worked on the higher-order calculi (higher-order CCS and higher-order π-calculus,
respectively) and the encoding to and from first-order π-calculus. But the work is not
complete, in that the encoding of first-order π-calculus with higher-order CCS lacks a fully
abstract result. In this paper, we try to settle this part. We follow the encoding strategy,
first by Thomsen, of translating first-order π-calculus into Plain CHOCS. We show that
the encoding strategy is fully abstract with respect to ground bisimilarity (in first-order
π-calculus) and wired bisimilarity (in Plain CHOCS), which is a bisimulation we define on
wired processes that only send and receive wires, which is the core in the encoding strategy.
Moreover from the fact that wired bisimilarity implies the well-known context bisimilarity,
we secure the soundness of the encoding, with respect to ground bisimilarity and context
bisimilarity. We use index technique to get around all the technical details to reach these
main results, that is the index technique is applied to the original encoding strategy to take
care of the extra internal actions generated during the encoding, and then the results in
indexed version of the encoding is bridged to the original (non-indexed) encoding. We also
make some discussions on how to obtain full abstraction on other reasonable bisimulations
in either calculus.
Our work on the encoding between process calculi cracks down the long unsettled problem on
expressing first-order π-calculus in higher-order CCS, thus complementing the encoding between the two kinds of calculi. The contribution mainly lies in solidifying the bridge between
first-order calculi and higher-order calculi. Furthermore, it can entail another encoding of
λ-calculus using higher-order calculi.
• Logical characterization of local bisimulation in linear higher-order π-calculus.
Besides work on bisimulations in higher-order process calculi in an algebraic way, logic is also
used to study bisimulations. Logical characterization of strong and weak context bisimulation
i

in Plain CHOCS has been reported. In this thesis, we make some new work on linear process
calculi in a logical way. We endeavor to find a logical characterization of local bisimulation
in linear higher-order π-calculus. We prepare for the characterization in two steps: first we
simplify local bisimilarity with some variants; second we approximate the local bisimilarity
with a descending chain of bisimulations. To achieve the logical characterization, we have
to exercise a reformulation on the calculus and obtain an equivalent one (in the sense of
bisimulation) easier for the characterization. Our logic has full negation and is simpler than
available ones, in that higher-order modality is downscaled to resembling first-order ones,
and constructive implication operator is merely used to cope with first-order bound output.
We prove the characterization theorem relating logical equivalence to local bisimilarity.
Our work on logical characterization mainly contributes to the study of higher-order process
calculi by offering another viewpoint, the logical viewpoint, thus complementing the algebraic
approach. Moreover, converting a bisimulation equivalence checking to a logical equivalence
checking entails immediately the feasibility of logical methodology, which is equipped with
both various model checking algorithms and practical tools.
Our work in this thesis not only investigates several aspects of higher-order paradigm, but convey some meaningful information as well. One point is that linearity plays a crucial role in securing
a sound and complete axiom system in higher-order calculi. This feature successfully downscales
the expressive power of communicating processes. Another point is that complementary to the
representability of higher-order calculi by first-order π-calculus, we show that the converse also
holds with respect to reasonable bisimilarities. This adds to the faithfulness that higher-order
paradigm is relatively stand-alone, which renders it more appealing with its extra abstracting
capability. The logical characterization offers some insight into the linearity by exhibitting that
a simpler yet complete logical language solidifies the bisimulation equivalence, which expands the
application area of higher-order process calculi.
Key words:
Bisimulation, Axiomatization, Encoding, Logical characterization, π-calculus,
CCS, Higher-order, Process calculus
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Chapter 1

Introduction
Process calculi are a research field that emphasizes and motivates the study of concurrent
systems, forming a part of the basis of programming languages. The research of process calculi
has been continuously developing since the first few founding contribution by Milner [62] [64],
Hoare [51] [52] and etc., including such prominent calculi as CCS and CSP, whose ideas and formal
systems had derived from some still more previous work, such as Abstract Chemical Machine [19].
The research methodology was set a basic tone since then, and various addition, improvement and
refinement have been worked out. The most important topic in process calculi is that given two
processes, one shall ask a question that to what extent they are alike, that is, can they simulate
each other. This is the most important research branch in process calculi, the bisimulation theory,
which was first put forward and studied by Milner and Park [73]. The most well-known is the strong
bisimulation in CCS [64], after that a world of study on bisimulation has been keeping emerging,
for example the barbed bisimilarity that stresses the reduction-based behavior of processes, and
what is interesting is that it coincides with the usual observational equivalence. Based on the
bisimulation theory, a natural thought is that a checking algorithm shall better exist to perform
the bisimulation checking. This leads to the construction of an axiom system, of which the most
typical is that for CCS [64]. Again for a host of process calculi and their bisimulation theories,
various axiomatizations were designed. But an interesting thing is that the axiom system for CCS
seems a critical core of other axiom systems, from a certain viewpoint, though later the story was
added some fresh ideas with the appearance of mobile processes and higher-order processes.
From practical point of view, process calculi play a significant role in the foundation of programming languages, in that it lays a basis for understanding the behavior of concurrent processes,
including their independent action and more important, their communication. Process calculi can
be used to model various systems, especially the distributed concurrent systems, such as network
computing and grid computing. In addition, they offer a formal credibility that the implementation of a certain system is indeed consistent with its specification, making best of bisimulation
theories. Moreover, with the help of traditional logics and model checking technique, a checking
algorithm that decides whether two processes are equivalent with respect to some bisimulation
can be designed and implemented. This is possible thanks to the axiomatization (if any) of the
process calculus used in application. Some software tools have been emerging and evolving better
in recent years, such as Concurrent Workbench [70]. On the programming languages and implementation side, some languages appeared in the last few decades, such as FACILE [42], LCCS [60]
and Object Calculus [72] in which a combination of π-calculus and λ-calculus is tried to provide
a uniform framework for the foundation of object-oriented languages.
Process calculi have been proven to be extremely effective as both a specification tool and
as a method for analyzing and verifying properties of processes in concurrent system. With the
modeling capability and essential theories on bisimulation, they constitute a solid foundation for
the study and understanding of current systems. In this thesis, our work is dwelled in the area of
a branch of process calculi, the higher-order paradigm.
1

1.1
1.1.1

Background
General on process calculi

Research on theories of concurrent systems is among the most interesting and challenging
areas in computer science. Typically, a concurrent system is composed of a number of distinct and
independent entities which may interact with one another by exchanging messages. These entities
are processes. In fact, concurrent phenomena exist nearly everywhere in life, for example, different
branches of signal pathways in biology. However, the description and analysis of concurrent
behaviors is not a trivial task. The overall behavior of a system is a non-trivial addition of the
components in the system, actually the composition can be very tricky and results in a rather
complicated system-level actions. Moreover, the evolution of the components can further interact
to form consequent behavior. An exclusive characteristic of the interactions in a concurrent system
is that they possess non-determinism, that is, sometimes behavior can happen or cease without any
clues (and/or in the meanwhile rather than in a sequential manner), which adds to the complexity
of the system.
A wealth of methods have been proposed to model and reason about concurrent systems. There
are basically two kind of semantics for explaining concurrency, or behavioral equivalence for the
parallel composition in process calculi. The first is interleaving, in which concurrency (parallel
composition) is reduced to sequential behavior and non-determinism. The other is intensional in
which parallel composition is thought of as a primitive operator, and this is called true concurrency,
which indicates that the former is not “true”. The second class is represented by theories such
as Petri Nets [80] and Event structures [101]. They deal with concurrency in somewhat a truly
parallel manner, i.e. some events happen simultaneously. Conventionally, interleaving semantics
is more desirable than intentional in most process calculi for its relative simplicity and well-form.
And it has its important value both in theory and potential application prospect. On the other
hand, some effort was also paid toward combining the two semantics and finding a uniform theory,
such as [3] [5]. In this thesis, we focus on this kind of concurrency.
Process calculi, the name advocated by Milner in [64], or process algebra, are among the most
successful models for concurrency. They fall into the first class of semantics mentioned above.
The members consist of CCS [62] [64], CSP [52], SCCS [63], ACP [17], MEIJE [93], π-calculus
[69], χ-calculus [35], (Plain) CHOCS [96], higher-order π-calculus [82] and linear higher-order
π-calculus [36]. The semantics is often given as an operational semantics. Process calculi studies
the behavior of processes, their similarity, axiomatization and etc., while process algebras stress
the analysis of a composition of processes in an algebraic style. CCS (Calculus of Communicating
Systems) [64], by Robin Milner, is widely accepted as original and a milestone in the research field
of process calculus. Compared to λ-calculus, CCS studies the interaction and communication of
processes, emphasizing concurrent behaviors, whereas λ-calculus studies the functional behaviors
of entities, especially the applicative characteristics. Hence, λ-calculus computes by sequential
application, while CCS computes by concurrent communications [66] [67]. The crucial feature of
CCS is its primitive operators that embody an intuitive idea on communication systems, especially
the parallel composition operator, which models the situation that two processes are put in a
concurrent position, thus composing a communication system.
Denotational method can also be used to define semantics of process calculi. However the
success of operational semantics has shadowed the merit of denotational approach, though some
work on investigating equivalence on processes is available, such as that in [52]. In [4], a method
of how to arrive at fully abstract denotational semantics for bisimulation equivalence is provided,
thus triggering successive work on studying process calculi within the denotational framework.
In [96], a denotational semantic for CHOCS is studied and shown to coincide with its operational
semantics.

1.1.2

Mobility

CCS, as an initiator, has its restriction that is with other contemporary process algebras such
as CSP (Communicating Sequential Processes) [52] and ACP (Algebra of Communicating Processes) [17] [18]. That is, the ports (or channels) on which communications happen are statically
defined and cannot be changed once the syntax of the processes is given. This defect renders CCS
inappropriate to describe a concurrent system with dynamically changing topology of ports (or a
mobile system). In [64], the typical problem arises when CCS is used to specify a toy programming
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language by translation. In that case, different function calls of a certain function instance with
a set of parameters shall receive a return of the result, and it must be guaranteed that the result
is sent to the corresponding caller. One can define a set of ports based on the identities of the
caller beforehand and bind it with the function, however, this is somewhat clumsy in that the
caller must be known in advance and the ports are fixed once and for all. A better solution is to
dynamically generate a port the time a caller makes the call and later return the result on that
port. This leads to a system with mobility.
As a matter of fact, mobility penetrates into a lot of aspects in life. To give an example, consider
the web service application. Typically, a web service is managed by a certain company (such as
GOOGLE), and the company offers some interfaces to allow the invocation of the web service.
A user first communicates with the query server to establish a connection (channel), then he/she
chooses some desired service through the channel and receive from the server the data that include
the real location of the service (such as an url). Then the user turns off the former connection and
communicates with another server with the information in the data and build another connection
with it. After that the service can be enjoyed by the user. This example eliminate other elements
in web service invoking like authentication. One can see that the communication channels (the
connection) is dynamically changing, establishing and revoking, which is the essence of mobility.
This example above explains one kind of mobility, where the mobility is achieved by exchanging
port names (or references like those in programming languages). There are actually another kind,
that is communication of processes instead of ports, which results in a higher-order calculus. For
instance, in a mobile telephone network applications can be downloaded from anywhere within
the network onto a user’s handset, and in this case, the things that move are integrate entities
(processes), not port names (or references). This resembles λ-calculus in a sense since functions
can also be involved as a parameter in an application. Correspondingly, the reference-sending
mobility leads to first-order mobile process calculi, such as those in [63] [30], and π-calculus [69]
where ports and values are uniformly treated as names, and the entity-sending mobility leads to
higher-order process calculi, such as higher-order CCS [95] [96] or higher-order π-calculus [82] [85].
Furthermore, process calculi for mobile systems entail an elegant expression of λ-calculus, both in
first-order [66] and higher-order [82] situations.
Unlike first-order process calculi investigating mobility, which is represented by π-calculus, a
prototypical calculus that is relatively thoroughly studied by Robin Milner, Joachim Parrow and
David Walker in [69] [68], higher-order process calculi were lacking a well-established mathematical
framework, including bisimulation and axiomatization, though a variety higher-order calculi do
keep rising in the past few decades. This is improved tremendously by Davide Sangiorgi [82]
[83] [85], in the bisimulation theories, however little result has been reported, to my knowledge,
on aspects like building a equational system. Moreover, there are still some interesting topics in
higher-order paradigm. Bisimulation theory is the main topic. And axiomatization is another.
We will mention these topics in the next section, together with the introduction of the work in
this thesis.
The purpose of this thesis is to further study in the second field, i.e. the higher-order paradigm,
where mobility is achieved by allowing processes to be communicated. We will give a brief overview
of the related major work contributed on concurrent systems during the last few decades. At the
same time, we will undergo some discussion on the motivation for the research majorities in
this thesis. We will also point out some critical workout in this thesis as contribution to make
clear what kind of work has been done. A considerate amount of effort has been devoted to the
study of higher-order process calculi, especially in bisimulation theory, axiomatization, comparison
between first-order process calculi and logical framework for higher-order calculi. We will expand
these topics in several parts of the thesis.

1.2

Motivation and contribution

We have introduced mobility in the last section. In this section, we give more instances of
calculi on it and gradually pose our work.
Models of concurrency systems with mobility are usually regarded as being led by actor systems [50] [49] [6] [7]. Actors comprising an actor system are objects with active capabilities to
communicate with each other through messages. Actors are related by acquaintance, which looks
like connection. By acquaintance, an actor can communicate with those it is acquainted with.
And the dynamic behavior of an actor system is determined by the behavior of the actors in it:
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creation of new actors and alternation of acquaintance among actors during the computation. The
message can contain reference to another actor, thus resulting possibly a new acquaintance, which
gives the earlier forms of mobility. However, actor systems are quite informal from theoretical
point of view and are short of a mathematical basis for the concepts. Some mechanism are not
available to make the system satisfactory. So latter it is improved in a set of directions [53].
An interesting further work is by Janssens and Rozenberg [54] [55], who apply graph-grammars
[29], which is an elegant method to model systems with dynamic behavior such as mobility, to
provide an alternative semantics to a variant version of actor systems, with some restriction
exerted. For example, the nodes in a graph represent actors while the directed edges represent
acquaintances, and the evolution of the system is described by the dynamic transformation of the
configurations of the graph. Another intriguing topic concerning graph-grammars is to apply it
to Petri Nets [80] to allow mobility. Some work on this has been carried out in [57] [75]. However,
the mobility is merely considered on an indirected fashion. Later in [31] [32], another approach
is adopted and the Petri Nets extended with extra structure in places are used to formalizing
object-based systems. From overall viewpoint, the results are not quite satisfactory in that the
mobility is expressed in a rather indirected way. Still mobility and communication in Petri Nets
is an interesting research topic.
In the higher-order paradigm, where communication of processes is permitted, some precedential work appear in the late 80s and earlier 90s. First there are some work on integrating process
algebra and λ-calculus. In [71] Typed Parallel Language starts from typed λ-calculus. Types are
used to indicate the capabilities in communications. However because the syntax and semantics
are rather arduous and some too strong conditions are needed, Typed Parallel Language is not
quite useful. Another attempt is to extend λ-calculus with a communication primitive, like that
in CCS [64], which leads to γ-calculus [20]. The calculus has no restriction and parallel operators have two kinds. One forces communication between processes in parallel position on every
possible port, and the other only allows interleaving transitions. And it is shown that γ-calculus
subsumes λ-calculus. In [12] [56], denotational semantics of higher-order processes is considered.
And in [42], FACILE (a higher-order functional language with concurrent primitives) is studied
and some equivalence on the processes with algebraic properties is presented. Later on, work
continues to improve the initial work in the papers mentioned above. The most conspicuous
contribution is from Thomsen [96] and Sangiorgi [82].
Thomsen’s Calculus of Higher Order Communicating Systems (CHOCS) [96] and Plain CHOCS
[97] both extend CCS with higher-order communication elements, particularly the passing of processes themselves, and they have no first-order communications. In [96], recursion, which is an
essential operator in first-order CCS, is proven to be able to be simulated by a construction resembling Y -combinator in λ-calculus. And a sort inference system is designed to reason about
higher-order systems. The difference between CHOCS and Plain CHOCS is that CHOCS uses
dynamic binding and Plain CHOCS uses static binding. In dynamic binding, a process can escape
the scope of some local name imposed by restriction operator, while static binding prohibits this
and thus is subject to α-conversion like that of abstraction in λ-calculus. The next two reductions
illustrate the difference. Here, a(X) stands for input prefixing, aP the output prefix, | parallel
composition, and ‘(c)’ restriction (or localization) on the name c.
(c)(aP.Q)|a(X).X−
→(c)Q|P
(dynmic)
(c)(aP.Q)|a(X).X−
→(c)(Q|P )
(static)
In dynamic binding, the reduction revokes the possible private link between P and Q on port c,
while in static binding, the scope of the restricted (local) name c is extruded after the communication. Dynamic binding enjoys the simplicity in operation semantics, but adds to the difficulty
in analysis of process behavior.
The first relatively complete investigation of static binding of restriction is in [30], where
Extended CCS (ECCS) is introduced and static binding is studied algebraically. Like the work in
[13], it follows the motivation of enabling reference-passing to settle the problem of parameterized
communication in CCS. Then ECCS is improved greatly by Milner, Parrow and Walker with the
well-known π-calculus, where ports and values are unified as names and the restriction operator
is static natured. In this thesis, we mainly deal with static binding.
Sangiorgi furthered Thomsen’s work in improving the bisimulation theory. Static binding is
used and the calculus is a higher-order extension of π-calculus, called higher-order π-calculus
4

(HOPi), where processes of arbitrary order (first, second or ω) can be transmitted. Similarity or
equivalences between processes are measured by some higher-order bisimulation and two processes
treated as equivalent shall behave similarly in every environment. Thomsen’s (applicative, respectively) higher-order bisimulation in (Plain, respectively) CHOCS performs poorly in this respect.
Sangiorgi introduces context bisimulation, which is more reasonable and intuitive in that it takes
environment into consideration in comparing processes, to explore the higher-order bisimulation
theory further. Sangiorgi also shows that HOPi can be represented by first-order π-calculus
(FOPi), which means that first-order paradigm can be regarded as atomic, stressing the power of
reference-passing in first-order π-calculus.
We will give more detailed introduction to (Plain) CHOCS and higher-order π-calculus in
Chapter 2.

On bisimulation theory in higher-order calculi
There are two basic aspects that arouse the interest of researchers in studying the behavior of
concurrent systems composed of processes. One is how to specify a process, including its single
behavior and compositional behavior in concurrent settings. The other is how to decide two
processes are equivalent, from behavioral point of view. The first leads to different semantics for
concurrency, especially the meaning of parallel composition that distinguishes process calculi from
traditional sequential languages. The second results in a variety of bisimulations that provide
various metric in comparing processes in an action-matchup fashion.
The semantics of a process calculus is usually operational and given in terms of a labelled transition system. It is usually called structural operational semantics first proposed by Plotkin [77].
Based on the operational semantics, one can examine the behavior equivalence between processes.
Bisimulations are usually defined based on the labelled transition systems. Two processes are
compared by their transition capabilities. Usually an action of the first process is required to
be matched by the same action by another process. In first-order calculi, action match-up is so
strong that two labels must be identical. Then it is loosened to respect α-conversion. However in
higher-order calculi, this is becoming complicated at first phase in the development of bisimulation
theory. If we transplant the approach in first-order calculi to higher-order ones, problems arise. To
be more concrete, if we request labels to be identical in syntax, then the following two processes,
intuitively equivalent, will be distinguishable.
a[P +Q].0,

a[Q+P ].0

As an improvement one will require bisimilar instead of identity of the processes emitted in higherorder output, which was first put forth by Thomsen [96] and developed following Astesiano and
Boudol [11] [20]. For example, two processes P and Q below
P , aA.P 0 , Q , aB.Q0
are considered equivalent if
A, B

and P 0 , Q0

are equivalent respectively (we eliminate local names to make the example simple). Yet this will
still make the following two processes nonequivalent, while they actually behave similarly since
nothing observable can happen on the local name z. z.0 means z(x).0, since x is irrelevant it is
omitted. We will make similar abbreviations henceforth.
a0.0,

(z)a[z.0].0

Then another repair is to include the outside restriction in comparing the transmitted processes, for
example 0 and (z)z.0 rather than z.0. But this is not satisfactory at all because this would wrongly
make equivalent the two processes below, which are obviously different in behavior, provided
process A is not 0, because a communication on z after the outputting on a may activate a copy
of A.
(z)a[z.A].z, (z)a0.z
This tells that restriction in the process being sent is definitely not similar to restriction outside
the output, since the latter may trigger a communication between the outputted process in the
receiving environment and the original continual process, in static binding situation.
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The crux of the consideration above lies in separating the investigation of process sent and
remaining. Sangiorgi settles this in context bisimulation [82] [85], which takes the activated environment and the residual process into account in the meanwhile. So if the following processes are
context bisimilar,
(e
x)aA

(e
y )aB

P , (e
x)aA.P 0 −−−−→P 0 ,
then

Q , (e
y )aB.Q0 −−−−→Q0 ,

(e
x)(E[A]|P 0 ) R (e
y )(E[B]|Q0 ),

for every process expression E[X] which means a higher-order process with at most process variable
X in it and no undesired name capturing is allowed when the variable is instantiated.
In [82] [85], abstraction and concretion are used to make the operation semantics more regular
and uniform, toward a traditional criterion on the label identity. But this is not essential, and
one can define more directly the operational semantics, like in the example and in [36]. Sangiorgi
intends to provide a uniformly applicable solution, so he also exploits some essence in context
bisimulation to search a natural and fundamental notion of bisimulation, under which thought he
finds barbed bisimulation, which focuses on the reduction based semantics and observed equivalence. Also in order to alleviate the heavy use of universal quantifier in context bisimulation,
he puts forward normal bisimulation that uses triggers, a special kind of processes to activate an
instance of a process sent, to activate a copy of emitted process when necessary, with the help
of triggered bisimulation, and shows that context bisimilarity coincides with normal bisimilarity,
where no universal quantifier appears. Based on these results, Sangiorgi also shows that context
bisimilarity coincides with barbed bisimilarity. His work is quite essential and stands as a main
contribution in the higher-order field. We will mention more on his work in the following sections.
Since then work on bisimulation in higher-order process calculi has been a most studied topic.
But little essentially better work is reported to our knowledge.
Cao [24] proves the coincidence between context bisimilarity and normal bisimilarity in the
strong versions that is left as unsolved in Sangiorgi’s earlier paper, using the index technique he
puts forward, which assigns locations (in the form of indices) to a process (on its action capabilities)
and later can help selectively filter out some extra silent actions in terms of requirement of some
bisimulation. The technique is not essential from certain point of view; it only makes some
refinement on action sequences, and the proofs are not new compared with Sangiorgi’s work.
However, the index technique can offer some handy approach to cope with the twisted actions in
some technical handling of bisimulation related job, such as encoding between different calculi,
since the encoding may introduce some extra internal actions.
There is also other work on bisimulation theory of higher-order process, such as [102] [61],
to name a few. In [106], Ying makes the discussion of the uniqueness of solutions of equations
with respect to strong context bisimulation [85] and higher-order bisimulation [96] uniqueness of
solutions of equations, and the properties of the recursive operator under these two bisimulations.
There is also something application-based work on bisimulation in higher-order calculi, such as [33],
where core CML is put forward and its semantics and bisimulation equivalence is studied.
Some recent work is by Fu who proposes local bisimulation in linear higher-order π-calculus [36],
which abstracts from the practical scene that one program can be used only once in network
application on the client side, such as on-line games and video on demand, by demanding that
a same process variable shall never appear simultaneously in concurrent positions, typically the
parallel composition and higher-order output. The bisimulation differs from context bisimulation
in that is open-styled, which means it is closed under name substitution. And first-order output
mimics higher-order output, in the following way.
a(x)

a(x)

If P −−−→P 0 , then Q−−−→Q0 for some Q0 , and (x)(P 0 |O)R(x)(Q0 |O) for all process O.
while traditionally the simulation is simply closed by
a(x)

a(x)

If P −−−→P 0 , then Q−−−→Q0 for some Q0 , and P 0 RQ0 .
Actually it is inherited from local bisimilarity in [37], which characterizes quasi open bisimilarity.
Action a(x) means outputting a restricted name. We use R to denote one of the corresponding
bisimulation, and suppose (P, Q) ∈ R, usually denoted by P RQ.
What’s more, local bisimulation is not of delayed style, as used in the bisimulations in Thomsen’s and Sangiorgi’s work, where weak transitions have no trailing silent moves, which is mainly
6

attributed to the difficulty in equivalence proving, where extra internal actions in the end can
result in complexity in analysis of transitivity. However, the general version of bisimulations are
more preferable than the delayed version because the former is more intuitive. Fu settles this part
using Bisimulation Lemma. And the linear higher-order π-calculus has general summation, which
makes Fu’s work most interesting. His work on axiomatization will be introduced later.
Quite recently, Sangiorgi, Kobayashi and Sumii put forth a new work on bisimulation in higherorder languages [89]. The new bisimulation, called environmental bisimulation, aims to solve two
problems. One can be considered follow Sangiorgi’s thesis, and they want to find a uniform definition of bisimulation and related results in a large scale of different languages, including pure
λ-calculus (call-by-name and call-by-value), call-by-value λ-calculus with higher-order store, and
higher-order π-calculus. The other is that they work out simple technique for proving congruence
of environmental bisimulation and some handy up-to techniques as enhancements of their bisimulation. What’s more, they show environmental bisimilarity in each language coincides with the
corresponding contextual bisimulation. They also point out some future tasks to improve.

On axiomatization in higher-order calculi
Axiomatization of a calculus, because of its importance in both theory and practice, has always
been receiving a lot of attention. From theoretical viewpoint, it complements the bisimulation theory (based on operational semantics) by a system of (conditional) equations and possibly rules.
This strengthens the algebraic nature of process calculi, which is mainly studying the algebraic
properties of processes with respect to some bisimulation, the most interesting of which is observational equivalence. From practical viewpoint, an axiom system renders possible a deterministic
algorithm for checking whether two processes are equivalent, with respect to a congruence relation
on processes. This means that the calculus can be put into real use, through modeling-checkingadjusting procedure, which provides a useful tool for designing programs.
To be more concrete, provided with algebraic properties of the bisimulation, a set of axioms
(laws) and rules can be defined, which results in an axiom system.A sound and complete axiom
system, with respect to bisimulations on the basis of operational semantics, enables checking equivalence between processes by an automatical algebraic reasoning. The most familiar axiomatization
that sets a model for successive work is that for CCS by Milner [64]. Later a variety of axiom
systems were worked out for various calculi. For π-calculus, various axiom system for different
sub-languages or full language with respect to different bisimilarities are available [74] [41] [40] [37].
These axiomatization lays a foundation for developing proof systems for the related calculi with
respect to a certain observational equivalence. On the application side, checking systems like Concurrent Workbench [70] and TAV [44] have been constructed and can be used to specify, implement
and verifying a system automatically.
However, for a long time there has been no significant result on axiomatization of higher-order
calculi. No sound and complete axiom systems are available to day. By sound and complete, we
mean that the equations derivable in the axiom system should be and only be those equivalently
related by the intended bisimulation equivalence. The main reason is that higher-order calculi
virtually mostly enjoy the power of Turing machines, which denies a complete axiom system.
Moreover, no satisfactory limitted variant or new calculi have been reported to have a complete
axiom system for a long time. Recently Fu contributes some work on axiomatization of higherorder π-calculus (HOPi), on which there was once no satisfactory result, though some study
complementing Sangiorgi’s work is available, such as [24] [9]. In a technical report [36] (can be
found on basics.sjtu.edu.cn), Fu proposed linear higher-order π-calculus (LHOPi), which respects
resource sensitiveness, that is, a resource can be used only once under some restriction in real
application. The restricted HOPi has the characteristic that a process variable, say X, can
appear no more than once in concurrent positions, such as parallel composition. For example, the
process P is linear while Q is nonlinear.
P , a(X).(by.0|X+c(z).0),

Q , a(X).(X+by.0+X)

Fu deeply examines the feature of the linear calculus, and shows a set of results general in higherorder calculi or exclusive to linear calculi. For instance as mentioned, he used general weak
transitions rather than delayed ones in bisimulations, the calculus withholds general choice operator, and the bisimulation he uses, called local bisimulation, is of open style [87] [36] and enjoys
some intuitive and advantageous properties toward the axiomatization. Furthermore, the most
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important contribution is that Fu provides a sound and complete axiom system for linear higherorder π-calculus with respect to local bisimulation. The axiom system contains two parts. One
has the basic equations for a bisimulation equivalence. The other is composed of rules that deal
with higher-order prefixes, and rules that handles local congruence properties, which is a more
general congruence, than traditional congruence, that is considered under various local contexts
proposed by Fu. Due to the fact that expansion theorem cannot be applied when encountering
with process variables, some kind of head normal form is used. The completeness proof is a little
complex though. As intermediate results, localization, abstraction, concretion theorems play a
critical role in constructing the equation system. And most of the results in [36] hold in general
higher-order π-calculus.
Mismatch operator is an intriguing operator dual to match, and has been studied in several
papers like [28] [41]. The inclusion of mismatch can lead to alternation in operational semantics
and thus bisimulation theory. However, it is a convenient operator in axiomatization, since it can
simplify some technical manipulation and make the axiom system concise. From practical angle,
mismatch can offer a logical expression easiness when writing a program, avoiding enumerating
all the possible cases.
Motivated by this, we consider higher-order π-calculus with mismatch, and also the axiomatization of its linear fragment. To be more concrete, we include the mismatch operator in higher-order
π-calculus and redesign the labelled transition system. Then we examine its bisimulation theory,
whose framework looks like Fu’s work on LHOPi. The basic results still hold but their semantical
basis and proof is not the same since mismatch changes the process behavior to some extent. Similarly, our calculus has the general (unguarded) choice operator, and non-delayed weak transition
is used. The bisimulation, called open higher-order bisimulation, is open style and possesses the
properties similar to that in [36]. We investigate the linear fragment of higher-order π-calculus
with mismatch after some general discussion on the full calculus. As expected from past work,
most of the results due to linearity in LHOPi still hold in our calculus. And we build an axiom
system for the linear fragment of higher-order π-calculus with mismatch. The system is enriched
by equations and rules concerning mismatch operator. And what’s more, the technical part in
completeness is somewhat different. Here complete head normal form is required, which means
that one must be sure an item with a condition sequence in one head normal form can be matched
up by some item in the other head normal form when making the comparison. Some logical reasoning may be involved. Similarly, an algorithm can be designed to check whether two processes
are related by open higher-order bisimulation. In addition, we extend the axiomatization to be
upon quasi-open bisimilarity, which is a more reasonable open-style bisimulation. The major extension occurs in the first-order fragment of the calculus, and to accommodate the change, the
axiom has to be enriched by some equations or rules concerning quasi-open bisimilarity, which is
based on previous work by Fu [37]. We examine two possible approaches in the extension and
give the sketch of the completeness proof, one is through q-open bisimilarity [37] and the other
through adding a Localization Rule. Again the mismatch is a main factor to be taken care of.
Linear higher-order π-calculus (or CCS) with mismatch helps us to build a general framework
for studying a tractable fragment of a higher-order process calculus, including bisimulation theory
and axiomatization. It offers a uniform and essential method to understand a higher-order calculus.

On encoding
When studying a new process calculus, apart from investigating its syntax, semantics, bisimulation theory and etc., another important question is to what degree the new calculus can compute,
or what is its relationship with other well-known calculi, such as CCS or π-calculus. From its
birth, higher-order process calculi (higher-order CCS or higher-order π-calculus) are no exception.
There are several points in this study if one can precisely locate a new calculus in the world of
process calculi. One is that if one can prove it can be encoded (expressed or represented) by
another well-established calculus and vice versa, then the new calculus simply offers an alternative
modeling tool, nothing new or essential in its computational power. Another point is that if the
new calculus is shown to properly contain a calculus known on computational capability, then
the calculus is more valuable both in modeling and computation. So far, we know the effort in
examining the power of higher-order calculi is given by Sangiorgi who successfully embeds higherorder π-calculus into first-order π-calculus. In this thesis, we will try the other direction, that
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is, to encode first-order π-calculus with higher-order π-calculus without first-order fragment (or
essentially higher-order CCS). Yet before everything is unfolded, let’s make it clear what it means
by saying “encode (express, embed or represent) one calculus”.
Usually an encoding of one calculus (called Cal1 ) using another calculus (called Cal2 ) involves
three parts:
1. Formal definitions of the syntax and semantics of Cal1 and Cal2. For process calculi, there
are mainly two approaches for providing the semantics for a calculus. One is denotational
approach, which excels typically in treating systems composed of functions. The other is
operational semantics, which can be viewed as structural since it is usually defined by a
(labelled) transition system that is constituted by rules inductively defined on the structure
of processes in the calculus [77]. Operational semantics is sometimes companied by some
(structural) equivalence to extend the transition system to all interesting processes in the
calculus, since the rules may be too specific on the forms of processes. Here we use the
second approach.
2. Encoding strategy from Cal1 to Cal2, which is compositional (or structural). A compositional encoding means that it is defined based on the structural components of processes of
the calculus.
3. Correctness justification of the encoding, usually with full abstraction. Correctness is investigated in different ways in calculi based on denotational semantics or operational semantics.
In the former, the correctness is examined by analyzing relationship between the meaning of
a process in Cal1 and the meaning of the process encoding it in Cal2. In the latter, which
is what we use here, the correctness of an encoding is examined by comparing the behavior
rather than the meaning of the two processes in each calculus. In this case, we want the
encoding to be fully abstract, that is, two processes in Cal1 are equivalent if and only if the
two processes encoding them (respectively) in Cal2 are equivalent. This requires the choosing of behavioral equivalence in the two calculi to be a little demanding besides intuitive and
reasonable, and also makes the correctness proof more involved. That demanded, to achieve
full abstraction it is made necessary that the operational (or action) correspondence between
a process in Cal1 and the process encoding it in Cal2 should be clarified, which leads to
the connection between the transition systems of the two calculi. For example, suppose ≈1
is an equivalence relation in Cal1, ≈2 is an equivalence relation in Cal2, [[·]] is the encoding
operation, and P, Q are two processes in Cal1. Then full abstraction is as follows:
P ≈1 Q if and only if [[P ]] ≈2 [[Q]].
“only if” is identified as soundness, and “if” as completeness. Sometimes completeness
can be a little loosened if the strong completeness is hard to get to. The value of full
abstraction lies in that one is able to switch freely between the two calculi (back and forth);
that is, two processes in Cal1 cannot be distinguished are translated to two interchangeable
processes in Cal2, and vice versa. Sangiorgi designs a fully abstract encoding, with respect
to barbed bisimilarity on either side, from higher-order π-calculus to first-order π-calculus
using triggers, which not only enables the handy using of the modeling power of higher-order
π-calculus, but also makes possible the reasoning by analyzing instead the corresponding
more elementary processes in first-order π-calculus. The full abstraction is proven by taking
advantage of the coincidence of the three bisimilarities, that is the context, normal and
barbed.

We, however, endeavor in the other direction. Thomsen makes a try to encode higher-order
CCS (Plain CHOCS) with FOPi and also the converse. But the full abstraction, with
respect to the ground bisimilarity (FOPi) and applicative higher-order bisimilarity (Plain
CHOCS), is not available, probably because the bisimulations he uses may not be suitable
for a naturally sound encoding. He merely makes two conjectures on the full abstraction
property of the two encodings, with no proof. Later on, some flaw is found by Sangiorgi in
the encoding, with an counterexample worked out [82], and some mend is tried. Yet the idea
of Thomsen has profound effect on following work, including ours.
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Based on the work by Thomsen [97], which uses wires to simulate names in first-order
π-calculus, we prove the encoding from first-order π-calculus to higher-order CCS (or πcalculus) without first-order fragment, possesses full abstraction in a sense, and soundness
in another. This entails, in a sense, the close relationship of simulation between the two
calculi, and ensures the correctness of analyzing within the higher-order paradigm. Moreover,
our result makes one confident in that higher-order CCS has no less modeling power than
the well-established first-order π-calculus, and offers another (powerful) choice (due to the
higher-order characteristics) in designing computation device or modeling tool. To achieve
these result on soundness and completeness, we need to apply the index technique which
assigns location information to prefixes in a process that is later used to filter out some
desired silent actions in bisimulations called indexed bisimulation. We use index technique
to trace silent actions before and during the encoding and distinguish the two classes. We
analyze the encoding to obtain the operational (or action) correspondence between the firstorder π process and the higher-order CCS process encoding it. Since the processes encoding
first-order π processes are transmitting wires merely, we define a class of processes called
wired processes and show the wired bisimilarity defined on wired processes implies context
bisimilarity, with the help of wired factorization theorem that says a sub-process can be
factorized out with a wire and the equivalence to the original process is maintained resorting
to some trailing gadget, analogous to triggers in [85]. All the results can be transplanted
to indexed version of the encoding, which is gained by applying index technique to the
original encoding. The full abstraction property holds in indexed technique with respect to
ground bisimilarity and indexed wired bisimilarity. From this, using the relationship between
indexed bisimulation and corresponding non-indexed bisimulation, we obtain as a corollary
that the original encoding is fully abstract with respect ground bisimilarity (in first-order
π-calculus) and wired bisimilarity (in higher-order CCS). And what’s more, we derive a
corollary that the encoding is sound with respect to ground bisimilarity (in first-order πcalculus) and context bisimilarity (in higher-order CCS). We hold that with a second-carefulchoice of bisimilarities, such as quasi open bisimilarity [91] [37] (in first-order π-calculus) and
context bisimilarity in (in higher-order CCS), we can retrieve full abstraction with the same
encoding strategy.

On encoding λ-calculus
To show the relationship between process calculi and sequential languages, studying the relation
to the model of sequential computation and a theoretical basis of Turing machines, that is λcalculus, turns out to be an effective approach. Actually lots of different process calculi (firstorder [66] or higher-order [96] [82] [38]) have conducted the attempt to embed λ-calculus. The
meaning of this encoding trial can be explained in two directions. In one direction, this offers a
faithful insight into the computational capability of process calculi. In the other direction, this
inspires more study of λ-calculus under new context, that is concurrent context, which leads to
development of variant of λ-calculus, such as [84]. So in this way when considering a calculus
with both functional and concurrent behavior, one can be sure that the theoretical results have a
basis in λ-calculus. And some practical results and tools can be used to reason about programs
in λ-calculus. Therefore to some extent, the encoding between λ-calculus and process calculi can
enhance the study of both parts, by finding out some flaws through the translation into the other
or intensified by the result in the other language.
In the earlier days, Milner showed that λ-calculus with lazy and call-by-value evaluation strategies [2] [76] can be soundly and completely encoded by first-order π-calculus [66].
In [96], CHOCS is used to encode (untyped) λ-calculus, in which call-by-name and call-byreference mechanisms are described, and call-by value and lazy λ-calculus are also considered.
Since higher-order calculi can well overcome the limitation of CCS in which recursive function
invocations can be poorly modelled due to the deficiency in passing references, simulating λcalculus is more concise. Sangiorgi furthers this by encoding λ-calculus with (pure) higher-order
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π-calculus. His encoding strategy can be described in the following two parts.
λ − calculus
OOO
OOOF
OOO
H
OO'
²
/ F OP i
HOP i
T
In the first part, λ-calculus is encoded with higher-order π-calculus (denoted by H), which is
simpler than that with first-order π-calculus thanks to the higher-order feature. The reduction in
λ-calculus can be more closely simulated by HOPi processes encoding terms in λ-calculus. In the
second part, the HOPi processes encoding λ terms are translated to first-order π processes using
the encoding mentioned above (denoted by T ). And he shows that combining these parts gives
rise to a sound and complete, that is correct, translation from λ-calculus to first-order π-calculus.
And the encoding is precisely Milner’s encoding (denoted by F), to which a mapping is provided.
To this end, the diagram above commutes, that is T ◦ H = F.
With our work in this thesis, we can design another encoding strategy of λ-calculus with
higher-order π-calculus. The strategy is shown as below.
λ − calculus
OOO
OOOH
OOO
F
OO'
²
/ HOP i
F OP i
0
T

This strategy differs from Sangiorgi’s in that we first make use of Milner’s encoding of λ-calculus in
first-order π-calculus, then the encoding is translated to higher-order π-calculus using the encoding
in this thesis. Again we think that this indirect encoding can be mapped to Sangiorgi’s direct
encoding.

On logical characterization of higher-order calculi
There is a saying that goes: If a theory can be investigated from a number of angles, then
it is probably a good one. For example, the semantics of first-order logic can be explained with
several frameworks, such as game theory. This is also with process calculi, or process algebras.
Generally, bisimulation equivalence is defined by action pair based on some operational semantics,
that is if two processes are bisimilar then each action by one of them can be simulated by the
other and evolve to two bisimilar processes. On the other hand, in the research of process calculi,
bisimulation equivalence can also be defined through logical characterization. Instead of making
specification and implementation within the language of process calculi, sometimes logical languages can be used to simplify the specification work, and examining the implementation under
a logical framework. And two processes are bisimilar if and only if they satisfy the same set of
logical formulas, which are usually in some sort of modal logics. Typical logics for specifying
include Hennessy-Milner Logic, the most well-known earlier work accomplished by Milner and
Hennessy [47] [64], Modal Process Logic [59], and various variants extended from Hennessy-Milner
Logic like those in [68] [10]. An advantage of logical specification is that the verification of an
implementation now can be transformed to the verification of the implementation’s conforming
to the logical specification described in logical formulas. An important bonus of involving logic
is that compositional specification and verification can be used, with respect to the operators in
the process calculus under consideration. Moreover, some (possibly more mature) software tools
for logical languages can be applied in process calculi. There have been reported some work on
automatically building processes based on a logical specification and checking their soundness,
like [21] and others on model checking especially in applying process calculi in cryptography [1].
Then with the development of mobile processes that can reconfigurate topology dynamically,
it is natural to ask whether logical characterizations for these related calculi can be found. Later
in [68], the authors examine several possible modalities to constitute a number of logics, and
discuss their properties and relationships. They show that two of them can characterize late
and early bisimulations in π-calculus, but the rest of them are not capable of the characterization.
Furthermore, these results can be extended to value-passing calculus, such as vale-passing CCS [64].
To summary, the meaning of the logical characterization is two-fold. One is that it provides an
alternative approach to investigate the behavior of processes and their relation, which complements
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the traditional study based on operational semantics. The other is that it is of much practical sense.
Through logical characterization, the problem of checking whether two processes are bisimilarly
equivalent is converted to a logical judgement of whether the two processes satisfy the same set of
logical formulas, thus transplanting the problem to logic space, which can get help from traditional
logic theories and be assisted by some practical tools. What’s more, logical characterization offers
a novel way to checking whether a program realizes the pre-defined specification. In bisimulation
framework, one has to check whether they are bisimilar, while in the logical framework, one need
to check whether the program satisfy the logical formulas specified by the specification. Tha
latter makes the problem a model checking instance, to which some sophisficated and pragmatic
algorithms and tools exist.
In higher-order paradigm, logical characterization effects the same. Till now, there have been
reported two major results on logical characterization of bisimulations in higher-order calculi. One
is by Amadio and Dam [10]. They give a logical characterization of strong context bisimulation in
higher-order π-calculus with static binding. The logic used is a non-trivial extension to HennessyMilner logic, and has no negation operator. The remarkable feature of their logic is that it contains
an operator called constructive implication, denoted by ⇒, since the modality used in HennessyMilner logic cannot be translated to higher-order case. The constructive implication operator is
used to describe properties of functions, that is a process with process variables in it, for example
E[X] means a process E with at most the occurrence of process variable X. By
E[X] : φ ⇒ φ0
means that for all closed (without free variables) Q s.t. Q : φ, it holds that E[X]{Q/X} : φ0 .
To achieve relating logical equivalence to bisimulation equivalence, the operational semantics are
redesigned to be proper for specifying a process. For example, an input action rewrites a process
into a function, and an output action rewrites a process into a functional.
c?

c?x.P −→P [X];

c!

c!P 0 .P −
→(f P 0 |P )[f ],

where f is a function variable, f P 0 |P is a functional. Then context bisimulation is defined on
this operational semantics and it is equivalent to the original definition in [85]. As the traditional
technique, context bisimilarity is divided into hierarchies. The logic is presented in the traditional
way. Characteristic formulas, which describe the all-round behavior of processes, are used to get
over the soundness proof of the logical characterization.
Another is by Baldamus and Dingel [14]. They provide a logical characterization of weak context bisimulation. The logic has negation operator and enjoys dualities similar to Hennessy-Milner
logic. It also has the constructive implication as an derived operator. The logical equivalence coincides with the corresponding bisimulation equivalence (weak context bisimilarity). The basic
method is similar to that in [10], including operational semantics and technique for logic design.
What’s worth noting is that to simplify the logic, a variant of weak context bisimulation is put
forward. The bisimulation, called existential bisimulation, adopts some “existing” semantics in
c?
simulation. For example, when comparing two input actions, suppose an action P −→P 0 [X] is
c?

matched up by Q−→Q0 [X], the simulation is closed by requiring that:
for every closed process R, there exists a closed process S s.t. R is bisimilar to S, and P {R/X}
is bisimilar to Q{S/X}.
The existential bisimilarity is then proven to be coincident with weak context bisimilarity. On
the logic part, characteristic formulas, which is defined different from that in [10] by considering
pairs of processes, are used again to tidy up the proof of the characterization theorem that relates
logical equivalence to weak context bisimilarity.
Following these work and those on linear higher-order π-calculus, we further the study by
exploiting the logical characterization of local bisimulation in linear higher-order π-calculus. We
are motivated by two points. One is that bisimulation in linear higher-order π-calculus still needs
some further investigation, and a logical characterization may reflect some positions that needs
improvement. The other is that linearity appeals a lot for more study. Thanks to linearity, local
bisimulation can be simplified to be quite succinct, rendering the logical bisimulation relatively
simpler than those for higher-order π-calculus. To be more concrete, we design a bisimulation
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that requires less stronger clauses than those in local bisimulation. For example, we only need
a special process c (short for c(x).0) in which c is fresh, to test (as inputted value) whether two
higher-order input-prefixed processes are bisimilar, rather than all processes; and in higher-order
output, only a special process c.(X+d) in which c, d are fresh, is needed to close the bisimulation,
rather than all environment. We show that the new bisimilarity coincides with local bisimilarity.
Furthermore, we rewrite the first-order bound output in local bisimulation to make it easier to
handle in logical characterization. To summarize, we retain a bisimulation simpler in clauses but
coincident with local bisimulation (in the largest sense).
Thanks to the “simpler” bisimulation we define, the logic is much decreased in complexity.
In higher-order input and output, constructive implication is not needed any more, and they are
specified by the formulas similar to the modal formulas for first-order actions in Hennessy-Milner
logic. The only case when we need constructive implication is in first-order bound output. In fact,
even this can be removed, as discussed in Chapter 8. Our logic has negation operator and features
the dualities similar to Hennessy-Milner logic. The characteristic formulas we defined is a little
different from that in [10] [14], but effects similarly in technical proof. We show in the end that
the logical equivalence is coincident with local bisimilarity.

1.3

Organization of the thesis

In this section, we summarize the content of each chapter of this thesis.
First of all, in Chapter 2, we give a brief introduction to higher-order calculi related to our work.
The calculi include plain CHOCS, higher-order π-calculus and linear higher-order π-calculus. We
describe their syntax, operational semantics, bisimulations and related critical results on bisimulation. We end this chapter by giving some notions of bisimulation. We give some preliminaries
on the concept of strong and weak bisimulation, which is observational, as well as late and early
bisimulations. And we explain what a congruence relation is. Finally up-to technique, which is
useful for analyzing bisimulations, is introduced.
From Chapter 3 to Chapter 5, we focus on higher-order π-calculus with mismatch. In Chapter
3, we propose higher-order π-calculus with mismatch (mHOPi). We define the syntax, operational
semantics, and discuss some necessary properties. After that, we examine the bisimulation theory
of mHOPi. We define open strong HO (higher-order) bisimulation, and open (weak) HO bisimulation, which is an open-styled bisimulation and the operational semantics take mismatch into
consideration. Several critical properties are proven, including Bisimulation Lemma, which plays
an important role in proving many crucial results on open weak HO bisimilarity (≈oh ). Then we
show that open weak HO bisimilarity is an equivalence relation and also a congruence relation on
processes without choice operator. In the end, we define the linear fragment of mHOPi, on which
we will conduct axiomatization.
In Chapter 4, we deepen the analysis on open weak HO bisimilarity. We investigate the relationship between the equivalence of prefixed processes and the equivalence of their continuations,
where the equivalence is ≈oh . These results involve some special part concerning the linear fragment of mHOPi, and are quite crucial for the axiomatization, in that the problem of deciding
whether two processes are equivalent is converted to that on simpler (descending in size) processes. The prefixes we examine are mainly higher-order input and higher-order output. And
the discussion is conducted in local environments, which are contexts that hold a number of local
names that can be fired out. By the end of the chapter, we arrive at an significant theorem that
claims the congruence property under local contexts, called local congruence.
In Chapter 5, based on results in previous chapters, we build up an axiom system for processes
of the linear fragment of mHOPi, with respect to open weak HO congruence. We first sketch
the basic idea of the axiomatization. Then we present the axiom system, which is composed of
equations that are regular ones plus those for dealing with mismatch operator, and rules that
are derived from local congruence properties. Also some derived axioms and rules are given.
The main part of this chapter consists of the proof of the completeness of the axiom system.
First some critical lemmas, including normalization lemma, saturation lemma and promotion
lemma are proven, then is the completeness theorem. Note the method of axiomatization cannot
be transplanted from traditional one for first-order calculi, because in higher-order calculi here
expansion theorem cannot always be applied, thus parallel composition cannot be relinquished
totally. For example, X|P cannot be expanded using the expansion theorem. The end of the
chapter include more discussion on axiomatization, including the axiom systems for mHOPi with
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respect to quasi open bisimilarity or local bisimilarity. We build these axiom systems based on
the one for open weak HO bisimilarity, and sketch some proof routine for completeness.
In Chapter 6, we exercise the comparison of expressibility between higher-order calculi and
first-order calculi. To be concrete, we encode first-order π-calculus with higher-order CCS (Plain
CHOCS), complementing Sangiorgi’s work on translating higher-order π-calculus to first-order
π-calculus [82]. Here the first-order π-calculus is deprived of choice operator. We first give a
glance of the work by Sangiorgi, and Thomsen whose encoding strategy forms the basis of our
encoding. We then present the basic idea of the encoding strategy. Our strategy harnesses the
index technique [24], which is used to selectively ignore internal actions via assigning indices (some
sort of locations) to prefixes. We use index technique to handle the internal actions before and
during the encoding. So we give an introduction to the index technique and related calculi. Then
we introduce the original (non-indexed) version of encoding [97]. The core of the encoding is use
wires to simulate a name in first-order π-calculus. Thomsen does not prove any result on this
encoding because the bisimulation he uses is not proper. Here we use context bisimilarity. Based
on the encoding, we defined a class of processes called wired processes that communicates wires
only, and define wired bisimulation, which is then proven to imply context bisimulation (in the
largest sense). The idea is like proving triggered bisimilarity coincides with context bisimilarity
in [86]. To reach the full abstraction on the encoding. We then reformulate the result on the
non-indexed encoding under the indexed version of the encoding, which applies index technique
to trace the internal moves involved in the encoding, including indexed wired processes, indexed
wired bisimulation and its implication of context bisimulation (in the largest sense). Under the
indexed version of the encoding, we show that the encoding is fully abstract with respect to ground
bisimilarity and wired bisimilarity, on the basis of the operational correspondence between the firstorder π process and its encoding higher-order CCS process. By exploiting the property on indexed
bisimulations, which relates indexed bisimulation to non-indexed bisimulation, we finally show the
original encoding has full abstraction respecting ground bisimilarity and wired bisimilarity, in
first-order π-calculus and higher-order CCS respectively. As a corollary, the encoding is proven
to be sound with respect to ground bisimilarity and context bisimilarity. We also make some
discussion on how to achieve full abstraction using more reasonable bisimilarities on either side
of the encoding. In the end of this chapter, we re-consider encoding λ-calculus with higher-order
π-calculus. We adopt an alternative approach to achieve, contrasted with Sangiorgi’s [82].
From Chapter 7 to Chapter 8, we conduct the logical characterization of local bisimulation
in linear higher-order π-calculus. We prepare for the logical characterization in Chapter 7, since
directly characterizing local bisimulation is seemingly a little hard, or at least as difficult as the
work in [10] [14]. By exploiting linearity, one can simplify the local bisimulation to a great extent
and thus make easy the logic. We first review the basic definitions and important results in linear
higher-order π-calculus. Then we put forth a new bisimulation called local linear bisimulation,
which is designed by the properties of local bisimulation. We investigate the properties of local
linear bisimulation, and show it has the similar properties to local bisimulation. Then based on the
properties, we show that local linear bisimilarity coincides with local bisimilarity. The local linear
bisimulation simplifies local bisimulation in higher-order input and higher-order output clauses.
However similar simplification cannot be exerted on first-order bound output, which we explain in
a section of this chapter, but we can adjust the first-order bound output clause to make it easier
for characterization. Thus we obtain a bisimulation called local linear variant bisimulation, whose
bisimilarity again is proven to coincide with local bisimilarity. Finally, like in traditional way, we
approximate local (linear) (variant) bisimilarity with a descending chain of “bisimulations”, which
forms hierarchies of bisimulations with increasingly strengthened discriminating power. This is a
technical step before logical characterization.
With the results in Chapter 7, we get down to the logical characterization in Chapter 8. Actually what we characterize is local linear variant bisimilarity, which has been proven to be coincident
with local bisimilarity. We first make some statement on the importance and potential usage of
logical characterization that relates logical equivalence to bisimulation equivalence. Then to make
the logical characterization possible, we need to reformulate linear higher-order π-calculus under
a new syntax and operational semantics, which introduces process functions. The reformulation
is similar to that in [10] [14], and is shown to be equivalent to the original calculus with respect
to bisimulation, that is the local bisimilarity under the new formulation is exactly the one in the
original calculus. After that, we continue to put forth our logic. We give the syntax of the logic,
which has negation, enjoys dualities, and more importantly simplifies the logical statement for
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describing higher-order input and higher-order output, thanks to the simplification in Chapter 7.
The semantics, or the satisfaction relation, is then given, also is the definition of logical equivalence. We define characteristic formulas to describe the whole set of behavior of a process in the
logic language. With the help of characteristic formulas, we present a proof for the coincidence
between logical equivalence and local bisimilarity.
In Chapter 9, we make some comments on the results in this thesis and the conclusion is drawn.
Also some potential directions for future work is presented.
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Chapter 2

Preliminary
2.1

Overview of higher-order paradigm

To draw a clearer state of art, we give a brief introduction to several related higher-order
process calculi. We simply present the key points of them, including syntax, semantics and bisimulation theory, and leave out the technical details and conventions, which we will make clear when
concentrating on the major work in the thesis. Higher-order process calculi may include first-order
fragment, for example higher-order π-calculus has first-order π-calculus as its first fragment, or
not, like CHOCS. This will be clear from context.

2.1.1

Plain CHOCS

CHOCS is a kind of higher-order CCS that extends CCS with the capability of sending and
receiving processes as the basic “value”. It was first put forth by Thomsen [96]. The restriction
operator in CHOCS is dynamically binding. Later Plain CHOCS was proposed where restriction
operator is statically binding [97] [98]. Since our work mainly relates to Plain CHOCS, we give
a brief introduction to this calculus. For more detailed explanation, refer to [96] or Chapter 6 of
this thesis.
We follow most of the notations for CCS. p, q... denote processes. The syntax of Plain
CHOCS processes are as below.
p ::= nil | x | a?x.p | a!p0 .p | τ.p | p|p0 | p\a | p[a 7→ b] | p+p0 | !p
Note the calculus has no first-order sub-calculus, and most are self-explaining. We allow αconversion. [a 7→ b] is renaming (or relabelling), and sometimes use S to denote the renaming
function. We have the following definition.
S(a(p).q) , (S(a))(p).q,

S(ap.q) , S(a)p.q,

S(τ ) , τ

Closed processes are those with no free occurrence of process variables. λ... represents actions can
be x(p), xp.q or τ . The labelled transition system is interesting in the following rules.
λ

(ren)

p−
→ p0
S(λ)

p[S] −−−→ p0 [S]

a!B p00

(com)

a?x

p −−−−→ p0 , q −−→ q 0
, f n(q) ∩ B = ∅
τ
p|q −
→ (p0 |q 0 {p00 /x})\B
a!B p00

(open)

p −−−−→ p0
a!B∪{c} p00

, a 6= c, c ∈ f n(p00 ) and c ∈
/B
0

p\c −−−−−−→ p

The first rule is about renaming. The rest two rules define the communication that involves some
restricted (local or bound) names. Due to static binding, the local name will endure a scope
extrusion a communication, in the second rule. The third rule forms the basis for the output
action in such a communication, that is the ability to output some processes with local names.
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The bisimulation proposed by Thomsen is applicative higher-order bisimulation (in CHOCS it
τ

τ

λ

λ

is higher-order bisimulation). Note weak transitions are defined by ⇒, −
→...−
→ and =⇒ , =⇒−
→
which is a delayed version. This manipulation is intended to make bisimulation theory easy to
handle. Because if the trailing action is not a visible action (like a?p, a!p0 ) but an internal action,
the discussion of the properties (such as equivalence and congruence) of the bisimulation defined
below will encounter some hindrance. So the delayed transition is somewhat a technical trick,
since in reality a weak transition can definitely be trailed by some internal moves.
Definition 2.1 (Applicative higher order bisimulation). Applicative (weak) higher order bisim:
ilarity (≈) is the largest symmetric binary relation R (applicative higher-order bisimulation) on
closed Plain CHOCS processes such that
if pRq, then
a?x)

a?y)

1. Whenever p =⇒ P 0 , then q =⇒ q 0 for some q 0 , and p0 [r/x]∇q 0 [r/x] for all r;
a!B p00 )

a!B q 00

2. Whenever p =⇒ p0 , then q =⇒ q 0 for some q 0 , q 00 , and p00 Rq 00 , p0 Rq 0
τ

τ

3. Whenever p =⇒ p0 , then q =⇒ q 0 , and p0 Rq 0 .
:

In [97], the strong version of strong applicative higher-order bisimilarity (∼) is examined. Its
algebraic properties are proven, such as equivalence and congruence, though the proof is a little
complicated for the congruence properties.
Actually in earlier study of bisimulation in higher-order calculi, the simulating clause for higherorder output was designed based on that for first-order ones. It is rather strong to demand that
the two bisimulation actions must be syntactically equal to each other. This violates the intuition
that the following two processes should be equivalent.
a!p1 .nil,

a!p2 .nil,

where p1 ≡ p|q, p2 ≡ q|p.
:

But they are indeed bisimilar with respect to ≈, which is a great improvement. However this
bisimilarity also has it defects from the viewpoint of reasonability, as will be seen in the next
section.

2.1.2

Higher-order π-calculus

Higher-order π-calculus (HOPi) is an extension of first-order π-calculus (FOPi). It was studied
by Sangiorgi and some significant results were obtained. Here we introduce the calculus.
Higher-order π processes (P,Q· · · ) is defined by the following grammar. N is total the set of
names (x, y · · · and x̃, ỹ · · · stands for vectors). Note the calculus has first-order fragment.
def

P = 0 | a(x).P | ax.P | τ.P | xP.Q | x(X).P | P |P | P + P | !P | [x = y]P | (x)P | X
We make some explanation. x(X).P and xP.Q denote input and output of a process rather than
a name. X is a (process) variable, which distinguishes higher-order from first-order and also brings
about some complexity. f n, f v (free name, free variable) and bn, bv (bound name, bound variable)
are defined in the traditional way. From this closed (no free variables) and open (containing
free variables) processes can be defined accordingly. α-conversion is permitted. Substitution on
variables can be defined in a similar fashion to that on names. E[X] stands for a process with at
most the variable X appearing in it, and accordingly we can define E[A]. Besides we call an output
with some bound names bound output (or restricted output), for example (x̃)(aP.Q)x̃ ⊆ f n(P ).
Notice replication can be simulated in higher-order calculi [97], we include it here for convenience.
Below is the basic LTS for HOPi. It is defined on closed processes and can be easily extended
by open processes. For simplicity we omit the first-order part which is the same as that in [69].
λ... stands for actions that can be input (x(P )), output (xP.Q) or silent action (τ ).
Most rules are natural in meaning. Note (com), (res) and (open) however. (com) is the higherorder communication, which is composed by a higher-order input and higher-order (bound) output,
where some local names are outputted and their scope is extruded. (res) means that if some name
is restricted, the action becomes invisible, otherwise it is observable. (open) says that one can bind
some names in an output and it evolves to the same process. This rule is important in supporting
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λ

(alp)

P −
→Q
P ≡α P 0
λ
P0 −
→Q

(out)

(in)

aP

aP.Q −−→ Q

a(Q)

a(X).P −−−→ P {Q/X}

(ỹ)a(P 0 )

a(P 0 )

(com)

P −−−−−→ P 00 , Q −−−→ Q0
ỹ ∩ f n(Q) = ∅
τ
P |Q −
→ (ỹ)(P 00 |Q0 )

(sum)

P −
→ P0
λ
P +Q−
→ P0

(mat)

P −
→ P0
λ
[x = x]P −
→ P0

λ

λ

(par)

λ

λ

(res)

(ỹ)a(P 0 )

P −−−−−→ P 00

(open)

(rep)

P −
→ P0
λ
P |Q −
→ P 0 |Q

(ỹ,z)a(P 0 )

(z)P −−−−−−→ P
λ
P −
→ P0
λ
!P −
→ P 0 |P

00

P −
→ P0
x∈
/ f n(λ)
λ
(x)P −
→ (x)P 0

z ∈ f n(P ) ∩ n(P 0 ) and z 6= a

Figure 2.1: LTS of HOπ
the (com) rule in dealing with the local names sent out. Note in P 00 the new ‘restricted’ name is
not explicitly bound, but after an higher-order communication it is restricted. Weak transitions
λ
λ
are defined by =⇒,=⇒−
→, =⇒, τ...τ . More on the intuitive explanation can be found in [82].
Below we introduce the bisimulation theory in HOPi.
The most important work in [85] is the introduction and investigation of context bisimulation,
which is of delayed styled and defined as below.
Definition 2.2 (Context bisimulation). A symmetric binary relation R on (closed) processes is
a context bisimulation, if whenever P RQ, the following properties hold:
τ

1. If P −
→P 0 , then Q=⇒Q0 for some Q0 and P 0 RQ0 ;
a(x)

a(x)

2. If P −−−→P 0 , then Q=⇒Q0 for some Q0 and P 0 RQ0 ;
ax

ax

3. If P −→P 0 , then Q=⇒Q0 for some Q0 and P 0 RQ0 ;
a(x)

a(x)

a(A)

a(A)

(e
x)aA

(e
y )aB

4. If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and P 0 RQ0 ;
5. If P −−−→P 0 , then Q=⇒Q0 for some Q0 and P 0 RQ0 ;
6. If P −−−−→P 0 then Q =⇒ Q0 for some ye, B, Q0 , and for every process E[X] s.t. x
eye∩f n(E) = ∅
it holds that
(e
x)(E[A]|P 0 ) R (e
y )(E[B]|Q0 )
We say P is context bisimilar to Q, written P ≈Ct Q, if there exists a context bisimulation R s.t.
P RQ.
Paying attention to the higher-order output clause, one can find that the most interesting
point is that the transmitted processes instantiates an arbitrary environment E[X], and then is
:
composed with the residual process. This is where “context” comes from. While ≈ has difficult in
handling the following two processes (we discard the content of an action when it is not important).
aP1 .0,

νb(aP2 .0),

where P1 ≡ 0, P2 ≡ b.0
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≈Ct can intuitively equal them. The crux is that applicative higher-order bisimulation separates
the discussion of transmitted processes and the residual processes, which ignores the restriction
concerning the process being sent.
In [85], the notations follows the style in [65] [48], that is using abstraction and concretion.
However they are not compulsory in the semantics point of view, and brings some extra complexity
in discussion we think. We mention them for completeness here. An abstraction looks like (X)P ,
which means a process P with the occurrence of at most process variable X. A concretion is like
ν x̃hP iQ, which means P is the process to be sent out and Q is the continuation. Thus an input
prefix can be denoted by a.(X)P , and an output prefix by a.ν x̃ < P > Q. The former can make
a
a
the action −
→ (X)P , and the latter can have −
→ (x̃)hP iQ. Based on this the communication result
can be defined by • that indicates the interaction of an abstraction and a concretion.
((X)P ) • ((x̃)hRiQ) , (x̃)(P {R/X}|Q).
In the style of abstraction (F, G...) and concretion (C, D...), context bisimulation can be defined
by:
Definition 2.3 (Context bisimulation). Context bisimilarity (≈Ct ) is the largest symmetric binary
relation R (context bisimulation) on processes: If P RQ (λ is a first-order action or τ ), then
λ

λ

1. Whenever P −
→P 0 , then Q=⇒Q0 and P 0 RQ0 ;
a

a

a

a

2. Whenever P −
→F , then exists G s.t. Q=⇒G and ∀C, F • C R G • C.
3. Whenever P −
→C, then exists D s.t. Q=⇒D and ∀F , F • C R F • D.
Although context bisimulation proves to be quite a reasonable and intuitive bisimulation equivalence that can properly cope with the difficulties of other earlier bisimulations, it also has its
demerits, that is the heavy use of universal quantifiers in its definition, This imposes a real burden
on the discussion of the properties of it and the potential application like modelling and verification. To overcome this, Sangiorgi defined a simpler bisimilarity called normal bisimilarity that
coincides with context bisimilarity [85]. In a normal bisimulation, the interesting part of a process
is factorized out for comparison and more concise simulation clauses for higher-order input and
output are provided eliminating the universal quantifiers. To achieve this, Factorization theorem
is used as a bridge. We give below the theorem that is due to Sangiorgi [82] [85].
Theorem 2.4 (Factorization theorem). For all processes A, B and fresh name m (that is m does
not appear in the processes under consideration), it holds that
P {Q/X} ≈Ct P {T rm /X}{m := Q},
where T rm , m.0 and P {m := Q} , (m)(P |!m.Q).
The theorem says that using some special processes called triggers (that is T rm , m.0), some
interesting sub-process can be extracted from the process under consideration and be replaced by
a trigger that can simulate the original process by activating (through an internal communication)
a copy of the sub-process. More justification for the triggers can be found in [85]. For example,
the replication in {m := Q} is necessary because there may exist several X in P , so a number
of triggering is needed. In a sense, Factorization theorem induces a certain kind of normal form,
and on such normal forms context bisimulation can be simplified. Triggered processes, which only
send and receive triggers, can be considered such normal forms. And a mapping is provided to
convert a process into a triggered process. To prove the coincidence between context bisimilarity
and normal bisimilarity, an intermediate bisimulation called triggered bisimulation is needed.
Triggered bisimilarity is defined on triggered processes and coincides with context bisimilarity
on triggered processes. So one can imagine that context bisimilarity and normal bisimilarity are
compared by first converting the processes to triggered processes and then continuing checking the
holding of triggered bisimilarity, thus the technical details can be got around. The picture below
(Figure 2.2) indicates this.
And the relationship between the three bisimilarities (context bisimilarity (≈Ct ), triggered
bisimilarity (≈T r ) and normal bisimilarity (≈N r )) is pictorially presented below (Figure 2.3).
Note the processes under consideration are closed, indicated by Ag ◦ . So ≈Ct and ≈N r are defined
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Figure 2.2: Bisimulations in the paper [85]
on Ag ◦ , while ≈T r is defined on T Ag ◦ , which means the total set of triggered processes. And
¹ T Ag ◦ means restricting the relation to the set of closed triggered processes. In Figure 2.3, T is
a mapping (T : Ag ◦ → T Ag ◦ ) mentioned above that maps a process to a triggered process that
is (context) bisimilar to the original one [85].
Ag ◦

≈N r = ≈Ct

Ag ◦

≈T r =

T

≈Ct ¹ T Ag ◦ =
≈N r ¹ T Ag ◦

Figure 2.3: Relation of Bisimulations
More details on the three bisimulations can be referred to [85].

2.1.3

Linear higher-order π-calculus

Linear higher-order π-calculus is proposed by Fu [36]. The calculus abstracts the application
scene that one program (possibly transmitted through the Internet) may be used only once after
receiving, by demanding that one process variable must not appear in two (or more) concurrent
positions at the same time. It is aiming at two things. The first is to explore a more reasonable
and applicable bisimulation theory that resembles open-styled bisimulation [87] and enjoys some
elegant properties on the relationship between the equivalence of prefixed (input and output)
processes and equivalence of their continuations. The second is to construct an axiom system for
a higher-order calculus. This is possible in linear higher-order π-calculus because the equivalence
checking is decidable compared to the undecidability in a general higher-order process calculus.
In fact, Fu first studied this topic motivated by a similar problem in Ambient calculus. Below we
mention the main part of Fu’s work. We will give a more detailed explanation in Chapter 7.
The basic definition of processes is like that for higher-order π-calculus, except in that
aP 0 .P,

P 0 |P

should meet the condition that f v(P ) ∩ f v(P 0 ) = ∅ (f v(·) denotes the free process variables in a
process). Moreover, the calculus uses unguarded (non-deterministic) choice operator. The purpose
is to examine how one can handle higher-order processes without directly using Factorization
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theorem in [85] where no choice operator is included. Because this is important in some calculus
(like Ambient calculus) in which triggers cannot be applied properly. To have a glance at the
unsteadiness of Factorization theorem, we see an example below.
A , P |X,
then by Factorization theorem,
A{Q/X} ≈Ct A{T rm /X}{m := Q},
or
P |Q ≈Ct (m)(P |m.0|!m.Q),
but for any process O involving no free occurrence of m,
O+P |Q 6≈Ct (m)(O+P |m.0|!m.Q),
for the latter can launch a τ action and the former can not match it by preserving invariance of
bisimulation. This is a vital problem in higher-order calculi. Maybe some novel kind of trigger-like
gadget can help solve this situation. But so far no such report has been heard about.
Linear processes have the same operational semantics except in higher-order input, which is
described by the following rule.
f v(A) ∩ cp(P, X) = ∅
.
a(A)
a(X).P −→ P {A/X}
Note that the process variables in the process A should not collide with the process variables on
the concurrent positions with X (cp(P, X) means the process variables in P that are on concurrent
positions with X, such as parallel composition and higher-order output), which ensures linearity.
Fu thinks a good bisimulation should meet the following requirements: closed under context,
observed (something like barbed), reduction closed. So he designed local bisimulation. We give
below the definition which is due to Fu.
Definition 2.5 (Local bisimulation). Local bisimilarity is the largest symmetric binary relation R
(local bisimulation) on closed processes that is closed under substitution of names, and whenever
P RQ, the following properties hold:
τ

1. If P −
→P 0 , then Q=⇒Q0 for some Q0 and P 0 RQ0 ;
a(x)

a(x)

2. If P −−−→P 0 , then Q=⇒Q0 for some Q0 and P 0 RQ0 ;
ax

ax

3. If P −→P 0 , then Q=⇒Q0 for some Q0 and P 0 RQ0 ;
a(x)

a(x)

4. If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and for every process O,
(x)(O|P 0 ) R (x)(O|Q0 );
a(A)

a(A)

5. If P −−−→P 0 , then Q=⇒Q0 for some Q0 and P 0 RQ0 ;
(e
x)aA

(e
y )aB

6. If P −−−−→P 0 then Q =⇒ Q0 for some ye, B, Q0 , and for every closed process E[X] s.t. x
eye ∩
f n(E) = ∅ it holds that
(e
x)(E[A]|P 0 ) R (e
y )(E[B]|Q0 ).
The bisimulation differs from context bisimulation in the first-order bound output clause,
which requires that the residual processes simulate each other under all context process O. This
clause is somewhat more reasonable than that in context bisimulation [85]. Moreover, another
difference is that the bisimulation is of open style in that it is closed under substitution of names.
Open bisimulations enjoy good algebraic properties and are deemed as authentic bisimulations
in π-like calculus. These improvements make the local bisimulation more appealing in higherorder paradigm. Another critical point that deserves attention is that local bisimulation uses
general weak transitions in bisimulating steps, rather than delayed ones. That is a weak transition
τ
τ
λ
λ
is defined in the traditional way that ⇒ represents −
→ ... −
→, and ⇒ represents ⇒−
→⇒. This
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is natural in first-order π-calculus and CCS, however if one uses this general weak transition
definition, some technical obstacles will appear in proving a (higher-order) bisimulation is an
equivalence relation and other related results, as mentioned. So in [97] [85] the weak transition is
λ

λ

defined by ⇒,⇒−
→. But this is not intuitive in many applications, and philosophically incorrect
as commented in [96]. For it should be the case that when using general weak transitions, the
results in [97] [85] still hold. Simply because some proofs is not found, it is not persuasive to give
the intuition up. Fu improves this by extending the results for context bisimilarity to using the
general weak transition, by making use of some technical intermediate results. The key point is
attributed to a lemma called Bisimulation Lemma, which looks like
Lemma 2.6 (Bisimulation Lemma). Suppose P, Q are (closed) processes. If P =⇒· ≈l Q and
Q=⇒· ≈l P , then P ≈l Q.
Based the definition of local bisimulation and its basic properties, such as equivalence and congruence thanks to Bisimulation Lemma, Fu investigates the axiomatization of linear higher-order
π-calculus. To pave the way for an axiom system, the relationship between the equivalence (up-to
local bisimilarity) of prefixed (input and output) processes and equivalence of their continuations
is examined. Two important theorems that lay down the foundation for the axiom system is
obtained. They are Abstraction theorem and Concretion theorem. We will explain more about
them in later parts of this thesis. Here we merely reproduce them here, and they are first due to
Fu [36]. Note a fresh name is a name that does not appear in the processes under consideration.
Theorem 2.7 (Abstraction theorem). Suppose x ∈
/ ze, e
c(f resh) are pairwise distinct, so are ze.
Then the following equations are equivalent:
e
e
1. (e
z )(cz|a(X).P
) ≈l (e
z )(cz|a(X).Q);
e {Ib /X}) ≈l (e
e
2. (e
z )(cz|P
z )(cz|Q{I
b /X}) for a fresh name b;
e {b/X}) ≈l (e
e
3. (e
z )(cz|P
z )(cz|Q{b/X})
for a fresh name b;
e {E/X}) ≈l (e
e
4. (e
z )(cz|P
z )(cz|Q{E/X})
for every process E.
Theorem 2.8 (Concretion theorem). Suppose x ∈
/ ze, e
c(f resh) are pairwise distinct, so are ze.
Then the following equations are equivalent:
e x)a[A].P ) ≈l (e
e y )a[B].Q) for some name a;
1. (e
z )(cz|(e
z )(cz|(e
e x)(b[A]|P )) ≈l (e
e y )(b[B]|Q)) for a fresh name b;
2. (e
z )(cz|(e
z )(cz|(e
e x)(c.(A+d)|P )) ≈l (e
e y )(c.(B+d)|Q)) for fresh names c, d;
3. (e
z )(cz|(e
z )(cz|(e
e x)(E[A]|P )) ≈l (e
e y )(E[B]|Q)) for every process E[X].
4. (e
z )(cz|(e
z )(cz|(e
e is called a local context which Fu considers basic in many applications. The congruence
(e
z )(cz|·
under local contexts are also studied.
From the preparations above, Fu finally arrives at an axiom system for finite processes, which is
composed of three parts: the general parts for a process calculus, the parts relative to congruence,
and the rules derived from the Abstraction theorem and the Concretion theorem. The technical
routine for proving the completeness resembles that for a general process calculus, that is by
proving three lemmas called Normalization lemma, Saturation lemma and Promotion lemma.
Eventually the Completeness theorem is proven. A point worth noticing is that normal forms in
higher-order processes are not so trivial to locate. For there is the case when a process cannot
be rewritten to a normal form free of parallel composition like that in CCS. For example, X|P
cannot be expanded. So one has to retain the parallel composition. Fu uses head normal form to
conquer this difficulty. That is a head normal form is a normal form that the sub-expressions need
not observe the normal forms. Helped by the head normal form and all the desired properties,
a sound and complete axiom system is built up for linear higher-order π-calculus, with respect
to local congruence, which is the congruence derived from local bisimilarity. The axiom system
seems to be the first in higher-order paradigm of process calculi.
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2.2

Preliminaries on bisimulations (brief )

We have mentioned the concept of bisimulation. Here we give more explanations on this concept. Since process calculi, which came into existence in the middle 20th, differ from traditional automata theory, which is essentially based on sequential computation formalized by λ-calculus [16],
in that they are computing by concurrency, their study methodology and technique is quite different, where the major distinction lies in the capability of the systems under inspection. Concurrent
systems with concurrent or parallel entities, or processes, which interact by communication are
what process calculi study, and this computational element is believed by many researchers to
be able to essentially expand the computational power of Turing machines [8] [45] [100]. Therefore, while λ-calculus pays attention to sequential computation, process calculi stress concurrent
computation. One of the most important topics in process calculi is studying the equivalence between processes. The equivalence relation shall make sense in that two processes can be regarded
to resemble each other, and no third part can distinguish them from certain viewpoint, such as
observational point of view that discards internal moves in a system. The theory that studies
such equivalence is called bisimulation theory in process calculi. Hence bisimulation theory is an
indispensable part in any instance of process calculi. In fact, bisimulation theory, which is usually
residing on the structural operational semantics [46], was first put forward by Milner and Park,
who borrowed the idea from related counterpart in mathematics, and then gradually developed
into a regular topic in process calculi. Since then a variety of bisimulation theories, reasonable or
not, intuitive or not, have been put forth by various researchers. And a set of techniques came
along the study on bisimulation theories, such as [88]. We think one can say that bisimulation
theory is the core in process calculi and I believe all the important results in process calculi are
proven on the basis of bisimulations. And our work in this thesis is not an exception.
From the bisimulation theory, one can study the equation theory from the equivalence defined
by the bisimulation, which leads to the algebraic theory. Another approach is to start from
the algebraic basics and develop bisimulation theory from equation theory. But they end in the
common destination from some angle. A typical example of the latter is ACP [17].
Bisimulation has proven to be a most stable and natural concepts formulated and studied
widely in the field of concurrency in the past few decades. Below we give some explanation on the
basic concepts of bisimulation to be used in this thesis.

2.2.1

Strong and weak bisimulations

Here we make some brief introduction to the strong and weak version of bisimulations.
A strong bisimulation compares two processes in an exact way, that is every action of one
process must be able to be simulated by the other process, including observable actions and
internal actions. Its merit is that two program systems match precisely and some results on
bisimulation can be proven relatively easily. In the earlier stage, many important results, such as
unique solution of an equation and axiomatization, take strong bisimulation as their basis.
However, the defect of strong bisimulations is that it is over-discriminating. Sometimes internal
actions are irrelevant to an observer and the observable actions weighs more to the comparison
mechanism. Hence observational equivalence is proposed, i.e. weak bisimulations that abstract
from internal movement of a system are considered, where a simulation can be partly composed
of silent actions before and after an observable action, thus greatly increasing the intuitiveness
of bisimulations. Nearly most of important and reasonable (in realistic sense) result concerning
bisimulations are based on weak bisimulations. However strong bisimulations are not in vain.
They can offer some insight to the investigation of weak bisimulations. For more motivation for
weak bisimulations, refer to [64].

2.2.2

Late and early bisimulations

In a bisimulation, usually a clause can be defined in two styles: late and early. In a late-style
clause, the simulating part reads like “exist · · · for all · · · ”. For example,
(e
x)aA

(e
y )aB

If P −−−−→P 0 , then Q =⇒ Q0 for some ye, B, Q0 , and for every process E[X] (with no name
capturing) it holds that (e
x)(E[A]|P 0 ) R (e
y )(E[B]|Q0 ).
In an early-style clause, the simulating part reads like “for all · · · exist · · · ”. For example,
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(e
x)aA

(e
y )aB

If P −−−−→P 0 then for every process E[X](withnonamecapturing), Q =⇒ Q0 for some ye, B, Q0 ,
and it holds that (e
x)(E[A]|P 0 ) R (e
y )(E[B]|Q0 ).
In first-order process calculi like first-order π-calculus, late and early usually do not coincide,
but in higher-order calculi here like higher-order π-calculus, late and early do coincide, as will be
seen.

2.2.3

Congruences

A bisimulation need to be a congruence to be useful. More justification on this is give below.
A typical application of process calculi is to describe the specification and implementation of a
system and verify that the latter indeed realize the former, that is they are equivalent with respect
to certain bisimulation. The specification and implementation of a system are usually expressed in
different levels of abstraction, that is high and low (concrete) respectively. Generally speaking, the
implementation of a given specification, which is relatively simpler, is not derived directly. On the
contrary, it is implemented through a series of successive refinements. So a necessary requirement
is to ensure the correctness of the refinement in each step, that is the equivalence with the former
intermediate one (the predecessor), finally back to the specification itself. The difference between
two successive refinement can be small, for sometimes it is much important to keep the evolution
steady. Suppose P is a more abstract fragment (sub-process) of the current refinement, Q is
a more concrete process to implement P in the next refinement, and C[·] is the parts that are
intact during the refinement. The request is that the implementation before the refinement, C[P ],
should be equivalent to the implementation after the refinement, C[Q], which makes a sound
step of refinement. Here comes another problem, that is how to prove the equivalence between
C[P ] and C[Q]. Usually C[·] can be far larger than P and Q, and it may take a great deal of
work, which is not a good news. Yet there is still some way out of here. If the equivalence is a
congruence relation, that is it is closed under various operators in the calculus, then the problem
is reduced to proving the equivalence between P and Q, which can tremendously decrease the
amount of proof work. Now one knows why in nearly all the study of a world of process calculi,
so much attention is paid to the examination of whether a certain bisimulation equivalence is
virtually a congruence relation. Another way to ensure the faithfulness of the implementation
with respect to the specification is to verifying some preorder between them. For example, in [52]
the author uses preorder P v Q, which says Q is more deterministic than P , which is just the case
with the abstraction levels in implementation and specification. Typically, preorders are defined
based on different treatment of divergence in processes, for example [99] [58]. Preorders used, the
step-by-step refinement work can be improved by leaving some parts of the system intact with
some constraint, for those refinement strategy based on bisimulation equivalence may has the
disadvantage that some part of the specification may become far more complicated than necessary
because it has to ensure congruence by considering process behavior in various conditions.
However because of some operators such as the choice operator, weak bisimulations may not
be closed. In this case, since a relation is always preferred to be congruence relation to make it
useful, some technique is needed to construct a congruence. The most widely used approach is to
restrict the bisimulation equivalence to a smaller relation that is closed under all operators, that
is parameterizing the bisimilarity over the class of all contexts. This method was first used in [64].
Below is an example (≈ is a certain bisimilarity).
Processes P and Q are congruent, denoted by P ' Q, if P ≈ Q and the following properties hold
for every substitution σ on names:
τ

τ

τ

τ

1. If P σ −
→P 0 then Qσ =⇒Q0 ≈ P 0 for some Q0 ;
2. If Qσ −
→Q0 then P σ =⇒P 0 ≈ Q0 for some P 0 .
In higher-order calculi, one should also consider process variables. For example, in higher-order
π-calculus with mismatch, the congruence is defined as follows (≈oh is some bisimilarity).
Processes P and Q are congruent, denoted by P 'oh Q, if P ≈oh Q and the following properties
hold for every substitution σ on names and every substitution Σ on process variables:
τ

τ

τ

τ

1. If P σΣ−
→P 0 then QσΣ=⇒Q0 ≈oh P 0 for some Q0 ;
2. If QσΣ−
→Q0 then P σΣ=⇒P 0 ≈oh Q0 for some P 0 .
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2.2.4

Bisimulation up-to

Bisimulation up-to technique is a rather useful method of proving bisimulation equivalence.
Usually, to prove a pair of processes are bisimilar, one shall define a proper relation R that contains
the pair, and show it is a bisimulation. However, sometimes it is hard for a direct analytical proof,
because to reach bisimulation one has to go via some intermediate processes that are equivalent to
the process under consideration, or some relationship between the pair and the new two processes
obtained by applying operators to the two processes in the pair respectively, and then prove
bisimulation on the new pair. To be more specific, the proof by definition of a bisimulation is
practically barely closely followed because such a direct proof may need a rather sophisticated
construction relation R, which may be very large in size. This leads to the basic intuition of
bisimulation up-to [64], which helps a lot in such cases in reducing the size of the relations needed
for bisimulation proof. A general bisimulation up-to something is defined in a similar pattern than
the definition of a bisimulation. In fact they are “bisimulations” in which the simulation clauses
are closed up under some specific relation.
As an example, suppose there is a certain bisimulation called X bisimulation, whose bisimilarity
is denoted by ≈. Then a relation R on the same domain is a bisimulation up-to ≈ if it satisfies
all the requirements as that for X bisimulation, except that in the simulating closing part R is
replaced by ≈ R ≈. A necessary property to make bisimulation up-to useful is that a bisimulation
up-to something should be contained by the corresponding bisimilarity. Take the above case as
an example, if R is a bisimulation up-to ≈, then R should always be contained by ≈.
In this way, proof work on bisimulations can be alleviated to a great extent, since the potential
complex relation need not to be explicitly constructed. Moreover, one can design certain relations
that enjoy moderate complexity and proper fineness for applying up-to technique. However, The
property that a bisimulation up-to something is contained by the corresponding bisimilarity is not
always available, and the border between a sound and unsound up-to choice on bisimulation proofs
is not clear, so some care should be taken when applying up-to technique. As is well-known, a
strong bisimulation up-to a strong bisimilarity, a weak bisimulation up-to a strong bisimilarity,
and so on with those up-to strong equivalence, are sound up-to instances. While in the meanwhile,
a weak bisimulation up-to a weak bisimilarity is a flawed up-to instance, that is sometimes a weak
bisimulation up-to a weak bisimilarity is not contained by a bisimilarity. An counterexample
is proposed in [90], that is S = {(τ.a.0, 0)} which is a weak bisimulation up-to ≈ in CCS but
not a bisimulation obviously. Therefore one should be very careful in coping with up-to cases
concerning two weak bisimulations. In [90] two new “up-to” techniques are proposed to overcome
the difficulty, that is expansion (based on a preorder) and almost-weak bisimulation, on which we
do not go further here.
Other up-to technique include up-to context, up-to restriction and more advanced ones, but
the basic ideas are the same. Since it was proposed, there have been constantly many further work
it deserves, like [90] [78] [79] [89] and [88] in which a more general bisimulation proof technique
is presented, since it can provide much help in some harsh proofs, and what’s more it can reflect
some essence in the bisimulation instance and offer some insight into what the difference is lying
between programs. In applications fields, there are even some implementations of up-to techniques,
such as in Concurrency Workbench [70], which a software that supports modeling, exploring and
automatically reasoning about and verifying processes. [92] has a relatively complete introduction
and discussion of up-to technique, other than some more novel work mentioned above. In this
thesis, we will use up-to technique in some important proofs and certainly enough care is paid to
avoid unsound applications. A safe strategy is to uniformly use weak transitions in the definition
of an up-to instance, which usually ensures soundness.
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Chapter 3

Higher-order π-calculus with
mismatch
3.1

Introduction

Mismatch is an interesting operator dual to match, and has been studied in many calculi, such
as CCS and π-calculus. The introduction of mismatch may trigger a modulation in bisimulation
theory, in that the substitution may damage the closure of equivalence relations. However, the
calculus with mismatch is interesting in that one has the ability to express some process behavior
more conveniently and some specification can be more readily designed and realized. Mismatch
operator offers some convenience in building up an axiom system for some calculus. Some work
can be found in [74] and [41].
So inspired by these thoughts and Fu’s help, we try to study the higher-order π-calculus with the
mismatch operator, including the bisimulation theory, which is again of open style and a general
one (with choice and non-delayed semantics), and its characterization, such as the congruence
property. And we also try to construct a sound and complete axiom system for our calculus, to
achieve which goal we have to retreat to the linear fragment of the calculus, so we define the
linear higher-order π-calculus with mismatch operator. The axiom system we obtain is enriched
with those axioms and rules regarding the mismatch operator. Through a somewhat modulated
technical dealing similar to that in [36], we prove the completeness theorem for our axiom system.
So the main contribution of this chapter is:
• The mismatch operator is introduced into higher-order π-calculus. The calculus has (nondeterministic) choice operator and no recursion. We study the characterization of a bisimulation in our calculus, which is of open, context, and late (not delayed) style.
• The linear fragment of higher-order π-calculus with mismatch is considered. Some characterization on the relationship of the equivalence of processes and their components is provided,
which prepares the axiom system, especially the congruence rules in a local fashion, that is
processes are examined in an environment that can fire a number of local (bound) names.
• An axiom system is designed for the linear fragment of higher-order π-calculus with mismatch. We prove its soundness and completeness, in a pattern similar to that of Fu’s [36].

3.2

Higher-order π-calculus with mismatch

In this section, we give the syntax and semantics of higher-order π-calculus with mismatch.
We call the calculus mHOPi, which means the HOPi with the mismatch operator.

3.2.1

Syntax

The syntax of mHOPi is as below.
We use capital letters P, Q, ... to represent mHOPi processes. A mHOPi process is built
from the inactive process 0, four prefixes called first-order input (a(x)) and output (ax), higherorder input (a(X)) and output (aP ), parallel composition (|), restriction ((x)), match ([x=y])
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P

:= 0
X
π.P
P |P
(x)P
[x=y]P
[x6=y]P
P +P

, π = a(x), ax, a(X), aP

Figure 3.1: Syntax of mHOPi
and mismatch ([x6=y]), and (non-deterministic) choice (+). X is a process variable (or simply
variable). The precedence of operators is (from high to low): restriction, prefix, match, mismatch,
parallel composition, choice. The operators have that usual meanings.
We make the following remarks for the calculus defined above.
• We will roughly assume parallel composition, restriction, choice, match and mismatch are individually commutative under any context, since it is sound under any equivalence, typically
strong bisimilarities and structural equivalence, such as the first one in [66].
• We use small letters a, b, c, x, y, z... to indicate names, and Y, Z, M, N... for sub-sets of names
set N . A name vector (a sequence of names) is denoted by x
e, that is x1 , x2 , ..., xn . And
the names in each vector are pairwise distinct. Though the order they appear in a specific
process may be not relevant, we give them labels for convenience. (mHOPi) Processes are
ranged over by capital letters A, B, . . . , E, F, . . . , P, Q, . . .. E[X] denotes a process with at
most the free process variable X in it, possibly occurring several times. Free variables will
e for the process with a series of
be defined below. Also we use E[X1 , X2 , ..., Xn ] (or E[X])
e
process variables occurring in it. To extend this notation, we use E[A1 , A2 , ..., An ] (or E[A])
to denote E[X1 , X2 , ..., Xn ]{A1 /X1 }...{An /Xn }where {An /Xn } means the substitution of
An for Xn .
• We make no difference between first-order names and higher-order names, though it seems
natural, but not necessary, because from practical point of view, a channel on a network can
not only send names(references), but processes(applications) as well.
• We use I, J, K... to indicate (finite) indices set, typically they are subsets of the set of natural
numbers. They will be of use when a series of processes are indicated.
• We have the following derived prefixes.
τ.P
a(x).P

,
,

(m)(m(x)|mm.P ),
(x)ax.P

m fresh

We usually omit the process 0 when it causes no confusion, for example, we may write 0 | P
directly as P . And when the object name x in a prefix is not important, it is also omitted.
So we have some abbreviations as follows: a for a(x).0; a for ax.0 when x is ignored; τ for
τ.0. We define Ia as a(X).X.
• A name x is considered bound (local or restricted) in a(x).P and (x)P , and free otherwise. A process variable X is considered bound in a(X).P , and free otherwise. We use
f n(P ), bn(P ); f v(P ), bv(P ) to denote the free names, bound names, free variables and bound
variables in a process P , respectively. And f n(P, Q) stands for f n(P ) ∪ f n(Q). A process
containing no free variables is called a closed process, otherwise it is open. We usually
focus on closed processes, or simply called processes, and more general open processes are
sometimes called process expressions. At most time they would not be confused.
• We assume α-conversion implicitly effects to avoid name capturing. This is important because local (bound or restricted) names should never cause a conflict with free names. The
equivalence relation induced by α-conversion is denoted as ≡α .
28

• A fresh name means a name that does not occur in the processes under consideration. Actually we will often use fresh names for filtering out interesting actions, in addition to the
choice operator, as will be seen in many proofs in the bisimulation theories and axiomatization. We usually assume every local name is fresh, to avoid some troublesome condition in
various discussions.
• We define four basic actions: first-order input a(y), first-order output ay; higher-order input
a(B)(Sometimes we use a[B]), higher-order output aB(Sometimes we use a[B]). We have
three derived actions: internal (silent) action τ (it can be simulated), first-order bound output
a(y), and higher-order output (e
x)a[A]. We use λ, α, β... for actions, and sub(λ), obj(λ), f n(λ), bn(λ)
to denote the subject part, object part, free name in, and bound name in, an action λ, respectively.
• af
x abbreviates a1 x1 | a2 x2 | · · · | an xn . As we will see, this helps form a local environment.
• First-order or higher-order name substitution P {y/x} and higher-order process substitution
P {P/X} are defined syntactically in the usual (structural) way. Note in the higher-order
output case, the substitution should also work on the process being sent, that is:
(a[A].P )σ , (aσ[Aσ].P σ).
e
We use σ for name substitution and Σ for process substitution. Also we use {e
y /e
x} ({Pe/X})
for a series of name (process) substitutions, that is {y1 /x1 }...{yn /xn } ({P1 /X1 }...{Pn /Xn }).
Actually, a substitution σ on names is a function (we use range(σ) for its range), and we
usually write aσ for σ(a). For convenience for those pairs mapping one name to itself, we
omit their explicit definition, and focus on the most interesting pairs mapping one name to
a different one.
• A binary relation R on processes is closed under substitution on names if for each substitution
σ on names, (P σ, Qσ) ∈ R whenever (P, Q) ∈ R. Similar definition can be made on relation
closed under substitution on process variables.
• Contexts are processes with holes that can hold processes. We have three kinds of contexts
here, and their definitions are as follows:
Definition 3.1. Contexts:
1. [·] is a context;
2. If C[·] is a context, then a(x).C[·], ax.C[·], τ.C[·], a(X).C[·], aA.C[·], (x)C[·], P | C[·]
and [x = y]C[·] are contexts
Full contexts:
1. A context is a full context;
2. If C[·] is a full context, then a[C[·]].P , C[·] + P and [x 6= y]C[·] are full contexts
Local contexts:
An environment (process)(full context) of the form (e
x)([·] | O). Its more usual form is
(x1 ) · · · (xn )(c1 x1 | · · · | cn xn | [·]) (or (e
x)(cf
x | [·])), which will play a crucial role in the discussion of local congruence.
• The calculus does not have recursion, because we want to start with a relatively simple
one, and what is more, in axiomatization we restrain to finite processes, which excludes the
recursion. Yet recursion is an interesting element that can be added and studied, even in
higher-order cases. See [97] [36] for some discussion on recursion, or the µ operator.
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Match and mismatch
• From the match and mismatch operators, we can define a (condition) sequence of the mix
of them. We usually use µ(do not confuse it with the µ-operator) for a sequence of match,
δ for a sequence of mismatch, and ϕ, ψ, φ, ... for a sequence of match and mismatch. We
use n(ϕ) to denote all the names appearing in ϕ. The length of a condition sequence ϕ is
the number of match or mismatch in it. Note when the length is zero, then ϕP is P . The
closure of a condition sequence ϕ, written clo(ϕ) is defined below:
For any ϕ, if ϕ ⇒ x = y (ϕ ⇒ x 6= y), then x = y (x 6= y) is in clo(ϕ).
⇒ means logic implication and will be defined below. The notation [z ∈
/ Z]P represents
[z6=z1 ] · · · [z6=zn ]P , where the order of the mismatch sequence is irrelevant.
• We have the following definition, if we see match and mismatch as in some kind of logic.
ϕ ⇒ ψ when ϕ can logically imply ψ.
And ϕ ⇔ ψ when ϕ ⇒ ψ and ψ ⇒ ϕ, that is they are logically equivalent. Also we use ⊥ to
stand forWlogical false.VWe can also have conjunction and disjunction on condition sequences,
such as i∈I ϕi and i∈I ϕi . ϕ\x denotes the condition sequence obtained by excluding in
ϕ those match and mismatch operators involving name x. Also we use ¬ϕ to denote the
negation of a condition sequence, with respect to the negation of match or mismatch and
the negation of the parallel composition. We illustrate this by an example. Suppose ϕ is
[a=b][c6=d], then ¬ϕP is defined as:
[a6=b]P +[c=d]P.
• Completeness of match\mismatch sequence on certain name set V ⊆ N is defined as follows.
Definition 3.2. Let M be a finite set of names. We say that ϕ is complete on M , if
1. n(ϕ) = M ;
2. It holds either ϕ ⇒ x=y or ϕ ⇒ x6=y, for each pair x, y of names in M .
We have the following immediate property.
Lemma 3.3. Suppose ϕ is complete on a name set M , and n(ψ) ⊆ M . Then either ϕψ ⇔ ϕ
or ϕψ ⇔ ⊥( constantly false. ).
• The following definition states some relationship between match, mismatch and substitution.
Definition 3.4. Suppose ϕ is a sequence of match and mismatch operators, and σ is a
substitution. Then we have the following definition:
– σ respects ϕ if ϕ ⇒ x = y implies σ(x) = σ(y), and ϕ ⇒ x 6= y implies σ(x) 6= σ(y);
– ϕ respects σ if σ(x) = σ(y) implies ϕ ⇒ x = y, and σ(x) 6= σ(y) implies ϕ ⇒ x 6= y;
– σ agrees with ϕ, or ϕ agrees with σ, if they respect each other;
– The substitution σ is induced by ϕ if σ agrees with ϕ and range(σ) ⊆ n(ϕ).
We have the following two lemmas after the definition above.
Lemma 3.5. If condition sequence ϕ and ψ are complete on the names set M , and they
both agree with a substitution σ, then ϕ ⇔ ψ.
Another lemma is as below.
Lemma 3.6. If condition sequence ϕ and ψ are complete on the names set M . And ϕ ⇒ ψ,
then ϕ ⇔ ψ.
The proofs of the two lemmas above are not hard, and we skip them here.
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• When defining open-style bisimulations, we need some auxiliary operations on processes,
/ ]
that is P [x6=y] , P [x∈Y
and P [Y *Z] . We give the (recursive, or structural) definitions below.
[x6=y]
We first define P
. It inserts the mismatch operator [x6=y] before each prefix operator
in process P .

0
P ≡0



[x6=y]

[x6
=
y]π.Q
π.Q




Q|R
 Q[x6=y] | R[x6=y]
(z)Q[x6=y]
(z)Q ,
P [x6=y] ,

[x6=y]

[a=b]Q
[a=b]Q





[a6=b]Q[x6=y]
[a6=b]Q

 [x6=y]
Q
+ R[x6=y]
Q+R
where x, y should be kept from being captured.
/ ]
Then we define P [x∈Y
. If Y is finite and denoted as {y1 , y2 , · · · , yn }, then
/ ]
P [x∈Y
, (· · · (P [x6=y1 ] )[x6=y2 ] · · · )[x6=yn ] ,

where the order of the applying (·)[x6=yi ] (i = 1, 2, ..., n) is irrelevant.
Finally we define P [Y *Z] . If Y is finite and denoted as {y1 , y2 , · · · , yn }, then
/
/
/
P [Y *Z] , (· · · (P [y1 ∈Z]
)[y2 ∈Z]
· · · )[yn ∈Z]
,
/
where again the order of the applying (·)[yi ∈Z]
(i = 1, 2, ..., n) is irrelevant.

Below is a simple lemma.
Lemma 3.7. Suppose x, y are distinct names (that is x 6= y) and not appear bound in
process P , then the following two properties hold(λ is an action):
λ

λ

[x6=y]

1. If P −
→ P1 , then P [x6=y] −
→ P1
λ

;

λ

[x6=y]

2. If P [x6=y] −
→ P2 , then P −
→ P1 and P2 ≡ P1

.

• We can apply substitution on match and mismatch. (P [x6=y] )σ is defined as (P σ)[x6=(yσ)] .
/ ]
/ σ)]
And (P [x∈Y
)σ, respectively (P [Y *Z] )σ, is defined as (P σ)[x∈(Y
, respectively (P σ)[Y *(Zσ)] .
•

3.2.2

The LTS

Here we give the operational semantics of mHOPi, as the labelled transition system (LTSin
Figure 3.2. Most of the transition rules are self-explained. We make some explanation on several
of them. Prefixes rules stipulate how the four basic actions fire, including first-order input and
output, and higher-order input and output. Note in higher-order input, the received process shall
not collide with the residual process on bound names. The communication rules are core, including
first-order communication and higher-order communication. Note when a communication involves
some bound names in the output part, those bound names will be outputted too and the scope of
them will be extended accordingly. For example, in higher-order communication, the bound names
in A will be extruded to cover the composition of P 0 and Q0 . In fact, higher-order output comprises
many complicated cases in the bisimulation theory. The rest rules on (non-deterministic) choice,
restriction, match and mismatch are quite routine, so we do not talk more on them. The derivation
height of an action is the height of the derivation tree based on the LTS.
Suppose λ is an action, a weak transition is defined as follows:
(
λ

=⇒,

=⇒

if

λ=τ

λ

if

λ 6= τ

=⇒−
→=⇒
31

Prefixes
ax

a(y)

ax.P −→ P

a(x).P −→ P {y/x}
bn(P ) ∩ f n(A) = ∅

aA

a(A)

aA.P −→ P

a(X).P −→ P {A/X}
Parallel composition
λ

P −→ P 0
bn(λ) ∩ f n(Q) = ∅
λ
P | Q −→ P 0 | Q
a(x)

a(x)

a(A)

P −→ P 0 , Q −→ Q0
τ
P | Q −→ (x)(P 0 | Q0 )
Nondeterministic choice

a(x)

ax

P −→ P 0 , Q −→ Q0
τ
P | Q −→ P 0 | Q0
(e
x)a[A]

P −→ P 0 , Q −→ Q0
τ
P | Q −→ (e
x)(P 0 | Q0 )
λ

P −→ P 0
λ

P +Q −→ P 0
Restriction
λ

P −→ P 0
x 6∈ n(λ)
λ
(x)P −→ (x)P 0
Conditions

λ

ax

P −→ P 0
a(x)
(x)P −→ P 0

P −→ P 0
λ
[x=x]P −→ P 0

(e
x)a[A]

P −→ P 0 y ∈ f n(A) − x
e
(y)(e
x)a[A]
(y)P −→ P 0
λ

P −→ P 0 x 6= y
λ
[x6=y]P −→ P 0

Recursion?

λ

P {µX.P/X} −→ P 0
λ

µX.P −→ P 0
Figure 3.2: LTS of mHOPi
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Properties on LTS
Below we consider some basic properties of mHOPi under the semantics in figure 3.2. In a
calculus without mismatch operator, the following lemma holds, but the presence of mismatch
operator fails it.
λ

λσ

Lemma 3.8. If P is a process and P −
→ P 0 then P σ −−→ P 0 σ.
Instead we have the following lemma to achieve similar results in process form.
λ0

Lemma 3.9. If P σ −→ P 00 , the we have P 00 ≡ P 0 σ and λ0 ≡ λσ for some P 0 and λ.
λσ

So we can always write P σ −−→ P 0 σ safely. However, in the case of higher-order (process)
substitution, the mismatch has no similar bad effect.
Lemma 3.10. If P is a process and f v(P ) = {Xi |i = 1, 2, · · · , n}. And {Pi |i = 1, 2, · · · , n} are
λ

closed process. If P −
→ P 0 then
λ{P1 /X1 ,··· ,Pn /Xn }

P {P1 /X1 , · · · , Pn /Xn } −−−−−−−−−−−−−→ P 0 {P1 /X1 , · · · , Pn /Xn }.
We also have the converse of the previous lemma, as follows.
Lemma 3.11. If P is a process and f v(P ) = {Xi |i = 1, 2, · · · , n}. And {bi |i = 1, 2, · · · , n} are
fresh names. If
λ{b1 /X1 ,··· ,bn /Xn }

P {b1 /X1 , · · · , bn /Xn } −−−−−−−−−−−−−→ P 0 {b1 /X1 , · · · , bn /Xn },
λ

then P −
→ P 0.

3.2.3

Linear fragment

In this section, we introduce a linear fragment of the mHOPi defined above. We call it linear
higher-order π-calculus with mismatch. As the original calculus is currently shy from a decidable
algorithm on checking whether two HOPi (higher-order π-calculus) processes are equivalent, some
limitation is imposed on the calculus to make it a little light. The linear concept here was put forth
and discussed by Fu [36]. There the linear fragment is shown to have an axiom system with the
sound and complete properties. Here to axiomatize the HOPi with mismatch, we carry out the
similar manipulation. Below we give the definition of the linear fragment. For more information
on linear processes, we refer readers to [36].
Definition 3.12 (Linear fragment). The linear fragment of HOPi with mismatch is defined on
the restriction that process variables are confined to a limited occurrence. The definition is most
on the higher-order output and parallel composition. That is, we demand that in
aQ.P, P |Q,
f v(P ) ∩ f v(Q) = ∅.
And if we have the recursion in mHOPi, we shall further require that in
µX.P,
X is isolated in P .
Remark 3.13. We make some remarks.
• The linearity stresses that a process variable X does not occur in concurrent positions to
cause a second (level) occurrence, that is, the occurrence of X is restricted to a once-in-acomposition style, which can effectively down-scale the expressibility of the calculus for a
complete axiom system. Similar was once mentioned in [85]. See [36] for more discussion.
• We say X is isolated in P if the following holds:
1. X is isolated in X;
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2. If X is isolated in P and Q does not have any free occurrence of process variables, then
X is isolated in aQ.P , aP.Q and P |Q;
3. If X is isolated in P and Q, then X is isolated in a(x).P, ax.P, a(Y ).P , (x)P , [x=y]P, [x6=y]P ,
µY.E, and P +Q.
• The following definition is used to compute the process variables in a concurrent(or parallel)
position, like parallel composition and higher-order output, to a certain process variable. It
was first given by Fu [36].
cp(0, X)
cp(X, X)
cp(Y, X)
cp(a(x).P, X)
cp(ax.P, X)
cp(a(Y ).P, X)
cp(aQ.P, X)
cp(P |Q, X)
cp((x)P, X)
cp([x=y]P, X)
cp([x6=y]P, X)
cp(P +Q, X)
cp(µY.E, X)

,
,
,
,
,
,
¾
,
,
,
,
,
,

∅
∅
{Y }, Y 6= X
cp(P, X)
cp(P, X)
cp(P, X)

f v(Q) ∪ cp(P, X)



f v(P ) ∪ cp(Q, X)
f v(Q) ∪ f v(P ) ∪ cp(P, X) ∪ cp(Q, X)



∅
cp(P, X)
cp(P, X)
cp(P, X)
cp(P, X) ∪ cp(Q, X)
cp(E, X)

if
if
if
if

X
X
X
X

∈ (f v(P ) − f v(Q))
∈ (f v(Q) − f v(P ))
∈ (f v(Q) ∩ f v(P ))
∈
/ (f v(Q) ∪ f v(P ))

• linear mHOPi processes: LHP, closed linear mHOPi processes: LHP ◦
•
We need meanwhile to adjust some of the transitional semantics of mHOPi. The main part is
presented below.
f v(A) ∩ cp(P, X) = ∅
a(A)

a(X).P −→ P {A/X}
Note that the process variables in the inputted process A ought not to clash with the process
variables on the concurrent positions with X, or that will damage the linearity.
Below we state several simple lemmas related the linear fragment of mHOPi.
Lemma 3.14. Suppose E[X], F [Y ] are linear mHOPi processes with at most process variable X.
It holds that
• If f v(F ) ∩ cp(E, X) = ∅, then E[F [Y ]] is also a linear mHOPi process;
• If X is isolated in E[X] and Y is isolated in F [Y ], then Y is also isolated in E[F [Y ]].
Proof. A routine structure induction. We omit the detail.
Lemma 3.15. Suppose P, A are linear mHOPi processes, and λ is an action. It holds that
λ

• If P −
→P 0 , where λ is a first-order action or τ , then P 0 is also a linear mHOPi process;
a(A)

• If P −−−→P 0 , then P 0 is also a linear mHOPi process;
aA

• If P −−→P 0 , then P 0 , A are linear mHOPi processes too.
Proof. A routine structure analysis. We omit the detail. Note if we allow recursion, then the proof
for this lemma should use induction on the derivation height of the transitions in the premises.

3.3

Bisimulation

In this section, we put forward the important topic, the bisimulation theory, and study its
properties. As in any other research on bisimulation equivalence, we begin with the definition.
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3.3.1

Bisimulation definitions

We consider closed process generally in bisimulation definitions. And this can be extended
to open processes in the usual way. For example, suppose ≈ is a certain bisimulation on closed
processes, then it can be extended to be on open processes by
Suppose E[X], F [X] are open processes with at most variable X. E ≈ F if E[A] ≈ F [A] for
every closed process A.
For open processes with more than one variable, it can be similarly defined.
Strong higher-order bisimulation
Strong higher-order bisimulation, put forth by Thomsen [96], is a most direct and simple,
meanwhile structural, but not so reasonable one. It is called structural equivalence by Fu [36]. We
reproduce its definition below.
Definition 3.16 (Structural equivalence). A symmetric binary relation R on mHOPi processes
is a structural bisimulation if it is closed under substitution on names and the following properties
hold if whenever P RQ:
λ

• If P −
→P 0 , where λ is a silent action, first-order input, first-order output, first-order bound
λ
output, or higher-order input. Then Q−
→Q0 for some Q0 , and P 0 RQ0 ;
(e
x)aA

(e
x)aB

• If P −−−−→P 0 , then some B, Q0 exist s.t. Q−−−−→Q0 , and P 0 RQ0 , ARB.
Two processes P, Q are structural equivalent, written P ∼ Q, if there exists a structural bisimulation R s.t. P RQ. That is ∼ is the largest structural bisimulation.
Note the bound names in the higher-order output case are the same. In fact, structural
equivalence is too strong a bisimulation, so its realistic meaning is limited, but it can offer some
easy manipulation in bisimulation discussion.
Open strong higher-order bisimulation
Here we give the strong version of the bisimulation.
The open strong HO(higher-order) bisimulation is defined as follows.
Definition 3.17 (Open Strong HO Bisimulation). Relation R(binary, symmetric) is an open
weak HO bisimulation, if whenever P RQ, the following properties hold, for all substitutions σ:
τ

τ

1. if P σ −
→ P 0 then Qσ −
→ Q0 s.t. P 0 RQ0 for some Q0 ;
a(x)

a(x)

2. if P σ −−−→ P 0 then Qσ −−−→ Q0 s.t. P 0 RQ0 for some Q0 ;
ax

ax

3. if P σ −→ P 0 then Qσ −→ Q0 s.t. P 0 RQ0 for some Q0 ;
a(x)

a(x)

4. if P σ −−−→ P 0 then Qσ −−−→ Q0 for some Q0 , and
/ ]
/ ]
P 0[x∈Y
R Q0[x∈Y
,

where Y = f n(P 0 | Q0 ) \ {x}1 ;
a(A)

a(A)

5. if P σ −−−→ P 0 then Qσ −−−→ Q0 s.t. P 0 RQ0 for some Q0 ;
(e
x)aA

(e
y )aB

6. if P σ −−−−→ P 0 then Qσ −−−−→ Q0 for some ye, B, Q0 , and for every process E[X](X ∈ f v(E))
s.t. x
eye ∩ f n(E) = ∅ it holds that
(e
x)(E[A] | P 0 )[ex*Z] R (e
y )(E[B] | Q0 )[ey*Z] ,
where Z = (f n(P 0 | Q0 ) ∪ f n(E[X])) \ {e
x, ye}
1Y

σ , f n(P 0 σ | Q0 σ) \ {x}
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And we say P is open strong HO bisimilar to Q, written P ∼oh Q, if there exists an open weak
HO bisimulation R s.t. P RQ. (That is, ∼oh is the largest open weak HO bisimulation.)
Strong bisimulations are usually too fine-grid to base on from observational point of view,
though they do have some easy and useful properties. So in the next section, we give the weak
version of our bisimulation, which will be the one of interest in the rest of this chapter.
Open weak higher-order bisimulation
We consider the bisimulation whose parts are similar to that of [41] [36], different only in the
underlying operational semantics, taking mismatch into consideration in higher-order cases.
The open weak HO (higher-order) bisimulation is defined as follows.
Definition 3.18 (Open Weak HO Bisimulation). Relation R(binary, symmetric) is an open
(weak) HO bisimulation, if whenever P RQ, the following properties hold, for all substitutions
σ:
τ

1. if P σ −
→ P 0 then Qσ =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
a(x)

a(x)

2. if P σ −−−→ P 0 then Qσ =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
ax

ax

3. if P σ −→ P 0 then Qσ =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
a(x)

a(x)

4. if P σ −−−→ P 0 then Qσ =⇒ Q0 for some Q0 , and
/ ]
/ ]
P 0[x∈Y
R Q0[x∈Y
,

where Y = f n(P 0 | Q0 ) \ {x}2 ;
a(A)

a(A)

5. if P σ −−−→ P 0 then Qσ =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
(e
x)aA

(e
y )aB

6. if P σ −−−−→ P 0 then Qσ =⇒ Q0 for some ye, B, Q0 , and for every process E[X](X ∈ f v(E))
s.t. x
eye ∩ f n(E) = ∅ it holds that
(e
x)(E[A] | P 0 )[ex*Z] R (e
y )(E[B] | Q0 )[ey*Z] ,
where Z = (f n(P 0 | Q0 ) ∪ f n(E[X])) \ {e
x, ye}
And we say P is open weak HO bisimilar to Q, written P ≈oh Q, if there exists an open weak HO
bisimulation R s.t. P RQ. (That is, ≈oh is the largest open weak HO bisimulation.)
Remark 3.19. Note that in the first-order bound output and higher-order output, the scope of
the sent bound name(s) is enlarged, resulting in a new local environment that contains both
the remained process and the receiving process. What is worth mentioning is that the scope
of the bound name(s) should cover the whole new composed process (the remained process and
the receiving process), and the restricted form of component in the remained process should be
revoked to maintain consistency. Otherwise if the remained process has a component like (x)(·)
and the x is sent out, then the composed process will look like (x)(·|(x)(·)), which actually creates
a new bound name rather than effects as a scope extrusion. This is what the LTS guaranteed. So
one is better ware of this when handling open weak HO bisimulations.
Sometimes we use another equivalent definition of open weak HO bisimulation, to save the
use of substitutions. And the equivalence is not difficult to show, actually they are the same
immediately from definition items. We simply give the definition below.
Definition 3.20. Relation R(binary, symmetric) is an open weak HO bisimulation, if it is closed
under substitution of names, and whenever P RQ, the following properties hold:
τ

1. if P −
→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
2Y

σ , f n(P 0 σ | Q0 σ) \ {x}
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a(x)

a(x)

2. if P −−−→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
ax

ax

3. if P −→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
a(x)

a(x)

4. if P −−−→ P 0 then Q =⇒ Q0 for some Q0 , and
/ ]
/ ]
P 0[x∈Y
R Q0[x∈Y
,

where Y = f n(P 0 | Q0 ) \ {x};
a(A)

a(A)

5. if P −−−→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
(e
x)aA

(e
y )aB

6. if P −−−−→ P 0 then Q =⇒ Q0 for some ye, B, Q0 , and for every process E[X](X ∈ f v(E))
s.t. x
eye ∩ f n(E) = ∅ it holds that
(e
x)(E[A] | P 0 )[ex*Z] R (e
y )(E[B] | Q0 )[ey*Z] ,
where Z = (f n(P 0 | Q0 ) ∪ f n(E[X])) \ {e
x, ye}
And we say P is open weak HO bisimilar to Q, written P ≈oh Q, if there exists an open weak HO
bisimulation R s.t. P RQ.
Remark 3.21. We give some other versions of the properties in Definition 3.18, where property
4, 5, 6 are late, early and late, respectively.
• For property 2:
– late version:
a(x)
a(x)
if P σ −−−→ P 0 then Qσ =⇒ Q0 for some Q0 , and for every y it holds that P 0 {y/x}RQ0 {y/x}
– early version:
a(x)

a(x)

if P σ −−−→ P 0 then for every y, some Q0 exists s.t. Qσ =⇒ Q0 and P 0 {y/x}RQ0 {y/x}
– delayed late version:
a(x)

a(x)

if P σ −−−→ P 0 then Qσ =⇒ · −−−→ Q0 for some Q0 , and for every y Q00 exists s.t.
Q0 {y/x} =⇒ Q00 R P 0 {y/x}
– delayed early version:
a(x)

a(x)

if P σ −−−→ P 0 then for every y, Q0 , Q00 exist s.t. Qσ =⇒ · −−−→ Q0 and Q0 {y/x} =⇒
Q00 R P 0 {y/x}
Since we use an early instantiation in operational semantics, the delayed versions may well
be equivalent to the non-delayed ones. However, the late version shall be strictly contained
in early version. See [41].
• For property 5:
– late version:
a(X)
a(X)
if P σ −−−→ P 0 then Qσ =⇒ Q0 for some Q0 and for every A, P 0 {A/X} R Q0 {A/X}
– early version:
a(X)

a(X)

if P σ −−−→ P 0 then for every A, some Q0 exists s.t. Qσ =⇒ Q0 , and P 0 {A/X} R Q0 {A/X}
– delayed late version:
a(X)

a(X)

if P σ −−−→ P 0 then some Q0 exists s.t. Qσ =⇒ · −−−→ Q0 , and for every A, Q00 exists
s.t. Q0 {A/X} =⇒ Q00 R P 0 {A/X}
– delayed early version:
a(X)

a(X)

if P σ −−−→ P 0 then for every A, some Q0 , Q00 exist s.t. Qσ =⇒ · −−−→ Q0 , and
Q0 {A/X} =⇒ Q00 R P 0 {A/X}
In fact, a more loose definition of it may be:
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a(X)

a(X)

– if P σ −−−→ P 0 then Qσ =⇒ Q0 s.t. P 0 RQ0 for some Q0
Again the delayed versions seem to be equivalent to non-delayed versions.
• For property 6:
– early version:
(e
x)aA

(e
y )aB

if P σ −−−−→ P 0 then for every process E[X], some ye, B, Q0 exist s.t. Qσ =⇒ Q0 , and
(e
x)(E[A] | P 0 )[ex*Z] R (e
y )(E[B] | Q0 )[ey*Z]
– delayed late version:
(e
x)aA

(e
y )aB

if P σ −−−−→ P 0 then some ye, B, Q0 exist s.t. Qσ =⇒ · −−−−→ Q0 , and for every process
E[X], Q00 exists s.t.
(e
y )(E[B] | Q0 )[ey*Z] =⇒ Q00 R (e
x)(E[A] | P 0 )[ex*Z]
– delayed early version:
(e
x)aA

if P σ −−−−→ P 0 then for every process E[X], some ye, B, Q0 , Q00 exist s.t. Qσ =⇒
(e
y )aB

· −−−−→ Q0 , and
(e
y )(E[B] | Q0 )[ey*Z] =⇒ Q00 R (e
x)(E[A] | P 0 )[ex*Z]
We will see that the early one on higher-order output is equivalent to the corresponding late
one.
It appears that the delayed late versions of each property item of the open weak HO bisimulation(Definition 3.18) are more likely to be reasonable, and here they appear equivalently as another
form. Some versions of the same property happen to be equivalent.
Below we present two simple lemmas of usage later. They are quite intuitionistic and the
proofs are immediate, so we mostly omit them.
Lemma 3.22. Suppose x, y are distinct. If P ≈oh Q, then P [x6=y] ≈oh Q[x6=y] . That is, ≈oh is
closed under the operation (·)[x6=y] .
Proof. A simple derivative of Lemma 3.7.
The next one is quite useful and will be used in many crucial places.
Lemma 3.23. Suppose P, Q are mHOPi processes. Then the following properties hold:
• If P [x6=y] ≈oh Q[x6=y] and {x, y} * f n(P |Q), then P ≈oh Q.
• If P [x6=y] ≈oh Q[x6=y] and x 6= y, then P ≈oh Q.
Below is another lemma. This lemma is useful in handling the mismatch exponentials. And it
will often be used implicitly.
Lemma 3.24. Suppose P, Q are mHOPi processes and x
e, ye, Y are sets of names. If P [ex*Y ] ≈oh
[e
y *Y ]
0 0
Q
, then for some fresh names x , y it holds that
0

0

(x0 )P [exx *Y ] ≈oh (y 0 )Q[eyy *Y ]
Proof. By definition of (·)[x6=y] and the α-convertibility on restricted names.
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Bisimulation up-to
Below we make some discussion on the bisimulation up-to technique of the bisimulation given
above. The first is open weak HO bisimulation up-to ∼.
Definition 3.25 (Open Weak HO bisimulation up-to ∼). Relation R(binary, symmetric) is an
open weak HO bisimulation up-to ∼, if whenever P RQ, the following properties hold, for all substitutions σ:
τ

1. if P σ −
→ P 0 then Qσ =⇒ Q0 s.t. P 0 ∼ R ∼ Q0 for some Q0 ;
a(x)

a(x)

2. if P σ −−−→ P 0 then Qσ =⇒ Q0 s.t. P 0 ∼ R ∼ Q0 for some Q0 ;
ax

ax

3. if P σ −→ P 0 then Qσ =⇒ Q0 s.t. P 0 ∼ R ∼ Q0 for some Q0 ;
a(x)

a(x)

4. if P σ −−−→ P 0 then Qσ =⇒ Q0 for some Q0 , and
/ ]
/ ]
P 0[x∈Y
∼ R ∼ Q0[x∈Y
,

where Y = f n(P 0 | Q0 ) \ {x};
a(A)

a(A)

5. if P σ −−−→ P 0 then Qσ =⇒ Q0 s.t. P 0 ∼ R ∼ Q0 for some Q0 ;
(e
x)aA

(e
y )aB

6. if P σ −−−−→ P 0 then Qσ =⇒ Q0 for some ye, B, Q0 , and for every process E[X](X ∈ f v(E))
s.t. x
eye ∩ f n(E) = ∅ it holds that
(e
x)(E[A] | P 0 )[ex*Z] ∼ R ∼ (e
y )(E[B] | Q0 )[ey*Z] ,
where Z = (f n(P 0 | Q0 ) ∪ f n(E[X])) \ {e
x, ye}.
The next is open weak HO bisimulation up-to ≈oh .
Definition 3.26 (Open Weak HO Bisimulation up-to ≈oh ). Relation R(binary, symmetric) is an
open weak HO bisimulation up-to ≈oh , if whenever P RQ, the following properties hold, for all
substitutions σ:
τ

1. if P σ =⇒P 0 then Qσ =⇒ Q0 s.t. P 0 ≈oh R ≈oh Q0 for some Q0 ;
a(x)

a(x)

ax

ax

a(x)

a(x)

2. if P σ =⇒P 0 then Qσ =⇒ Q0 s.t. P 0 ≈oh R ≈oh Q0 for some Q0 ;
3. if P σ =⇒P 0 then Qσ =⇒ Q0 s.t. P 0 ≈oh R ≈oh Q0 for some Q0 ;
4. if P σ =⇒P 0 then Qσ =⇒ Q0 for some Q0 , and
/ ]
/ ]
P 0[x∈Y
≈oh R ≈oh Q0[x∈Y
,

where Y = f n(P 0 | Q0 ) \ {x};
a(A)

a(A)

5. if P σ =⇒P 0 then Qσ =⇒ Q0 s.t. P 0 ≈oh R ≈oh Q0 for some Q0 ;
(e
x)aA

(e
y )aB

6. if P σ =⇒ P 0 then Qσ =⇒ Q0 for some ye, B, Q0 , and for every process E[X](X ∈ f v(E))
s.t. x
eye ∩ f n(E) = ∅ it holds that
(e
x)(E[A] | P 0 )[ex*Z] ≈oh R ≈oh (e
y )(E[B] | Q0 )[ey*Z] ,
where Z = (f n(P 0 | Q0 ) ∪ f n(E[X])) \ {e
x, ye}
Correspondingly, we give another two equivalent(respectively) definition of open weak HO
bisimulation up-to ∼ and ≈oh . The first is open weak HO bisimulation up-to ∼.
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Definition 3.27. Relation R(binary, symmetric) is an open weak HO bisimulation up-to ∼, if it
is closed under substitution of names, and whenever P RQ, the following properties hold:
τ

1. if P −
→ P 0 then Q =⇒ Q0 s.t. P 0 ∼ R ∼ Q0 for some Q0 ;
a(x)

a(x)

2. if P −−−→ P 0 then Q =⇒ Q0 s.t. P 0 ∼ R ∼ Q0 for some Q0 ;
ax

ax

3. if P −→ P 0 then Q =⇒ Q0 s.t. P 0 ∼ R ∼ Q0 for some Q0 ;
a(x)

a(x)

4. if P −−−→ P 0 then Q =⇒ Q0 for some Q0 , and
/ ]
/ ]
P 0[x∈Y
∼ R ∼ Q0[x∈Y
,

where Y = f n(P 0 | Q0 ) \ {x};
a(A)

a(A)

5. if P −−−→ P 0 then Q =⇒ Q0 s.t. P 0 ∼ R ∼ Q0 for some Q0 ;
(e
y )aB

(e
x)aA

6. if P −−−−→ P 0 then Q =⇒ Q0 for some ye, B, Q0 , and for every process E[X](X ∈ f v(E))
s.t. x
eye ∩ f n(E) = ∅ it holds that
(e
x)(E[A] | P 0 )[ex*Z] ∼ R ∼ (e
y )(E[B] | Q0 )[ey*Z] ,
where Z = (f n(P 0 | Q0 ) ∪ f n(E[X])) \ {e
x, ye}.
The next is open weak HO bisimulation up-to ≈oh . The next is open weak HO bisimulation
up-to ≈oh .
Definition 3.28. Relation R(binary, symmetric) is an open weak HO bisimulation up-to ≈oh , if
it is closed under substitution of names, and whenever P RQ, the following properties hold:
1. if P =⇒P 0 then Q =⇒ Q0 s.t. P 0 ≈oh R ≈oh Q0 for some Q0 ;
a(x)

a(x)

ax

ax

a(x)

a(x)

2. if P =⇒P 0 then Q =⇒ Q0 s.t. P 0 ≈oh R ≈oh Q0 for some Q0 ;
3. if P =⇒P 0 then Q =⇒ Q0 s.t. P 0 ≈oh R ≈oh Q0 for some Q0 ;
4. if P =⇒P 0 then Q =⇒ Q0 for some Q0 , and
/ ]
/ ]
P 0[x∈Y
≈oh R ≈oh Q0[x∈Y
,

where Y = f n(P 0 | Q0 ) \ {x};
a(A)

a(A)

5. if P =⇒P 0 then Q =⇒ Q0 s.t. P 0 ≈oh R ≈oh Q0 for some Q0 ;
(e
x)aA

(e
y )aB

6. if P =⇒ P 0 then Q =⇒ Q0 for some ye, B, Q0 , and for every process E[X](X ∈ f v(E)) s.t.
x
eye ∩ f n(E) = ∅ it holds that
(e
x)(E[A] | P 0 )[ex*Z] ≈oh R ≈oh (e
y )(E[B] | Q0 )[ey*Z] ,
where Z = (f n(P 0 | Q0 ) ∪ f n(E[X])) \ {e
x, ye}
Next we give two properties on the bisimulation up-to technique.
Lemma 3.29. Suppose R is a symmetric, binary relation on mHOPi process. If R is an open
weak HO bisimulation up-to ∼, then R ⊆≈oh .
Another one is as follows.
Lemma 3.30. Suppose R is a symmetric, binary relation on mHOPi process. If R is an open
weak HO bisimulation up-to ≈oh , then R ⊆≈oh .
The proof of the two lemmas above are similar to a usual up-to property and quite routine.
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3.3.2

Equivalence

Here we show that ≈oh is an equivalence relation.
Below is a critical lemma. The corresponding lemma in the calculus without mismatch is due
to Fu [36].
Lemma 3.31 (Bisimulation Lemma). Suppose P, Q are closed processes. If for all σ, P σ =⇒
· ≈oh Q and Qσ =⇒ · ≈oh P , then P ≈oh Q.
Proof. It can be seen that
• There exists weak open higher-order bisimulation R1 s.t. P σ =⇒ P1 σ R1 Q for some P1 ;
• There exists weak open higher-order bisimulation R2 s.t. Qσ =⇒ Q1 σ R2 P for some Q1 .
Thus an action of P σ can be simulated, by Q, by performing a sequence(possibly zero in length)
of τ action(s) before reaching Q1 σ and then simulating by the definition of weak open higher-order
bisimulation on R2 . Reversely, an action of Qσ can be simulated similarly. Therefore, we can
construct a new open weak higher-order bisimulation R by combining R1 and R2 and adding
(P, Q) to it. Hence, we can get that P ≈oh Q.
A slight variant of the bisimulation lemma(B.L.) is the following one:
Lemma 3.32 (B.L. v). Suppose P, Q are closed processes. If for all σ, P σ =⇒ · ≈oh Qσ and
Qσ =⇒ · ≈oh P σ, then P ≈oh Q.
Proof. Essentially the same as Lemma 3.31.
Remark 3.33.
• Bisimulation Lemma together with the (local) congruence of ≈oh can provide
a useful proof technique concerning open weak HO bisimulations.
• Bisimulation Lemma will sometimes be denoted as B.L.
• In most cases, proofs using Bisimulation Lemma have a similar argument, so we will just
mention the usage of this lemma when it is clear after the first few applying of Bisimulation
Lemma.
We give another several lemmas important in proving the equivalence of ≈oh . They are based
on the Bisimulation Lemma.
Note we need these lemmas intrinsically because we have the following usual definition of weak
transition:
(
=⇒
if λ = τ
λ
=⇒,
λ
=⇒−
→=⇒ if λ 6= τ
In [96], it is defined as (called delayed transition):
(
λ

=⇒,

=⇒

if

λ=τ

=⇒−
→ if

λ 6= τ

λ

Thus defined, Thomsen showed a set of properties of higher-order bisimulation in an easier way,
but he failed to prove the corresponding results, including the equivalence property, for the usual
definition of weak transition as we defined. Since the delayed transition is somewhat not reasonable from practical viewpoint, it limits the application of higher-order bisimulation. This can be
overcome by using the lemmas below to obtain most desirable properties for bisimulations with
the usual and more intuitive definition of weak transition. And this is first due to Fu in [36] for
local bisimulation.
Lemma 3.34. Suppose O, P, Q are closed processes. If (x)(a.O | P ) ≈oh (x)(a.O | Q) for a fresh
a, then
(x)(O | P ) ≈oh (x)(O | Q).
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aσ

Proof. As a is fresh, (x)(P | a.R)σ −−→ (x)(P | R)σ must be simulated by
aσ

(x)(Q | a.R)σ =⇒ (x)(Q1 | a.R)σ −−→ (x)(Q1 | R)σ =⇒ Q0 ≈oh (x)(P | R)
aσ

which can be rewritten as (x)(Q | a.R)σ −−→ (x)(Q | R)σ =⇒ Q0 ≈oh (x)(P | R).
Similarly we have that (x)(P | R)σ =⇒ P 0 ≈oh (x)(Q | R) for some P 0 . So by Bisimulation
Lemma, we have (x)(P | R) ≈oh (x)(Q | R).
We also have the following lemma.
Lemma 3.35. Suppose A, B, P, Q are closed processes and G[X] is an arbitrary process with at
most process variable X.
(e
x)(a[A] | P ) ≈oh (e
y )(a[B] | Q),
for a fresh a if and only if
(e
x)(G[A] | P )[ex*Z] ≈oh (e
y )(G[B] | Q)[ey*Z] ,
where Z = (f n(P σ | Q0 σ) ∪ f n(G[X])) \ {e
x, ye}.
Proof. The ‘if’ direction is straightforward. Below we consider the ‘only if’ direction.
Suppose (e
x)(a[A] | P ) ≈oh (e
y )(a[B] | Q) for a fresh a. Then
(f
x1 )aσ[A]

(e
x)(a[A] | P )σ −−−−−−→ (f
x2 )(0 | P )σ,
where x
f1 x
f2 = x
e. As a is fresh, this must be simulated by
(e
y )(a[B] | Q)σ

=⇒

(e
y )(a[B] | Q1 )σ

(ye1 )aσ[B]

−−−−−−→ (ye2 )(0 | Q1 )σ
=⇒
(ye2 )(0 | Q0 )σ,
where ye1 ye2 = ye, such that
x1 *Z]
(ye1 )(G[B] | (ye2 )(0 | Q0 )σ)[ye1 *Z] ≈oh (f
x1 )(G[A] | (f
x2 )(0 | P )σ)[f

for every process G[X]. We can suppose y2 does not capture any name in G[X] w.l.o.g., so it can
be rewritten as
(e
y )(G[B] | (0 | Q0 )σ)[ey*Z] ≈oh (e
x)(G[A] | (0 | P )σ)[ex*Z] ,
by Lemma 3.24.
It follows that

(e
y )(G[B] | Q)[ey*Z] σ =⇒ · ≈oh (e
x)(G[A] | P )[ex*Z] ,

where the dot is the process (e
y )(G[B] | (0 | Q0 )σ). Similarly
(e
x)(G[A] | P )[ex*Z] σ =⇒ · ≈oh (e
y )(G[B] | Q)[ey*Z]
By Bisimulation Lemma we have (e
x)(G[A] | P )[ex*Z] ≈oh (e
y )(G[B] | Q)[ey*Z] for all G[X].
Below we present the equivalence of ≈oh .
Theorem 3.36. The open weak higher-order bisimilarity ≈oh is an equivalence relation.
Proof. We check the three requirements of an equivalence relation.
• Reflexity. It is relatively easy to prove this. Since the identity relation on processes,
{(P, P )| P is a closed process}, is surely contained by an observational bisimulation.
• Symmetry. This case is also simple, as simulation we discussed here is a two-way concept.
The conclusion can be made by exchanging the first and second element of a (bisimulating)
pair and the next steps can be taken routinely.
• Transitivity. This is a most complex one. Suppose P ≈oh Q ≈oh R and σ an arbitrary
substitution. The non-trivial case is the higher-order output.
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(e
x)aA

– P σ −−−−→ P 0 . We have the following simulating diagram.
Pσ

≈oh

Qσ

≈oh

Rσ

®¶
Q1 σ

≈oh

®¶
R1 σ

(e
x)aA

²
P0

(e
z )aC

(e
y )aB

²

®¶

Q2 σ

······

R2 σ

®¶
Q0

······

®¶
R0
(e
y )aB

It can be read as follows. To simulate P , Qσ =⇒ Q1 σ −−−−→ Q2 σ =⇒ Q0 , with
(e
z )aC

(e
x)(a[A] | P 0 ) ≈oh (e
y )(a[B] | Q0 ) for a fresh a. And to simulate Q, Rσ =⇒ R1 σ =⇒
R2 σ, with (e
y )(a[B] | Q2 σ) ≈oh (e
z )(a[C] | R2 σ). Then (e
z )(a[C] | R2 σ) =⇒ (e
z )(a[C] | R0 ) ≈oh
0
0
(e
y )(a[B] | Q ), since (e
y )(a[B] | Q2 σ) =⇒ (e
y )(a[B] | Q ), and this must be caused by
(e
z )aC

x)(a[A] | P 0 ) ≈oh (e
y )(a[B] | Q0 ) ≈oh
R2 σ =⇒ R0 . In summary, Rσ =⇒ R0 s.t. (e
0
0
(e
z )(a[C] | R ). Then by Lemma 3.35 we have (e
x)(E[A] | P ) ≈oh (e
y )(E[B] | Q0 ) ≈oh
0
(e
z )(E[C] | R ) for all E[X] (f n(E) ∩ x
eyeze = ∅)). So the simulating is closed.
Remark 3.37. We contend that the proof above is essentially correct, but a few rough details
still need explanation. Below we examine the proof of the transitivity in another (more rigorous) way. In the higher-order output case, we construct the following relation for presenting
the transitivity.
R , {(P, R) | P ≈oh Q ≈oh R}
The steps are as follows, where R1 and R2 are open weak higher-order bisimulations s.t.
P R1 Q and QR2 R.
Pσ

R1

Qσ

R2

Rσ

®¶
Q1 σ

R2

®¶
R1 σ

(e
x)aA

²
P0

(e
z )aC

(e
y )aB

²

®¶

Q2 σ

······

R2 σ

®¶
Q0

······

®¶
R0

By an argument similar to the above one, we can obtain the following bisimulating result:
(e
x)(a[A] | P 0 )R1 (e
y )(a[B] | Q0 )

(3.1)

and
(e
y )(a[B] | Q2 σ)R2 (e
z )(a[C] | R2 σ)
From the latter we get
Now we have that

(e
y )(a[B] | Q0 )R2 (e
z )(a[C] | R0 )

(3.2)

(e
x)(a[A] | P 0 )R(e
z )(a[C] | R0 )

(3.3)

But a problem arises that we can not conclude,directly from Lemma 3.35, that
(e
x)(E[B] | P 0 ) ≈oh (e
z )(E[C] | R0 )
because a[·] is not general enough in terms of the open weak HO bisimulation definition.
Then the Lemma 3.35 can not be applied here.
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To counter the obstacle in the proof of the theorem 3.36, we need variants for Lemma 3.31,
3.34 and 3.35.
Lemma 3.38 (Bisimulation Lemma v). Suppose P, Q are closed processes and R an open weak
HO bisimulation. If for all σ, P σ =⇒ · R Q and Qσ =⇒ · R P , then P ≈oh Q.
Lemma 3.39 (Lemma 3.34 v). Suppose O, P, Q are closed processes and R an open weak HO
bisimulation. If (x)(a.O | P ) R (x)(a.O | Q) for a fresh a, then (x)(O | P ) ≈oh (x)(O | Q).
Lemma 3.40 (Lemma 3.35 v). Suppose A, B, P, Q are closed processes and G[X] is an arbitrary
process with at most process variable X. And R an open weak HO bisimulation. (e
x)(a[A] | P ) R (e
y )(a[B] | Q)
for a fresh a if and only if (e
x)(G[A] | P ) ≈oh (e
y )(G[B] | Q).
The proofs of the above three lemmas are similar to their original versions.
Thus we can get around the flaw in the proof of theorem 3.36.
Proof of theorem 3.36(Cont.) From (3.1) and (3.2), it follows from Lemma 3.39 that
(e
x)(E[A] | P 0 ) ≈oh (e
y )(E[B] | Q0 )
(e
y )(E[B] | Q0 ) ≈oh (e
z )(E[C] | R0 )
Therefore, R is an open weak HO bisimulation. Then it follows that
(e
x)(E[A], | P 0 ) ≈oh (e
z )(E[C] | R0 )
Now it can be concluded that ≈oh is an equivalence relation.

3.3.3

Congruence

In this section the congruence property of the open weak HO bisimilarity(≈oh ) is established.
We give the most usual closure properties.
Lemma 3.41. Suppose P, Q, R are closed processes and P ≈oh Q. Then the following holds:
1. a(x).P ≈oh a(x).Q
2. ax.P ≈oh ax.Q
3. P | R ≈oh Q | R, R | P ≈oh R | Q,
4. (x)P ≈oh (x)Q
5. [x=y]P ≈oh [x=y]Q
6. a(X).P ≈oh (X).Q
7. aA.P ≈oh aA.Q
Proof. < T o add > We use a somewhat general method like that in [36]. Construct the following
sequence of relations:
S0

Si+1

,
..
.

,

≈oh




















(a(x).P, a(x).Q)
(ax.P, ax.Q)
(a(X).P, a(X).Q)
(aA.P, aA.Q)
(P | R, Q | R)
((x)P, (x)Q)
([x = y]P, [x = y]Q)

..
.
44

¯

¯

¯


¯


¯


¯


¯
¯ P Si Q
¯

¯


¯


¯


¯


¯

And
R,

[

Si

i∈ω

It can be shown that S is an open weak HO bisimulation up-to ∼.
Suppose that all closed processes pair in S0 ∪ · · · ∪ Si keep the bisimulation properties required in
Definition 3.18. Now we are going to check that all pairs in Si+1 also satisfy those properties.
(aσ)(y)

(aσ)(y)

• a(x).P Si+1 a(x).Q. (a(x).P )σ −−−−−→ P {y/x}σ is simulated by (a(x).Q)σ −−−−−→ Q{y/x}σ
Si P {y/x}σ.
aσ(xσ)

aσ(xσ)

• ax.P Si+1 ax.Q. (ax.P )σ −−−−→ P σ is simulated by (ax.Q)σ −−−−→ Qσ Si P σ.
(aσ)(A)

(aσ)(A)

• a(X).P Si+1 a(X).Q. (a(X).P )σ −−−−−→ P {A/X}σ is simulated by (a(X).Q)σ −−−−−→
Q{A/X}σ Si P {A/X}σ, with notice to the open weak HO bisimulation on open processes.
aσ(A)

aσ(A)

• aA.P Si+1 aA.Q. (aA.P )σ −−−−→ P σ is simulated by (aA.Q)σ −−−−→ Qσ Si P σ.
• P | R Si+1 Q | R. We examine the actions on P , since those on R cause little difficulty.
τ

τ

– Pσ −
→ P 0 . Trivial since (P | R)σ −
→ (P 0 | R) is simulated by (Q | R)σ =⇒ (Q0 | R)
0
∼ S ∼ (P | R).
a(x)

ax

τ

– P σ −−−→ P 0 . The non-trivial case is when Rσ −→ R0 . In this case (P | R)σ −
→ (P 0 | R0 )
0
0
0
0
is simulated by (Q | R)σ =⇒ (Q | R ) ∼ S ∼ (P | R ).
ax

– P σ −→ P 0 . Similar to the last case.
a(x)

– P σ −−−→ P 0 . Two cases.
a(x)

τ

∗ Rσ −−−→ R0 . Then (P | R)σ −
→ (x)(P 0 | R0 ) is simulated by (Q | R)σ =⇒ (x)(Q0 | R0 )
0
0
∼ S ∼ (x)(P | R ), due to the simulation by Q involving arbitrary processes.
a(x)

a(x)

/ ]
∗ (P | R)σ −−−→ (P 0 | R) is simulated by (Q | R)σ =⇒ (Q0 | R), and (P 0 | R)[x∈Y
∼
/ ]
S ∼ (Q0 | R)[x∈Y
, where Y = f n(P 0 | Q0 | R) \ {x}.
a(A)

(e
x)aA

τ

– P σ −−−→ P 0 . The non-trivial case is when Rσ −−−−→ R0 . In this case (P | R)σ −
→
(e
x)(P 0 | R0 ) is simulated by (Q | R)σ =⇒ (e
x)(Q0 | R0 ) ∼ S ∼ (e
x)(P 0 | R0 ).
(e
x)a(A)

– P σ −−−−−→ P 0 . Two cases
a(A)

τ

∗ Rσ −−−→ R0 . Then (P | R)σ −
→ (e
x)(P 0 | R0 ) is simulated by (Q | R)σ =⇒ (e
x)(Q0 | R0 )
∼ S ∼ (e
x)(P 0 | R0 ), due to the simulation by Q involving arbitrary contexts.
(e
x)a(A)

(e
y )a(B)

∗ (P | R)σ −−−−−→ (P 0 | R) is simulated by (Q | R)σ =⇒ (Q0 | R), and for every
E[X], (e
x)(E[A] | P 0 | R)[ex*Z] ∼ S ∼ (e
y )(E[B] | Q0 | R)[ey*Z] , where Z = (f n(P 0 | Q0 )∪
f n(E[X])) \ {e
x, ye}.
• (x)P Si+1 (x)Q. We only consider those cases when (x)P can do some action.
τ

τ

– Pσ −
→ P 0 . ((x)P )σ −
→ (x)P 0 is simulated by ((x)Q)σ =⇒ (x)Q0 ∼ S ∼ (x)P 0 .
ay

– P σ −→ P 0 . Two cases.
ay

ay

∗ ((x)P )σ −→ (x)P 0 is simulated by ((x)Q)σ =⇒ (x)Q0 ∼ S ∼ (x)P 0 .
a(x)

a(x)

/ ]
/ ]
∗ ((x)P )σ −−−→ P 0 is simulated by ((x)Q)σ =⇒ Q0 , and (P 0 )[x∈Y
∼ S ∼ (Q0 )[x∈Y
,
0
0
where Y = f n(P | Q ) \ {x}.
a(x)

– P σ −−−→ P 0 . Easier than the last case.
a(y)

a(y)

a(A)

a(A)

a(y)

/ ]
– P σ −−−→ P 0 . ((x)P )σ −−−→ (x)P 0 is simulated by ((x)Q)σ =⇒ (x)Q0 , and ((x)(P 0 ))[y∈Y
∼
0 [y ∈Y
/ ]
0
0
S ∼ ((x)(Q ))
, where Y = f n(P | Q ) \ {y}.
a(A)

– P σ −−−→ P 0 . ((x)P )σ −−−→ (x)P 0 is simulated by ((x)Q)σ =⇒ (x)Q0 ∼ S ∼ (x)P 0 .
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(e
y )aA

(x)(e
y )aA

(x)(e
z )aB

– P σ −−−−→ P 0 . ((x)P )σ −−−−−−→ P 0 is simulated by ((x)Q)σ =⇒ Q0 , and for every
E[X], (x)(e
y )(E[A] | P 0 )[ey*Z] ∼ S ∼ (x)(e
z )(E[B] | Q0 )[ez*Z] , where Z = (f n(P 0 | Q0 ) ∪
f n(E[X])) \ {e
y , ze}.
• [x = y]P Si+1 [x = y]Q. If σ ⇒ [x = y], then the simulation steps are guaranteed by the fact
that P Si Q. Otherwise there is little to prove.
Therefore S is an open weak HO bisimulation up-to ∼. So it immediately follows that S ⊆≈oh .
Here we remind the reader of the Remark 3.33 as it will be useful. Note that proving the
congruence properties of a bisimilarity in higher-order calculi is usually not a trivial task, such as
in [97] [85]. Apart from the direct one like above, there is other ways to reach the congruence,
such as the method in [34] [14] and [89] which is a most recent contribution by Sangiorgi. We
leave the practice of these techniques in proving congruence out here, or the reader can have a try.

As is well-known, generally weak bisimilarity is not closed under nondeterministic choice operators, so it is with ≈oh . So to obtain a congruence relation we will work on, it is necessary to
restrict the bisimilarity to a closed subset, and this is standard from [64].
Definition 3.42. Processes P and Q are open weak HO congruent, denoted P 'oh Q, if P ≈oh F
and the following properties hold:
τ

τ

τ

τ

1. If P σ −
→ P 0 then Qσ =⇒ Q0 ≈oh P 0 for some Q0
2. If Qσ −
→ Q0 then P σ =⇒ P 0 ≈oh Q0 for some P 0 .
We will see 'oh is indeed closed under all operations.
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Chapter 4

Characterization of open weak
higher-order bisimulation
In this section, we consider some essential characteristics of the calculus mHOPi (Definition
3.1) under the open weak HO bisimilarity(≈oh , Definition 3.18). We first make some initial
remarks.
Remark 4.1.
• Note ≈oh is closed except under nondeterministic choice. And it is clearly
closed under substitution of names, so it does not matter if we slightly abuse on two processes
equated by ≈oh
• Substitutions must not cause name capturing, that is, to bound(localize) a free(global) name
• A local environment (context) represents an environment that holds and can send out a
number of bound (restricted or local) names. We set this to model the computational
environment that can possibly have some local variables to assist computation. A local environment is usually represented as (e
x)(cf
x|·) ≡ (e
x)(c1 x1 |...|cn xn |·), where the names in e
c and
x
e are distinct pairwise. Note that when the length of the vectors are zero, the local environments degenerate to global environments, in which processes are exposed directly, without
local information. So global environments are special cases of local environments. We will
examine congruence property of the open weak HO bisimilarity under local environment,
which we define as local congruence, that is all the behavior related to closure are examined
within certain local environments. Specially, the congruence concerning global environments
is the usual congruence relation exactly.

4.1

Relationship of prefixed processes and continuations

We have the following proposition on first-order prefixes. The local environments in it exhibit
a typical equation on processes within the scope of some local names. In fact, the manipulation
on the local environment in Proposition 4.2 is typical, in that the discussion concerning the local
names in the local environment can be handled in the same fashion. So from then on, we will
focus on the “contents” in the local contexts.
Proposition 4.2. Suppose a ∈
/e
c, x ∈
/ ze. Then
e | a(x).P ) ≈oh (e
e | a(x).Q) iff (e
e | P ) ≈oh (e
e | Q);
1. (e
z )(cz
z )(cz
z )(cz
z )(cz
e | ay.P ) ≈oh (e
e | ay.Q) iff (e
e | P ) ≈oh (e
e | Q).
2. (e
z )(cz
z )(cz
z )(cz
z )(cz
Proof.

1. . “⇐”. It is clear by an easy checking(a local closure in a sense).

“⇒”. There are two cases. Suppose σ is an arbitrary substitution.
(aσ)(x)
e | a(x).P )σ −
e | P )σ must be simulated by
• a∈
/ ze(also aσ ∈
/ ze). Then (e
z )(cz
−−−−→ (e
z )(cz
(aσ)(x)
e | a(x).Q)σ −−−−−→ (e
e | Q)σ ⇒ Q0 ≈oh (e
e | P )σ. Symmetrically (e
e | P )σ ⇒
(e
z )(cz
z )(cz
z )(cz
z )(cz
e | Q)σ. Hence the result follows by B.L..
· ≈oh (e
z )(cz
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• a = zi ∈ ze(σ has no effect on a). Then
e | zi (x).P ))σ
((ci (z).zx.ci zi ) | (e
z )(cz
τ

−
→∼ ((e
z )((zi x.ci zi ) | (c1 z1 | · · · | ci−1 zi−1 | ci+1 zi+1 | · · · | cn zn | zi (x).P )))σ
τ
e | P )σ
−
→∼ (e
z )(cz
must be simulated by
e | zi (x).Q))σ
((ci (z).zx.ci zi ) | (e
z )(cz
τ

−
→∼ ((e
z )((zi x.ci zi ) | (c1 z1 | · · · | ci−1 zi−1 | ci+1 zi+1 | · · · | cn zn | zi (x).Q)))σ
τ
e | Q)σ
−
→∼ (e
z )(cz
0
e | P )σ
⇒ Q ≈oh (e
z )(cz
e | Q)σ. Hence the result follows by B.L..
e | P )σ ⇒ · ≈oh (e
z )(cz
Symmetrically (e
z )(cz
2. . “⇐”. Obvious.
“⇒”. When a ∈
/ ze, the argument is similar to the first result of this lemma. So we focus on
the case a = zi ∈ ze.
e | zi (x).P ))σ
((ci (z).z(y).ci zi ) | (e
z )(cz
τ

−
→∼ ((e
z )((zi (y).ci zi ) | (c1 z1 | · · · | ci−1 zi−1 | ci+1 zi+1 | · · · | cn zn | zi (x).P )))σ
τ
e | P )σ
−
→∼ (e
z )(cz
must be simulated by
e | zi (x).Q))σ
((ci (z).z(y).ci zi ) | (e
z )(cz
τ

−
→∼ ((e
z )((zi (y).ci zi ) | (c1 z1 | · · · | ci−1 zi−1 | ci+1 zi+1 | · · · | cn zn | zi (x).Q)))σ
τ
e | Q)σ
−
→∼ (e
z )(cz
0
e | P )σ
⇒ Q ≈oh (e
z )(cz
Now it is done by applying the B.L..
In the next few sections, we study the relationship between the equivalence on prefixed processes and the equivalence on the continuant processes. We consider, respectively, higher-order
input and higher-order (bound) output. They form the basis for axiomatization of our calculus.

4.1.1

Higher-order input

We have the following theorem on higher-order input.
Theorem 4.3 (Abstraction Theorem). Suppose a, b is fresh, and E[X] is an arbitrary process.
Then the following equations are equivalent:
e | a(X).P ) ≈oh (e
e | a(X).Q);
1. (e
z )(cz
z )(cz
e | P {Ib /X}) ≈oh (e
e | Q{Ib /X});
2. (e
z )(cz
z )(cz
e | P {b/X}) ≈oh (e
e | Q{b/X});
3. (e
z )(cz
z )(cz
e | P {E/X}) ≈oh (e
e | Q{E/X})
4. (e
z )(cz
z )(cz
Proof.

• (1 ⇔ 4). Immediate.

• (4 ⇔ 2). “⇒” is clear.
“⇐”. We define
R , {(P {A/X}, Q{A/X}) | P {Ib /X} ≈oh Q{Ib /X}, b is fresh and A is a process}∪ ≈oh
. We show R to be an open weak HO bisimulation up-to ∼. There are several cases to
λ
analyze. Suppose (P {A/X})σ −
→ P 0.
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λ

λ

– λ is on A, that is, Aσ −
→ A0 and (P {A/X})σ −
→ (P {A0 /X})σ. Thus we have
(bσ)(A0 )

(P {Ib /X})σ −−−−−→ (P {A0 /X})σ
and since P {Ib /X} ≈oh Q{Ib /X}, this is simulated by
(Q{Ib /X})σ
(Q0 {Ib /X})σ

⇒
(bσ)(A0 )

−−−−−→ (Q0 {A0 /X})σ
Q00 ≈oh (P {A0 /X})σ

⇒
So

b
λ

(Q{A/X})σ ⇒ Q00 ≈oh (P {A0 /X})σ,
and the simulation step is well made, no matter what λ is because ≈oh is closed under
parallel composition and restriction.
λ

– λ is caused by P , that is, (P {A/X})σ −
→ (P 0 {A/X})σ. Then
λ

(P {Ib /X})σ −
→ (P 0 {Ib /X})σ,
and this is simulated by
b
λ

(Q{Ib /X})σ ⇒ (Q0 {Ib /X})σ ≈oh (P 0 {Ib /X})σ,
, since P {Ib /X} ≈oh Q{Ib /X}. So the simulation step is
b
λ

(Q{A/X})σ ⇒ (Q0 {A/X})σ.
λ

– λ is τ , that is, it is caused by a communication between P and A, and (P {A/X})σ −
→
(P 0 {A0 /X})σ. Several cases exist.
u(x)

u(x)

1. P σ −−−→ P 0 σ, Aσ −−−→ A0 . Define E , b[u(x).A0 ]. Then
(P {Ib /X} | E)σ
τ

−
→∼ (P {u(x).A0 /X})σ
τ

−
→∼ (x)(P 0 {A0 /X})σ
must be simulated by
(Q{Ib /X} | E)σ
τ

(Q0 {u(x).A0 /X})σ

τ

(x)(Q00 {A0 /X})σ ≈oh (x)(P 0 {A0 /X})σ

⇒∼
⇒∼
. Thus

τ

(Q{A/X})σ ⇒ (x)(Q00 {A0 /X})σ ≈oh (x)(P 0 {A0 /X})σ.
u(x)

u(x)

u(x)

ux

u(x)

u(x)

u(B)

(e
x)uB

2. P σ −−−→ P 0 σ, Aσ −−−→ A0 . Similar to the last case.
3. P σ −−−→ P 0 σ, Aσ −−→ A0 . Easy.
4. P σ −−−→ P 0 σ, Aσ −−−→ A0 . Easy.
5. P σ −−−→ P 0 σ, Aσ −−−−→ A0 . Define F , b[(e
x)u[B].A0 ]. Then
(P {Ib /X} | F )σ
τ

−
→∼ (P {(e
x)u[B].A0 /X})σ
τ

−
→∼ (e
x)(P 0 {A0 /X})σ
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must be simulated by
(Q{Ib /X} | F )σ
τ

⇒∼ (Q0 {(e
x)u[B].A0 /X})σ
τ

⇒∼ (e
x)(Q00 {A0 /X})σ ≈oh (e
x)(P 0 {A0 /X})σ
. Thus

τ

(Q{A/X})σ ⇒ (e
x)(Q00 {A0 /X})σ ≈oh (e
x)(P 0 {A0 /X})σ.
(e
x)uB

u(B)

6. P σ −−−−→ P 0 σ, Aσ −−−→ A0 . Similar to the last case.
• (4 ⇔ 3). This is similar to the proof of (4 ⇔ 2).
It is now completed.
The proof above is a little sketchy in some way though, yet the essential part has been pointed
out, that is higher-order input checking in open weak higher-order bisimilarity is somewhat dowscaled to first-order case. For more discussion on the details in some intermediate step, one is
referred to Chapter 7 for a similar discussion on linear higher-order π-calculus.

4.1.2

Higher-order bound output

In this section, we examine the case of higher-order output. We first give two technical lemmas
on linear processes.
Lemma 4.4. Suppose a, b are fresh names, E[X] is an arbitrary linear mHOPi process with at
most process variable X, and A is a linear mHOPi process. We have the following properties.
λ

1. If (e
x)E[A]−
→P , where A takes part in the action, then
λ

(e
x)(E[a]|a.(A+b))=⇒P 0 ,
for some P 0 , and P ∼oh P 0 ;
λ

2. The converse. If (e
x)(E[a]|a.(A+b))=⇒P 0 and a, b do not appear in P 0 , then we have
λ

(e
x)E[A]=⇒P,
for some P , and P 0 ∼oh P .
λ

Proof. We start with 1. The proof is by induction on the derivation height of (e
x)E[A]−
→P , which
can be carried out based on the structure of (e
x)E[A]. Obviously, since A contributes in the action
λ, the prefix case can be excluded. For simplicity, we consider the case when x
e is empty (that is,
its length is zero), the general case is much similar. We make the analysis below. Note all the
processes here are linear.
λ

τ

λ

• E[X] ≡ X. And E[A] ≡ A−
→P . Further, E[a]|a.(A+b) ≡ a|a.(A+b)−
→A+b−
→P . Take
P0 ≡ P.
λ

• E[X] ≡ Q|E1 [X]. And E[A] ≡ Q|E1 [A]−
→(e
z )(Q0 |P1 ) ≡ P . There are several sub-cases to
analyze.
λ

– E1 [A]−
→P1 and Q ≡ Q0 . This case is simple using induction hypothesis.
– λ ≡ τ , and is caused by a communication between Q and E1 [A]. There are several cases
involving first-order and higher-order communications. Taking the action on E1 [A] as
the main point and applying induction hypothesis on it, one can routinely verify that
the result holds anywhere.
λ

λ

• E[X] ≡ (y)E1 [X]. And E[A] ≡ (y)E1 [A]−
→P . Then it must be that E1 [A]−
→P1 , where (y)
is still a local name. Here we can apply induction hypothesis to E1 [A].
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λ

• E[X] ≡ [z=z]E1 [X]. And E[A] ≡ [z=z]E1 [A]−
→P . From transition semantics, we know that
λ

E1 [A]−
→P1 , where we can use induction hypothesis to E1 [A]. The rest is not hard.
λ

• E[X] ≡ [z1 6=z2 ]E1 [X]. And E[A] ≡ [z1 6=z2 ]E1 [A]−
→P . From transition semantics, we know
λ

that E1 [A]−
→P1 , where we can use induction hypothesis to E1 [A]. The rest is not hard.
λ

λ

• E[X] ≡ E1 [X]+E2 [X]. And E[A] ≡ E1 [A]+E2 [A]−
→P . Suppose this is caused by E1 [A]−
→P .
λ

λ

By induction hypothesis, we know that E1 [a]|a.(A+b)=⇒P 0 ∼oh P . Thus (E1 [a]+E2 [a])|a.(A+b)=⇒P 0 .
The other case is similar.
λ

• E[X] ≡ µY.E1 [X, Y ]. And E[A] ≡ µY.E1 [A, Y ]−
→P . From the operational semantics, we
λ

λ

know that E1 [A, µY.E1 [A, Y ]]−
→P , so by induction hypothesis we have E1 [a, µY.E1 [a, Y ]]|a.(A+b)=⇒P 0 ∼oh
λ

P . Then again by the operational semantics, we know that µY.E1 [a, Y ]|a.(A+b)=⇒P 0 ∼oh
P.
Next we prove 2.
λ
The proof is again by induction on the derivation height of (e
x)(E[a]|a.(A+b))=⇒P 0 . We make an
analysis on the transition in it, based on which the proof is not hard. Note the linearity plays a
crucial role in here.
(e
x)(E[a]|a.(A+b))
=⇒ (e
x)(E1 [a]|a.(A+b))
τ
−
→
(e
x)(E1 [0]|(A+b))
=⇒ (e
x)(E2 [0]|(A+b))
λ
−
→ (xe0 )(E3 [0]|A0 )
=⇒ P 0
for some E1 , E2 , E3 and A0 . From the analysis, we can see that
λ

(e
x)E[A]=⇒(e
x)E1 [A]=⇒(e
x)E2 [A]−
→(xe0 )E3 [A0 ],
where one can easily show that (xe0 )E3 [A0 ] ∼oh (xe0 )(E3 [0]|A0 ). So (xe0 )E3 [A0 ]=⇒P for some P , and
P 0 ∼oh P .
Another lemma is as follows.
Lemma 4.5. Suppose a, b, e
c are all fresh names, and E, F, A, B are linear mHOPi processes. If
(e
x)(cf
x|(e
y )(a.(A+b)|E[a])) ≈oh (e
x)(cf
x|(e
z )(a.(B+b)|F [a])),
then

f z )F [B])
f y )E[A]) ≈oh (e
(e
x)(cx|(e
x)(cx|(e

Proof. We define a relation R as follows.
R , {((e
y )E[A], (e
z )F [B]) | (e
y )(a.(A+b)|E[a]) ≈oh (e
z )(a.(B+b)|F [a])}∪ ≈oh
λ

We show that R is a open weak HO bisimulation.Suppose (e
y )E[A]R(e
z )F [B], and (e
y )E[A]−
→P .
Then we have the following analysis.
• A does not take part in the action λ. Then we know that there exists E1 [X] s.t. P ≡
(e
y )E1 [A]. By this we have
λ

→(e
y )(a.(A+b)|E1 [a]).
(e
y )(a.(A+b)|E[a])−
From the premise, for some F1 [X], we have the next simulating step
λ

(e
z )(a.(B+b)|F [a])=⇒(e
z )(a.(B+b)|F1 [a]) ≈oh (e
y )(a.(A+b)|E1 [a]),
which is the only possibility because a, b are fresh (one can make a simple argument on the
transition possibilities of (e
z )(a.(B+b)|F [a])), otherwise a further transition would cause the
bisimulation break down. Therefore, we know that
λ

(e
z )F [B]=⇒(e
z )F1 [B],
and
(e
y )E1 [A] R (e
z )F1 [B]
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• A is involved in the action λ. Then by Lemma 4.4,
λ

(e
y )(a.(A+b)|E[a])=⇒P1 ,
for some P1 , and P1 ∼oh P . From the premise, we know that
λ

(e
z )(a.(B+b)|F [a])=⇒Q1 ,
for some Q1 , and Q1 ≈oh P1 . Thanks to the linearity of the processes F here, a simple
analysis can tell us that neither a nor b shall appear in Q1 . So again by Lemma 4.4, we have
λ

(e
z )F [B]=⇒Q,
for some Q, and Q ∼oh Q1 .
In summary, we have
P ∼oh P1 ≈oh Q1 ∼oh Q.
Therefore, P R Q.
Something worth noting is that the analysis above can be instantiated to the action of τ , first-order
input and output, higher-order input directly. But for higher-order output, the details are a little
different, but the idea is not changed much, and one can get through the proof with the help of
the property of ≈oh (that is the property of closedness under parallel composition?). To be more
concrete, the bisimulating steps in higher-order output is different in that it consider environment,
and by Lemma 4.4 it is safe to treat (e
y )E[A] and (e
y )(a.(A+b)|E[a]) in a somewhat similar way,
then the matching steps are not difficult to close. Because they are routine, we omit the detail
here. And the analysis above can offer an intuitionistic viewpoint already.
Hence R is a open weak HO bisimulation.
Now we have the following theorem on higher-order output.
Theorem 4.6 (Concretion Theorem). Suppose x ∈
/ ze, a, b is fresh, Z = (f n(P | Q) ∪ f n(E[X])) \
{e
x, ye}, and E[X] is an arbitrary process with at most process variable X. Then the following
equations are equivalent:
e | (e
e | (e
1. (e
z )(cz
x)a[A].P ) ≈oh (e
z )(cz
y )a[B].Q);
e | (e
e | (e
2. (e
z )(cz
x)(b[A] | P )[ex*Z] ) ≈oh (e
z )(cz
y )(b[B] | Q)[ey*Z] );
e | (e
e | (e
3. (e
z )(cz
x)(E[A] | P )[ex*Z] ) ≈oh (e
z )(cz
y )(E[B] | Q)[ey*Z] );
4. If H, E are linear mHOPi processes, then the next equation is also equivalent.
e | (e
e | (e
(e
z )(cz
x)(b.(A+a) | P )[ex*Z] ) ≈oh (e
z )(cz
y )(b.(B+a) | Q)[ey*Z] )
Proof.

(f
x1 )aσA

• (1 ⇒ 2). We know ((e
x)a[A].P ))σ −−−−−→ (f
x2 )P σ, (e
x=x
f1 x
f2 ), then
(ye1 )aσB

((e
y )a[B].Q)σ −−−−−→ (ye2 )Qσ ⇒ (ye2 )Q0 ,
(e
y = ye1 ye2 ) and
x1 *Z]
(f
x1 )(E[A] | (f
x2 )P σ)[f
≈oh (ye1 )(E[B] | (ye2 )Q0 )[ye1 *Z] ,

for every E[X] s.t. f n(E[X] ∩ {(e
x, (e
y }) = ∅, where Z = (f n(P σ | Q0 ) ∪ f n(E[X])) \ {e
x, ye}.
So
(e
x)(E[A] | P σ)[ex*Z] ≈oh (e
y )(E[B] | Q0 )[ey*Z] ⇐ (e
y )(E[B] | Qσ)[ey*Z] .
by Lemma 3.24. Choose E[·] as b[·] and σ as identity, then we have by B.L. that
y )(b[B] | Q)[ey*Z] .
(e
x)(b[A] | P )[ex*Z] ) ≈oh (e
• (2 ⇒ 3). By Lemma 3.35 this follows immediately.
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• (3 ⇒ 1). This can be proved by checking the definition of ≈oh . That is, construct a relation
R , {((e
x)a[A].P, (e
y )a[B].Q) | (e
x)(E[A] | P )[ex*Z] ≈oh (e
y )(E[B] | Q)[ey*Z] }.
and show it to be an open weak HO bisimulation up-to ∼, which is a routine task.
The proof of the equivalence of 4 is not hard. Firstly, 3 ⇒ 4 is direct. Secondly, 4 ⇒ 3 is
a result of Lemma 4.5 (introducing process E on both side and applying Lemma 4.5). Note the
condition on the right-top side causes little influence to the equation.
Now we are done.
Next is a corollary of Theorem 4.6, whose proof is due to Lemma 3.23.
Corollary 4.7. Suppose x ∈
/ ze, a, b is fresh, and E[X] is an arbitrary process with a process
variable X. Then the following equations are equivalent:
e | (e
e | (e
1. (e
z )(cz
x)a[A].P ) ≈oh (e
z )(cz
y )a[B].Q);
e | (e
e | (e
2. (e
z )(cz
x)(b[A] | P )) ≈oh (e
z )(cz
y )(b[B] | Q));
e | (e
e | (e
3. (e
z )(cz
x)(E[A] | P )) ≈oh (e
z )(cz
y )(E[B] | Q));
4. If H, E are linear mHOPi processes, then the next equation is also equivalent.
e | (e
e | (e
x)(b.(A+a) | P )) ≈oh (e
z )(cz
y )(b.(B+a) | Q))
(e
z )(cz

4.2

Congruence in local environments

In this section we consider the congruence in local environments (local congruence).
As the beginning, we show that the relation defined in Definition 3.42 is indeed a congruence
relation.
Proposition 4.8. Suppose P 'oh Q, then the following holds:
1. a(x).P 'oh a(x).Q
2. ax.P 'oh ax.Q
3. a(X).P 'oh a(X).Q
4. aA.P 'oh aA.Q
5. P | R 'oh Q | R
6. (x)P 'oh (x)Q
7. P + R 'oh Q + R
8. [x=y]P 'oh [x=y]Q
9. [x6=y]P 'oh [x6=y]Q
Proof. A routine check. We omit the details here.
Next we will consider the local congruences, that is the closure properties with respect to the
operators in our calculus mHOPi within local environments. To prepare, we first consider several
lemmas.
Lemma 4.9. Suppose b is fresh, and M is (f n(P ) ∪ f n(Q)) \ {x}. If
e )) 'oh (e
e
(e
z )(x)(bx|(cz|P
z )(x)(bx|(cz|Q)),
then

[x∈M
/ ]
[x∈M
/ ]
e
e
(e
z )(cz|(x)P
) 'oh (e
z )(cz|(x)Q
).

Proof. A typical definition checking using Bisimulation Lemma (Lemma 3.31).
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Below is another technical lemma.
Lemma 4.10. Suppose a, b are fresh names and a 6= b, and M is (f n(P ) ∪ f n(Q)) \ {x}. It holds
that if
(x)(ax|bx|P ) ≈oh (x)(ax|bx|Q),
then

/ ]
/ ]
(x)(ax|P [x∈M
) ≈oh (x)(ax|Q[x∈M
).

Proof. Routine by Bisimulation Lemma (Lemma 3.31).
The next two lemmas are actually corollaries of the previous two.
e | bx | P ) 'oh (e
e | bx | Q), then (e
e | (x)P ) 'oh
Lemma 4.11. Suppose b is fresh. If (e
z )(x)(cz
z )(x)(cz
z )(cz
e
(e
z )(cz | (x)Q).
Proof. A typical definition checking using Bisimulation Lemma (Lemma 3.31), and possibly using
Lemma 3.23 and Lemma 3.24.
Lemma 4.12. Suppose a, b are fresh names and a 6= b. It holds that if (x)(ax | bx | P ) ≈oh
(x)(ax | bx | Q), then (x)(ax | P ) ≈oh (x)(ax | Q).
Proof. Routine by Bisimulation Lemma (Lemma 3.31), and possibly using Lemma 3.23 and Lemma
3.24.

4.2.1

The local congruence

Now we can give the local congruence property of 'oh .
e | P ) 'oh (e
e | Q), then the following holds:
Lemma 4.13. Suppose (e
z )(cz
z )(cz
e | P | R) 'oh (e
e | Q | R);
1. (e
z )(cz
z )(cz
e | τ.P ) 'oh (e
e | τ.Q);
2. (e
z )(cz
z )(cz
e | a(x).P ) 'oh (e
e | a(x).Q);
3. (e
z )(cz
z )(cz
e | ax.P ) 'oh (e
e | ax.Q);
4. (e
z )(cz
z )(cz
e | a(X).P ) 'oh (e
e | a(X).Q);
5. (e
z )(cz
z )(cz
e | aA.P ) 'oh (e
e | aA.Q);
6. (e
z )(cz
z )(cz
e | (x)P ) 'oh (e
e | (x)Q);
7. (e
z )(cz
z )(cz
e | (P + R)) 'oh (e
e | (Q + R));
8. (e
z )(cz
z )(cz
e | [x = y]P ) 'oh (e
e | [x = y]Q);
9. (e
z )(cz
z )(cz
e | [x 6= y]P ) 'oh (e
e | [x 6= y]Q).
10. (e
z )(cz
z )(cz
Proof. Below we concentrate on the bisimulating parts, as the congruence part is not hard to reach
from the premise in the sense of Definition 3.42.
• 1.
W.l.o.g., suppose the names of R captured by ze(that is f n(R) ∩ ze) are zi1 , zi2 , ..., zim . Define
E ≡ ci1 (xi1 ).ci2 (xi2 ). · · · .cim (xim ).(R | ci1 xi1 | ci1 xi1 | · · · | cim xim ),
then

τ

e | P | R)σ
e | P ) | E)σ ⇒ · ∼ (e
z )(cz
((e
z )(cz

must be simulated by
τ
e | Q) | E)σ ⇒
e | Q | R)σ ⇒ · ≈oh (e
e | P | R)σ.
((e
z )(cz
· ∼ (e
z )(cz
z )(cz

e | Q | R)σ.
e | P | R)σ ⇒ · ≈oh (e
z )(cz
Symmetrically, (e
z )(cz
So by B.L. the result follows.
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• 2–10.
They have similar arguments(style), we can define
¯
¯ (e
e | Q),
e | P ) 'oh (e
z )(cz
z )(cz
}
R , {((e
z )(e
y )(O | λ.P ), (e
z )(e
y )(O | λ.Q)) ¯¯
e
c is fresh, λ not captured by ze
By arguments similar to Proposition 4.2, R can be shown to be an open weak HO bisimulation up-to ∼.
As an example, we look at 5. The interesting case is when a = zi ∈ ze and
τ

(e
z )(e
y )(O | zi (X).P )σ −
→ (e
z )(e
y )(e
x)(O0 | P {A/X})
(e
x)zi A

because Oσ −−−−→ O0 .
Define E ≡ ci (x).x[A].ci x, then
e | zi (X).P ))σ
(E | (e
z )(cz
τ

−
→∼ (e
z )((zi [A].ci zi ) | (c1 z1 | c2 z2 | · · · | ci−1 zi−1 | ci+1 zi+1 | · · · | cn zn | zi (X).P ))
τ
e | P {A/X})
−
→∼ (e
z )(cz
must be simulated by
e | zi (X).Q))σ
(E | (e
z )(cz
τ

−
→∼ (e
z )((zi [A].ci zi ) | (c1 z1 | c2 z2 | · · · | ci−1 zi−1 | ci+1 zi+1 | · · · | cn zn | zi (X).Q))
τ
e | Q{A/X})
−
→∼ (e
z )(cz
e | P {A/X})
e | Q0 ) ≈oh (e
z )(cz
⇒∼ (e
z )(cz
Thus

τ

e | P {A/X})
(e
z )(e
y )(O | zi (X).Q)σ ⇒ (e
z )(e
y )(e
x)(O0 | Q0 ) ≈oh (e
z )(cz

Therefore, we can complete the proof.
The following theorem is what we want about congruence in local environments.
e | P ) 'oh (e
e | Q). Then (e
e | C[P ]) 'oh
Theorem 4.14 (Local congruence). Suppose (e
z )(cz
z )(cz
z )(cz
e
(e
z )(cz | C[Q]) for every full context C[·] that has no occurrence of e
c and ze.
Proof. Immediate from Lemma 4.13.

4.2.2

More technical lemmas

Besides the lemmas and theorems above, we give several technical lemmas below for easy
handling of mHOPi processes.
The next two lemmas are simple (not hard to prove), and their usage will be clear when used.
Lemma 4.15. Suppose a, b, c are names different from one another, P, Q are mHOPi processes,
and a, b, c ∈
/ f n(P, Q). Then we have the following properties:
1. (x)(y)(ax|by|P ) ≈oh (x)(y)(ax|by|Q) does not necessarily hold;
2. (x)(y)(z)(ax|by|cz|P ) ≈oh (x)(y)(ax|by|cz|Q) does not necessarily hold;
3. If (x)(ax|bx|P ) ≈oh (x)(ax|bx|Q), then (x)(ax|P ) ≈oh (x)(ax|Q).
Proof. For 3, the proof may need the Bisimulation Lemma (Lemma 3.31).
Lemma 4.16. Suppose a, b, e
c are fresh names, and E[X], F [X], A, B are linear mHOPi processes.
The following holds:
1. If (e
x)(cf
x|(e
y )(a.(A+b)|E[a])) ≈oh (e
x)(cf
x|(e
z )(a.(B+b)|F [a])), then
f y )E[A]) ≈oh (e
f z )F [B]);
(e
x)(cx|(e
x)(cx|(e
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2. If (e
x)(cf
x|(e
y )(a.(A+b)|E[a])) 'oh (e
x)(cf
x|(e
z )(a.(B+b)|F [a])), then
(e
x)(cf
x|(e
y )E[A]) 'oh (e
x)(cf
x|(e
z )F [B]).
Proof. The proofs for the two properties have common part, and are not difficult.
The other 4 lemmas are as follows.
Lemma 4.17. Suppose a, b, e
c, d are fresh names, and P, Q, A, B are linear mHOPi processes. If
(e
x)(cf
x|(e
y )(b.(A+d)|P )) ≈oh (e
x)(cf
x|(e
z )(b.(B+d)|Q)), then (e
x)(cf
x|(e
y )aA.P ) 'oh (e
x)(cf
x|(e
z )aB.Q).
Proof. From the premise that for every linear process E[X], we have
(e
x)(cf
x|(e
y )(b.(A+d)|E[c]|P )) ≈oh (e
x)(cf
x|(e
z )(b.(B+d)|E[c]|Q)),
by Bisimulation Lemma (Lemma 3.31).
Then by Lemma 4.16, we have
(e
x)(cf
x|(e
y )(E[A]|P )) ≈oh (e
x)(cf
x|(e
z )(E[B]|Q)).
Then by this equation, one can easily show the desired equation by proving that
x|(e
y )aA.P |R), (e
x)(cf
x|(e
z )aB.Q|R)) | the premise}∪ ≈oh
{((e
x)(cf
is a open weak HO bisimulation.
As for the congruence condition, the verification is not hard and we omit the detail.
Lemma 4.18. Suppose a, eb, c, d are fresh names, and P, Q are linear mHOPi
f ) ≈ (e
f
(e
x)(bx|P
x)(bx|Q),
then

processes. If

oh

bx|aP.R) 'oh (e
x)(f
bx|aQ.R),
(e
x)(f
for every linear process R.
Proof. By Lemma 4.13, we have
f
(e
x)(f
bx|(c.(P +d)|R)) 'oh (e
x)(bx|(c.(Q+d)|R)).
Then the result follows by using Lemma 4.17.
Lemma 4.19. Suppose e
c are fresh names, and E[X], F [X], A, B are linear mHOPi processes. If
(e
x)(cf
x|E[X]) 'oh (e
x)(cf
x|F [X]) and (e
x)(cf
x|A) 'oh (e
x)(cf
x|B), then (e
x)(cf
x|E[A]) 'oh (e
x)(cf
x|F [B]).
Proof. From the premise, we know that
(e
x)(cf
x|a(X).E[X]) 'oh (e
x)(cf
x|a(X).F [X]),
from Lemma 4.13, and

(e
x)(cf
x|aA) 'oh (e
x)(cf
x|aB),

from Lemma 4.18. Then again by Lemma 4.13, we have
(e
x)(cf
x|a(X).E[X]|aA) 'oh (e
x)(cf
x|a(X).F [X]|aB).
Then it is not hard to show

(e
x)(cf
x|E[A]) 'oh (e
x)(cf
x|F [B]),

by applying Bisimulation Lemma (Lemma 3.31).
If we include recursion in our calculus, then we also have the following additional lemma. We
mention it simply for completeness.
Lemma 4.20. Suppose e
c are fresh names, and E, F are linear mHOPi processes. If (e
x)(cf
x|E) 'oh
f ), then (e
f
f
(e
x)(cx|F
x)(cx|µX.E)
'oh (e
x)(cx|µX.F
).

Now that we have finished preparing the necessary results and paving the intermediate steps,
we will continue to build the axiom system in the next chapter based on the work till now.
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Chapter 5

Axiomatization
In this chapter, we build an axiom system (or equation system) for computing whether two
finite linear mHOPi processes are equivalent (or open weak HO bisimilar). An equation system
is the basis for an (effective) algorithm. It can be regarded that an equation system tells us how
to compare two processes, step by step, from which an algorithm can be accordingly designed and
implemented for equivalence checking.
We have the following overall explanation on the axiomatization.
• In general, finite processes are considered only, that is processes with finite behavior (transitions). No recursion (or µ operator) is allowed here. This makes sense in that finite behavior
is mostly seen in practice and can be more easily handled theoretically, and some processes
are infinite but have finite state, which we do not consider here. And it can offer some insight
into the behavior of infinite processes (those with recursive behavior), if possible.
• Linear processes are the sole subjects we will consider. This limitation is due to the overpowerful computational capability (Turing Completeness [82]) of the original higher-order
π-calculus. An unrestrained occurrence of process variable may inevitably leads to Turing
completeness, thus the equivalence between two processes become a hard problem (or undecidable), that is no algorithm is believed to exist. So inspired by Fu [36], linearity is imposed
on the full calculus to obtain a linear fragment, here the mHOPi . In this way, we make the
problem a little light, and decidability can be gained, resulting in a possibility to construct
an axiom system that is sound and complete with respect the open weak HO congruence on
finite closed linear mHOPi processes, where soundness is usually clear so we focus more on
completeness. And this is what we are about to do in this section.
• Congruence properties are important and included as rules. Though equations are more
desirable than rules, those congruence properties map to preferably elegant rules in an axiom
system. And this will not add much extra complexity to the system.
• The axiom evolves from that of Fu [36], by adding the mismatch operator. The major technical approach is similar, except that we add those parts related to the mismatch operator.
The traditional
(or expansion law), after tailored for higher-order primitive,
Pexpansion theoremP
is (suppose P ≡
ϕi λi .Pi and Q ≡
ϕj λj .Qj , and I, J are indices subset of natural numbers):
i∈I

j∈J

P |Q =
+
+
+
+

P

ϕi λi .(Pi |Q) +

i∈I
,λj ≡bj (y)
λi ≡ai xiP

P

ϕj λj .(P |Qj )

j∈J

ϕi ϕj [ai =bj ]τ.(Pi |Qj {xi /y})

i∈I,j∈J
λi ≡ai (x),λ
P j ≡bj yj

ϕi ϕj [ai =bj ]τ.(Pi {yj /x}|Qj )
i∈I,j∈J
λi ≡(e
x)ai A
i ,λj ≡bj (Y )
P

ϕi ϕj [ai =bj ]τ.(e
x)(Pi |Qj {Ai /Y })

i∈I,j∈J
λi ≡ai (X),λ
Pj ≡(ey)bj Bj

ϕi ϕj [ai =bj ]τ.(e
y )(Pi {Bj /X}|Qj )

i∈I,j∈J
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,

We know that the expansion theorem traditionally plays a key role in the completeness proof,
thanks its ability to reducing a process to an equivalent one free of the parallel composition operator
and thus normal forms of processes can be defined and applied in the proof of completeness of the
axiom system.
• But here the expansion theorem is in a sense weakened. We have to consider only closed
processes, due to the deficiency of expansion law to expand a general process to be free of
parallel composition under the higher-order paradigm. Actually in higher-order calculus, the
parallel composition cannot be eliminated completely in general, because of the existence of
process variables. For example, the process P |X can not be equalled to a process without
the parallel composition operator, because there is no way to “expand” the process variable.
So far this problem is a critical obstacle in the construction of a complete axiom system for
a higher-order calculus. See more explanation on background in [36].
Thus generally we have to cope with the normal form of the axiom system in presence of the
parallel composition operator. One way is to consider only closed processes, thus the free
occurrence of process variables like above can be avoided, instead, for example, processes like
a(X).(P |X) are considered. When X is instantiated, we can make one expansion because
the process is linear. Thus we can do the expansion on-the-fly. And the completeness of the
axiom system will not be affected by this weakening, and this talks about the normal form
used in the completeness proof.
• Accordingly, only head normal forms can be obtained, in the way described as above. The
definition will be given below. Note that the input prefix is used to obtained a closed process
and thus a head normal form further. Essentially speaking, a head normal form differs from
a normal form in that the parallel composition operator is not removed completely.
Below we point out some technical routine to be followed in the construction of a sound and
complete axiom system. Notice we solely consider closed processes. However this is a basic start
since the equivalence between open processes is based on the equivalence between closed processes.
• First we shall set a metric for processes, that is their depth, which will be of use in proving
the critical lemmas for the completeness. The definition of the depth of a process is given in
Figure 5.1. As we have both first-order and higher-order elements in our calculus, we need
to distinguish their weight in providing a metric for measuring the structural hierarchy of a
mHOPi process. The strategy here is the same as that of Fu [36], that is, the higher-order
prefixes possess “higher” depth. As follows (the function d), we use a binary vector on
integers, with the first element for the depth on higher-order prefixes and the second for the
depth on first-order prefixes, and hu0 , u1 i+hv0 , v1 i , hu0 + v0 , u1 + v1 i. It will be used in

d(0) ,
d(X) ,
d(a(x).P ) ,
d(ax.P )
d(a(X).P )
d(aA.P )
d((x)P )

,
,
,
,

h0, 0i
h0, 0i
h0, 1i+d(P )
h0, 1i+d(P )
h1, 0i+d(P )
h1, 0i+d(P )+d(A)
d(P )

d(P |Q) ,
d([x=y]P ) ,

d(P )+d(Q)
d(P )

d([x6=y]P ) ,
d(P +Q) ,

d(P )
max{d(P ), d(Q)}

Figure 5.1: Depth of a process
the proof of some technical lemmas before the completeness theorem.
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• We will prove three major kinds of lemmas before reaching the completeness theorem, which
is far complicated than the soundness theorem, in fact, the latter is immediate from the
design of the axiom system.
– The normalization lemma: Lemma 5.8 and Lemma 5.9. They converts a (closed)
mHOPi process into an equivalent process in the head normal form and complete head
normal form respectively, with no increase in size. The latter is mainly attributed to
the mismatch operator.
– The saturation lemma: Lemma 5.10. It gives the equational characteristics of the
operation semantics of mHOPi, and will be used by the lemma described below.
– The crucial promotion lemma: Lemma 5.14, and the Completeness theorem: Theorem
5.16. It provides, as usual, a weaker form of the completeness result of the axiom
system. And as usual again, the promotion immediately leads to the Completeness
Theorem (Theorem 5.16).

5.1

The axiom system

The basic axiom system on the processes in our calculus is shown in Figure 5.2. The labels
of each group of equations indicate the corresponding operators. For example, laws whose labels
begin with “T” indicate TAU laws (rules deal with equivalence concerning silent actions). Note
T 5 hold for early open HO congruence [41], but since the early and late congruence are the same,
we include it in our axiom system.
E1
E2
E3
L1
L2
L3
L4
L5
L6
L7
L8
L9
L10
M1
M2
M3
M4
M5
M6
S1
S2
S3
S4
S5
T1
T2
T3
T4
T5

P
Q
P
(x)0
(x)X
(x)λ.P
(x)λ.P
(x)(P | Q)
(x)(y)P
(x)[y=z]P
(x)[x=y]P
(x)[x6=y]P
(x)(P +Q)
φP
[x=y]P
[x=y](P +Q)
[x6=y](P +Q)
[x6=x]P
[x6=y]λ.P
P +0
P +Q
P +(Q+R)
[x=y]P +P
[x=y]P + [x6=y]P
λ.τ.P
P + τ.P
λ.(P + ϕτ.Q)
τ.P
P
a(x).(P
+ϕτ.Q)
i
i∈I

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

P
P
R
0
X
λ.(x)P
0
P | (x)Q
(y)(x)P
[y=z](x)P
0
0
(x)P +(x)Q
ψP
[x=y]P {y/x}
[x=y]P +[x=y]Q
[x6=y]P +[x6=y]Q
0
[x6=y]λ.[x6=y]P
P
Q+P
(P +Q)+R
P
P
λ.P
τ.P
λ.(P + ϕτ.Q) + ϕλ.Q
τ.(P
P + [x=y]τ.P )
i∈I a(x).(Pi +ϕτ.Q)+ϕa(x).Q

if P = Q
if P = Q = R

if x 6∈ n(λ)
if x ∈ subj(λ)
if x 6∈ f n(P )
if x 6∈ {y, z}
if x 6= y
if x = y
if φ ⇔ ψ

{x, y} ∩ bn(λ) = ∅

W
i∈I

ϕi ⇔ ϕ, x ∈
/ n(ϕ)

Figure 5.2: Basic axioms for processes
Figure 5.3 lists some laws derivable from those basics laws in Figure 5.2. Their proofs are quite
similar to those in [74], [41] and [36]. We give an example, that is we derive D7 from L7 and S5.
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D7 can be obtained from the following two derivation. The label(s) in the parenthesis on each
row shall indicate the major axiom(s) used in that step.
(x)[y6=z]P

and

[y6=z](x)P

= [y=z](x)[y6=z]P +[y6=z](x)[y6=z]P
= (x)[y=z][y6=z]P +[y6=z](x)[y6=z]P
= [y6=z](x)[y6=z]P

(S5, M 3)
(L7)
(M 1, M 5, L1, S1)

= [y6=z](x)([y=z]P +[y6=z]P )
= [y6=z][y=z](x)P +[y6=z](x)[y6=z]P
= [y6=z](x)[y6=z]P

(S5)
(M 4, L7)
(M 1, M 5, S1)

Also note when φ ⇔ true, D1 is reduced to P + P = P . And D2 can be derived from S5 and D1.
D1
D2
D3
D4
D5
D6
D7
D8
D9
D10

ϕP + P
[x6=y]P +P
[x=x]P
[x=y]0
[x6=y]0
(x)[x6=y]P
(x)[y6=z]P
(x)P
τ.P
[x=y]λ.P
CONSIDER?

=
=
=
=
=
=
=
=
=
=

P
P
P
0
0
(x)P
[y6=z](x)P
P
P
τ.(P + i∈I ϕi τ.P )
[x=y]λ.[x=y]P

if x 6= y
if x 6∈ {y, z}
if x ∈
/ f n(P )
{x, y} ∩ bn(λ)=∅

Figure 5.3: Derived laws for processes
We say two sets of equations have the same effect if they can derive each other respectively,
with the rest of the axioms in the system intact. Below we give more derived laws from some
specific equations in the basic axiom system. The first comes those derived from M 6 (and the
basic equations). Note the rules’ labels reflect the relationship they have with some basic axiom.
For example, the equation L11a and L11b amount to the effect of axiom L11; M 6a has the same
effect of M 6. The similar proofs can be referred to [41].
L11
L11a
L11b
M6a

(x)C[[x=y]P ]
(x)C[[x6=y]P ]
(x)P [x6=y]
P [x6=y]

=
=
=
=

(x)C[0]
(x)C[P ]
(x)P
[x6=y]P

if x, y ∈
6 bn(C[·]) and x 6= y
if x, y ∈
6 bn(C[·]) and x 6= y
if x ∈
/ bn(P ) and x =
6 y

Figure 5.4: Derived laws from M6
Next comes those derived laws from the TAU laws (laws whose labels begin with “T”). Again
here we group the equations with their labels. For example, T 3a, T 3b evolve from T 3, T 4a, T 4b
from (meanwhile have the same effect as)
P T 4, and T 5a from T 5. The proofs of them can also be
/ Y ]τ.Q).
referred to [41]. In T 5a, f (a, P, Q, δ) ≡ y∈Y a(x).(Py +δ[x=y]τ.Q)+a(x).(P +δ[x ∈
T3a
T3b
T4a
T4b
T5a

ax.(P +δτ.Q)
a(x).(P +δτ.Q)
τ.P
τ.P
f (a, P, Q, δ)

=
=
=
=
=

ax.(P +δτ.Q)+δax.Q
a(x).(P +δτ.Q)+δa(x).Q
τ.(P +[x=y]τ.P )
τ.(P +δτ.P )
f (a, P, Q, δ)+δa(x).Q

Figure 5.5: Derived tau laws
Figure 5.6 lists the rules in our axiom system. They guarantee the congruence properties of
processes. There are five rules for deriving local congruence (and thus global congruence since the
latter is an implication of the former). They are Prefix Rule (PR), Restriction Rule (RR), Match
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Rule (MR1), Mismatch Rule (MR2), Parallel Rule (ParR), and Choice Rule (CR). The prefix α
can be first-order input and output, higher-order input and output, and silent action. The names
a, e
c, c0 , b, d are fresh. And M = f n(P | Q) \ {y}, N = (f n(P | Q)) \ {e
x, ye, ze}. Another two rules
are for coping with higher-order prefixes, that is Abstraction Rule (AR) for the higher-order input
and Concretion Rule (ConR) for the higher-order output. We use AS LM for the set of the axioms
(e
x)(cf
x|P )=(e
x)(cf
x|Q)
f
f
(e
x)(cx|α.P )=(e
x)(cx|α.Q)

Prefix Rule (PR)

Match Rule (MR1)

f
f )=(e
x)(cx|Q)
(e
x)(cx|P
f
(e
x)(cx|[y=z]P )=(e
x)(cf
x|[y=z]Q)

Mismatch Rule (MR2)

f )=(e
f
(e
x)(cx|P
x)(cx|Q)
(e
x)(cf
x|[y6=z]P )=(e
x)(cf
x|[y6=z]Q)

Parallel Rule (ParR)

f 1 )=(e
f 1 ), (e
f 2 )=(e
f 2)
(e
x)(cx|P
x)(cx|Q
x)(cx|P
x)(cx|Q
(e
x)(cf
x|(P1 |Q1 ))=(e
x)(cf
x|(P2 |Q2 ))

Choice Rule (CR)

(e
x)(cf
x)(cf
x)(cf
x)(cf
x|P1 )=(e
x|Q1 ), (e
x|P2 )=(e
x|Q2 )
f
f
(e
x)(cx|(P1 +Q1 ))=(e
x)(cx|(P2 +Q2 ))
P {c/X}=Q{c/X}
P =Q

Abstraction Rule (AR)
Concretion Rule (ConR)

x|(e
y )(b.(A+d)|P )[exye*N ] )=(e
x)(cf
x|(e
z )(b.(B+d)|Q)[exze*N ] )
(e
x)(cf
f
f
(e
x)(cx|(e
y )aA.P )=(e
x)(cx|(e
z )aB.Q)

Figure 5.6: Rules
defined in Figure 5.2 and rules defined in Figure 5.6. And when processes P, Q can be proven
equal in AS LM , we write
AS LM ` P = Q
From the bisimulation theory on 'oh , we know that rules PR, MR1, MR2 and CR are sound
with respect to 'oh , by Lemma 4.13, and Lemma 4.11. Rules AR and ConR are sound by Theorem
4.3 and Theorem 4.6, respectively. And from the rules in Figure 5.6, we can have the following
lemmas.
e | P )=(e
e | Q). Then (e
e | C[P ])=(e
e | C[Q]) for every full context
Lemma 5.1. If (e
z )(cz
z )(cz
z )(cz
z )(cz
C[·].
And another is as below.
f 0 z|P )=(e
f 0 z|Q) and z ∈
f )=(e
f
Lemma 5.2. If (e
x)(z)(cx|c
x)(z)(cx|c
/ f n(P, Q), then (e
x)(cx|P
x)(cx|Q).
Suppose M, N defined above always have no conflict with the bound names during an output,
then with the help of the derived laws from M 6, we can have the following derived rules in Figure
5.7.

5.2

The normal form

In order to build a complete axiom system smoothly, a certain kind of normal form of processes
is needed as usual. As mentioned, we can only expect some kind of head normal form. Below we
give the definition and related properties on it.
61

Derived
Concretion
Rule (DConR)

x|(e
y )(b.(A+d)|P ))=(e
x)(cf
x|(e
z )(b.(B+d)|Q))
(e
x)(cf
f
f
(e
x)(cx|(e
y )aA.P )=(e
x)(cx|(e
z )aB.Q)

Figure 5.7: Derived Rules
Definition 5.3 (Head normal form). A (closed) process P of the form
X
ψi λi .Pi ,
i∈I

(I is an indices set, typically a subset of natural numbers) is said to be in head normal form.
Remark 5.4. Note that in a head normal form, the summand process Pi need not to be a head
normal form. If we demand this, then the head normal form definition becomes that of a general
normal form, which, as we mentioned above, is not possible to obtain from an arbitrary process due
to the existence of process variables. So we simply require that the process can be converted to a
head normal form, which is always attainable from a closed process, that is without free (exposed)
process variables. Next we shall give the lemma called Normalization Lemma that fulfills this,
with more useful properties during the conversion.
Another intuitionistic thought is that though head normal form is not recursively defined, in
the next completeness proof (including the Saturation and the Promotion) one still need something
like a normal form (traditionally), the trick here is that we shall convert any process (it must be
a closed one) we get during the analysis of the behavior of a process of interest (such as a head
normal form), for example after firing an action we should convert Pi , into a new corresponding
head normal form to make the successive discussion possible. It is much worth pointing out that
after the firing of a prefix in a head normal form, the obtained residual process is definitely able
to be converted to another head normal form. This is because that process must not contain
any free process variables in the higher-order input case, let alone the higher-order output or
first-order actions, and in fact in first-order case this is far simpler. The key point is that we
use early instantiation in the operational semantics, so after a prefix action or a higher-order
communication the previously bound process variable must be instantiated by a concrete process,
so the normalization can be continued.
The idea above is first due to Fu [36]. We have explained it in more details for the readers to
get a more intuitive view on the approach. Another helpful alternative thought is that we merely
convert a process to a head normal form anyhow, recursively. And when we meet a first-order
prefix or a higher-order output, we just continue, with the help of the expansion law. But when
we meet a higher-order input, we have to stop until the action is fired to receive a instance for the
process variable. Thus we can define another kind of normal form, that is, normalizing a process
except for those higher-order input prefixed related process component. Yet this is essentially
of the same effect as the Definition 5.3 and successive manipulation, taking the intuitionistic
discussion above. So we adopt the more uninform approach as defined in Definition 5.3.
Next we give the definition of a complete head normal form.
Definition 5.5 (Complete head normal form). Suppose M is a finite set of names. A process P
is said to be a complete head normal form on M , if it is of the form
X
ψi λi .Pi ,
i∈I

where for every i ∈ I, bn(λi ) ∩ M = ∅, and ϕ is complete on M .
Remark 5.6. The (technical) motivation of the complete head normal form is similar to that of the
head normal form. In addition, complete head normal form has the advantage that the condition
sequence of match and mismatch operators can be handled in a more uniform way, thus offering
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some convenience in the equation reasoning during the completeness-related proofs. Actually
due to the existence of mismatch, a head normal form has to be complete on some name set to
accommodate the Saturation Lemma to be discussed below. Refer to [41] for more on complete
normal forms, including a counter-example on the necessity of completeness of normal forms.
Below is a simple lemma on (complete) head normal form.
Lemma 5.7. If P is a (complete) head normal form, then also is P σ for an arbitrary substitution
σ.
The next lemma (Normalization Lemma) says that every finite linear mHOPi process can be
rewritten to an equivalent head normal form, which has no larger size (depth).
Lemma 5.8 (Normalization). Suppose P is a finite linear mHOPi process. Then there is a head
normal form P 0 satisfying the following properties:
• AS LM ` P = P 0 ;
• d(P 0 ) ≤ d(P );
λ

λ

• For every substitution σ, P σ −
→P 00 iff P 0 σ −
→P 00 .
Proof. The proof is by induction on the structure of P and somewhat routine. We make the
analysis below.
• P ≡ λ.P1 is a prefix-formed process, where λ is a(x), ax, a(X), or aA. This case is simple
because P is already a head normal form, so just take P 0 ≡ P .
• P ≡ P1 |P2 . By induction hypothesis, we know that there are P10 and P20 satisfying the
following properties(k = 1, 2):
– AS LM ` Pk = Pk0 ;
– d(Pk0 ) ≤ d(Pk );
λ

λ

– For every substitution σ, Pk σ −
→Pk00 iff Pk0 σ −
→Pk00 .
P
P
ψj λj .P2j , respectively.
ψi λi .P1i and
And P10 and P20 take the head normal form
i∈I

j∈J

P10 |P20 ,

we can obtain a head normal form for
Then by applying the expansion theorem to
P , with the help of some basic equations in the axiom system. And since the expansion
does not change the depth of a process and keeps the derivation ability, we can complete the
induction step.
• The rest structural cases are not more difficult than the previous two. So we omit them
here.

Another lemma is related to the normalization to a complete head normal form.
Lemma 5.9 (Complete normalization). Suppose P is a finite linear mHOPi process. Then there
is a complete head normal form P 0 satisfying the following properties:
• AS LM ` P = P 0 ;
• d(P 0 ) ≤ d(P );
λ

λ

• For every substitution σ, P σ −
→P 00 iff P 0 σ −
→P 00 .
Proof. We first convert P into a head normal form by the method offered by Lemma 5.8, then the
rest is simple. One just apply the axiom S5 to each outermost sequences of match and mismatch
operators to make them complete. Thus we can get a complete normal form P 0 obviously satisfying
the desired properties.
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5.3

The saturation property

In this section, we give the lemma called Saturation Lemma which claims the basic equational
characteristics of the transition semantics of mHOPi. Note that henceforth, we will sometimes
M1
use a labelled equation mark, like = , in reasoning about equations using the axioms in our axiom
system, to make a hint on the routine we adopt in the derivation. And the label indicates the
most important (not every of the) axiom(s) or rule(s) used during the one-step equating.
Lemma 5.10 (Saturation). Suppose P is a finite linear mHOPi process. M is a finite names
set s.t. f n(P ) ⊆ M , ϕ is complete on M , and σ is a substitution induced by ϕ. Then we have the
properties below.
τ

1. If P σ =⇒P 0 , then AS LM ` P =P +ϕτ.P 0 ;
a(x)

2. If P σ =⇒P 0 , where x ∈
/ f n(P σ), then AS LM ` P =P +ϕa(x).P 0 ;
ax

3. If P σ =⇒P 0 , then AS LM ` P =P +ϕax.P 0 ;
a(x)

4. If P σ =⇒P 0 , then AS LM ` P =P +ϕa(x).P 0 ;
a(c)

5. If P σ =⇒P 0 {c/X}, where name c is fresh, then AS LM ` P =P +ϕa(X).P 0 ;
(e
x)aA

6. If P σ =⇒ P 0 , then AS LM ` P =P +ϕ(e
x)aA.P 0
Proof. The proof needs a careful analysis of the transitions in the premise, and is by induction
on the transition length. We make it below for the case of silent action, higher-order input and
higher-order output, that is 1, 5 and 6. Those proofs for the rest are similar and can also be
referred to references such as [74] [41] for similar ones.
Two notes are worth mentioning before we start. The first is that in the proof, after each
transition step, one need to convert the process obtained into a complete head normal form to
make the next discussion possible. The second is that we general assume =⇒ has at least one τ
action below (though it is not the case from the definition). This will not lose generality, because
in the case when =⇒ has length zero, which means nothing happened, the discussion below can
still continue in a simpler way, that is we need not use induction in saturation since identity of
processes simplify the reasoning a lot.
τ

τ

• 1. From P σ =⇒P 0 , we can suppose P σ −
→P1 σ=⇒P 0 , for some P1 . By Lemma 5.9, there
00
exists a complete head normal form P on M s.t.
τ

AS LM ` P =P 00 , and P 00 σ −
→P1 σ.
τ

Suppose that the transition P 00 σ −
→P1 σ results from the summand ψτ.P1 of P 00 . From this,
we can know that
ϕ ⇒ ψ,
and

AS LM ` P 00 = P 00 +ψτ.P1 .

By Lemma 3.6, we know that ϕ ⇔ ψ, since ψ is complete on M . And thus
M1

AS LM ` P 00 = P 00 +ϕτ.P1 .
Also by induction hypothesis, we have
AS LM ` P1 = P1 +ϕτ.P 0 .
Hence we can derive the following
P

=
=
=

P 00
P 00 +ϕτ.P1
P 00 +ϕτ.(P1 +ϕτ.P 0 )

T2

P 00 +ϕ(τ.(P1 +ϕτ.P 0 )+(P1 +ϕτ.P 0 ))
P 00 +ϕ(τ.(P1 +ϕτ.P 0 )+(P1 +ϕτ.P 0 )+ϕτ.P 0 )

=
=

M3 M4

P 00 +ϕ(τ.(P1 +ϕτ.P 0 )+(P1 +ϕτ.P 0 ))+ϕϕτ.P 0

M1 T 2

P 00 +ϕτ.(P1 +ϕτ.P 0 )+ϕτ.P 0
P +ϕτ.P 0

=

=
=
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a(c)

a(c)

• 5. From P σ =⇒P 0 {c/X}, we can suppose P σ=⇒P1 σ −−→P2 {c/X}σ=⇒P 0 {c/X}, for some
P1 , P2 [X]. By 1 we know
AS LM ` P = P +ϕτ.P1 .
By Lemma 5.9, there exist complete head normal forms P10 and P20 on M s.t.
a(c)

AS LM ` P1 = P10 ,
P10 σ −−→P2 {c/X}σ
0
AS LM ` P2 {c/X} = P2 , P20 σ=⇒P 0 {c/X}.
And by Lemma 5.7, we know that P10 σ and P20 σ are also complete head normal forms on M .
Then there must be a summand ψa(X).P2 in P10 with ϕ ⇒ ψ, where ψ is complete on M .
By a similar analysis to that in 1, we can have ϕ ⇔ ψ, and
AS LM ` P10 = P10 +ϕa(X).P2 .
Also by 1, we have
AS LM ` P20 = P20 +ϕτ.P 0 {c/X},
with which and P2 {c/X} = P20 , we get
AS LM ` P2 {c/X} = P2 {c/X}+ϕτ.P 0 {c/X}.
From this we apply the Abstraction Rule (AR) and have
AS LM ` P2 = P2 +ϕτ.P 0 .
Now we have the following reasoning
P

=
=
=

P +ϕτ.P1
P +ϕτ.P10
P +ϕτ.(P10 +ϕa(X).P2 )

T2

=
=

P +ϕa(X).P2 (similar to that in 1)
P +ϕa(X).(P2 +ϕτ.P 0 )

T3

=

P +ϕ(a(X).(P2 +ϕτ.P 0 )+ϕa(X).P 0 )

M3 M4

P +ϕa(X).(P2 +ϕτ.P 0 )+ϕϕa(X).P 0 )

=

M1

=
=

P +ϕa(X).(P2 +ϕτ.P 0 )+ϕa(X).P 0
P +ϕa(X).P 0

(e
x)aA

(e
x)aA

• 6. From P σ =⇒ P 0 , we can suppose P σ=⇒P1 σ −−−−→P2 σ=⇒P 0 , for some P1 , P2 . By 1 we
know
AS LM ` P = P +ϕτ.P1 .
By Lemma 5.9, there exist complete head normal forms P10 and P20 on M s.t.
(e
x)aA

AS LM ` P1 = P10 , P10 σ −−−−→P2 σ
AS LM ` P2 = P20 , P20 σ=⇒P 0 .
And by Lemma 5.7, we know that P10 σ and P20 σ are also complete head normal forms on M .
Then there must be a summand ψ(e
x)aA.P2 in P10 with ϕ ⇒ ψ, where ψ is complete on M .
By a similar analysis to that in 1, we can have ϕ ⇔ ψ, and
AS LM ` P10 = P10 +ϕ(e
x)aA.P2 .
Also by 1, we have
AS LM ` P20 = P20 +ϕτ.P 0 .
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Now we have the following reasoning
P

=
=
=
T2

=
=
=

T3

=

M3 M4

=

M1

=
=

P +ϕτ.P1
P +ϕτ.P10
P +ϕτ.(P10 +ϕ(e
x)aA.P2 )
P +ϕ(e
x)aA.P2 (similar to that in 1)
P +ϕ(e
x)aA.P20
P +ϕ(e
x)aA.(P20 +ϕτ.P 0 )
P +ϕ((e
x)aA.(P20 +ϕτ.P 0 )+ϕ(e
x)aA.P 0 )
P +ϕ(e
x)aA.(P20 +ϕτ.P 0 )+ϕϕ(e
x)aA.P 0
P +ϕ(e
x)aA.(P20 +ϕτ.P 0 )+ϕ(e
x)aA.P 0
0
P +ϕ(e
x)aA.P

By here we have completed the proof.
Remark 5.11. In the first property, Note even the transition in the premise is =⇒, the result
holds. And in the second property, the condition that x ∈
/ f n(P σ) is necessary for the property
to hold, and actually this is from a congruence property of first-order π-calculus, see [69] for more
information on this. And in the fifth property, the c should be fresh to obtain the abstraction
property on linear processes (See Theorem 4.3).
To make the framework relatively complete, we give without proofs the following two lemmas
on saturation properties on first-order input, whose detailed proofs are referred to [41] for similar
ones. Without loss of generality, we can suppose processes are in their complete head normal
forms.
Lemma 5.12. Suppose P is a finite linear mHOPi process in complete head normal form on
M . M is a finite names set s.t. f n(P ) ⊆ {y1 , ..., yk } = M , ϕ is complete on M , and σ is a
substitution induced by ϕ. Further assume x is fresh. Then we have the saturation property below.
If
a(x)

P σ=⇒−−−→P 0 σ,
P 0 σ{y1 /x}=⇒P1 ,
P 0 σ{y2 /x}=⇒P2 ,
..
.
P 0 σ{yk /x}=⇒Pk ,
P 0 σ=⇒Pk+1 ,
then AS LM ` P = P +ϕa(x).(τ.P 0 +ϕΣkj=1 [x=yj ]τ.Pj +ϕ[x ∈
/ M ]τ.Pk+1 ).
Lemma 5.13. Suppose P is a finite linear mHOPi process in complete head normal form on
M . M is a finite names set s.t. f n(P ) ⊆ {y1 , ..., yn } = M , ϕ is complete on M , and σ is a
substitution induced by ϕ. Further assume x is fresh. Then we have the saturation property below.
If
a(x)

P σ=⇒−−−→P10 σ, P10 σ{y1 /x}=⇒P1
a(x)

P σ=⇒−−−→P20 σ, P20 σ{y2 /x}=⇒P2
..
.
a(x)

P σ=⇒−−−→Pk0 σ, Pk0 σ{yk /x}=⇒Pk
a(x)

0
σ=⇒Pk+1 ,
P σ=⇒−−−→Pk+1

/ M ]τ.Pk+1 ).
then AS LM ` P = P +ϕΣkj=1 a(x).(τ.P 0 +ϕ[x=yj ]τ.Pj )+ϕa(x).(τ.Q0k+1 +ϕ[x ∈

5.4

Completeness proof

We give the most important lemma called Promotion Lemma, which in essence builds up the
completeness of the axiom system, which is crucial in offering an algorithmic method of checking
a bisimulation equivalence (here the 'oh ).
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Lemma 5.14 (Promotion). Suppose P, Q are finite linear mHOPi processes, e
c are fresh names,
and x
e has names different from one another. If
(e
x)(cf
x|P ) ≈oh (e
x)(cf
x|Q),
then
AS LM ` (e
x)(cf
x|τ.P )=(e
x)(cf
x|τ.Q).
Proof. Suppose that (e
x)(cf
x|P ) ≈oh (e
x)(cf
x|Q), by Lemma 5.8 we can assume that P,PQ are in
complete head normal forms on names set M s.t. (f n(P ) ∪ f n(Q)) ⊆ M , that is P ≡
ϕi λi .Pi
i∈I
P
and Q ≡
ϕj λj .Qj . Further we can assume that x
e does not occur in any of ϕk (k ∈ (I ∪ J)).
j∈J

The proof is by induction on the sum depth of P and Q, that is d(P ) + d(Q). The base case
when d(P ) + d(Q)=0, or d(P )=0 and d(Q)=0, is simple to verify. Now suppose σ is a substitution
induced by ϕi . We have a number of cases to analyze. Below we carry out this step by step.
We give two symmetric claims on the relation between the “components” of processes P and
Q, and prove them after that. From these two claims, we can obtain the result of this lemma,
with the help of rules and TAU laws.
Claim 1 There exist disjoint sets I1 , I2 , and suppose their union I1 ∪ I2 is I. Then
• For every i ∈ I1 , in this case λi ≡ τ , we have
AS LM ` (e
x)(cf
x|ϕi τ.Pi ) = (e
x)(cf
x|ϕi τ.Q).
• For every i ∈ I2 , there exists Q0i s.t.
AS LM ` Q = Q+ϕi λi .Q0i .
and
AS LM ` (e
x)(cf
x|ϕi λi .Pi ) = (e
x)(cf
x|ϕi λi .Q0i ).
Claim 2 There exist disjoint sets J1 , J2 , and suppose their union J1 ∪ J2 is J. Then
• For every j ∈ J1 , in this case λj ≡ τ , we have
AS LM ` (e
x)(cf
x|ψj τ.Qj ) = (e
x)(cf
x|ψj τ.P ).
• For every j ∈ J2 , there exists Pj0 s.t.
AS LM ` P = P +ψj λj .Pj0 .
and
AS LM ` (e
x)(cf
x|ψj λj .Qj ) = (e
x)(cf
x|ψj λj .Pj0 ).
Below we prove the two claims. Since they are symmetric, we only prove the first one.
Generally the analysis can be divided into two groups. The first group is when those actions
caused by a summand ϕi λi .Pi of P that the names in λi does not occur in x
e. The other group
is when the names in λi appear in x
e. Note generally, the subscripts of the components (subprocesses) in the matching pair are different, so for convenience we usually suppose the matching
component (for example that in Qσ) has the same subscript as the simulated component (such as
that in P σ) and put a prime on it. Also note the matching component needs not necessarily be a
(direct, or outmost) summand in Q (or P ), because we are dealing with weak bisimulations.
The first group. There are several cases to consider.
τ

• λi ≡ τ . By the premise, we know that the action (e
x)(cf
x|P σ)−
→(e
x)(cf
x|Pi σ) can be simulated
x|Qσ) by a sequence of silent actions. And this can be divided into to sub-cases,
by (e
x)(cf
that is, the case when the length of the sequence is zero or not.
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– The simulation is null. Then
(e
x)(cf
x|Pi σ) ≈oh (e
x)(cf
x|Qσ).
So by induction hypothesis, since the depth of the processes has decreased by a silent
action,
(e
x)(cf
x|τ.Pi σ) ≈oh (e
x)(cf
x|τ.Qσ).
And by Match Rule (MR1) and Mismatch Rule (MR2),
f i τ.Pi σ) ≈oh (e
f i τ.Qσ).
x)(cx|ϕ
(e
x)(cx|ϕ
– The simulation is not null, that is,
τ

(e
x)(cf
x|Qσ)=⇒(e
x)(cf
x|Q0i σ) ≈oh (e
x|Pi σ),
x)(cf
τ

where obviously Qσ =⇒Q0i σ for some Q0i , so by Saturation Lemma (Lemma 5.10)
AS LM ` Q = Q+ϕi τ.Q0i σ = Q+ϕi τ.Q0i .
Now By by induction hypothesis, since the depth of the processes has decreased by a
silent action,
AS LM ` (e
x)(cf
x|τ.Q0i σ) = (e
x)(cf
x|τ.Pi σ).
So by Match Rule (MR1) and Mismatch Rule (MR2),
AS LM ` (e
x)(cf
x|ϕi τ.Q0i σ) = (e
x)(cf
x|ϕi τ.Pi σ).
And by the axioms for match and mismatch,
AS LM ` (e
x)(cf
x|ϕi τ.Q0i ) = (e
x)(cf
x|ϕi τ.Pi ).
(ai σ)(z)
• λi ≡ ai (z). By the premise, we know that the action (e
x)(cf
x|P σ)−−−−−→(e
x)(cf
x|Pi σ) can be
simulated by
(ai σ)(z)
(e
x)(cf
x|Qσ) =⇒ (e
x)(cf
x|Q0i σ) ≈oh (e
x)(cf
x|Pi σ),
(ai σ)(z)

where Qσ =⇒ Q0i σ for some Q0i , so by Saturation Lemma (Lemma 5.10),
AS LM ` Q = Q+ϕi (ai σ)(z).Q0i σ = Q+ϕi ai (z).Q0i .
Now by induction hypothesis, since the sum of the depth of the processes in the local
environment has decreased by a first-order input,
0
f
f
AS LM ` (e
x)(cx|τ.Q
x)(cx|τ.P
i σ).
i σ) = (e

Then by Prefix Rule (PR),
f i (z).τ.Q0i σ) = (e
f i (z).τ.Pi σ).
AS LM ` (e
x)(cx|a
x)(cx|a
Then by T 1,

AS LM ` (e
x)(cf
x|ai (z).Q0i σ) = (e
x)(cf
x|ai (z).Pi σ).

Then by Match Rule (MR1) and Mismatch Rule (MR2),
x|ϕi ai (z).Q0i σ) = (e
x)(cf
x|ϕi ai (z).Pi σ).
AS LM ` (e
x)(cf
And by the axioms for match and mismatch,
AS LM ` (e
x)(cf
x|ϕi ai (z).Q0i ) = (e
x)(cf
x|ϕi ai (z).Pi ).
• λi ≡ ai zi and zi ∈
/x
e. It is nearly the same to the last case. So we skip this case.
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ai σ(zi )
x)(cf
• λi ≡ ai (zi ) and zi ∈
/x
e. Note eb are fresh. By the premise, the action (e
x|P σ)−−−−→(e
x)(cf
x|Pi σ)
can be simulated by that of Q like below
ai σ(zi )
(e
x)(cf
x|Qσ) =⇒ (e
x)(cf
x|Q0i σ),
ai σ(zi )

where Qσ =⇒ Q0i σ for some Q0i , and
/ ]
/ ]
x|Q0i σ)[zi ∈M
≈oh (e
x)(cf
x|Pi σ)[zi ∈M
,
(e
x)(cf

where M is (f n(Pi σ) ∪ f n(Q0i σ)) \ {zi }. Then by the congruence property of ≈oh ,
/ ]
/ ]
f 0i σ)[zi ∈M
f i σ)[zi ∈M
(zi )((e
x)(cx|Q
) ≈oh (zi )((e
x)(cx|P
),

which is actually
/ ]
/ ]
f 0i σ)[zi ∈M
f i σ)[zi ∈M
(e
x)(zi )((cx|Q
) ≈oh (e
x)(zi )((cx|P
).

Clearly by Saturation Lemma (Lemma 5.10) we have,
AS LM ` Q = Q+ϕi ai σ(zi ).Q0i σ = Q+ϕi ai (zi ).Q0i .
Now by induction hypothesis, since the sum of the depth of the processes in the local
environment has decreased by a first-order output, we know that
/ ]
/ ]
) = (e
x)(zi )((cf
x|τ.Q0i σ)[zi ∈M
x|τ.Pi σ)[zi ∈M
).
AS LM ` (e
x)(zi )((cf

Then by Prefix Rule (PR),
/ ]
/ ]
) = (e
x)(zi )((cf
AS LM ` (e
x)(zi )((cf
x|ai σzi .τ.Q0i σ)[zi ∈M
x|ai σzi .τ.Pi σ)[zi ∈M
).

Then by T 1,
/ ]
/ ]
AS LM ` (e
x)(zi )((cf
x|ai σzi .Q0i σ)[zi ∈M
) = (e
x)(zi )((cf
x|ai σzi .Pi σ)[zi ∈M
).

Then by Match Rule (MR1) and Mismatch Rule (MR2),
/ ]
/ ]
x|ϕi ai σzi .Q0i σ)[zi ∈M
) = (e
x)(zi )((cf
x|ϕi ai σzi .Pi σ)[zi ∈M
).
AS LM ` (e
x)(zi )((cf

Then by the axioms on match and mismatch,
/ ]
/ ]
AS LM ` (e
x)(zi )((cf
x|ϕi ai zi .Q0i )[zi ∈M
) = (e
x)(zi )((cf
x|ϕi ai zi .Pi )[zi ∈M
).

Then by axioms on restriction and the fact that P σ, Qσ are in complete head normal form,
/ ]
/ ]
AS LM ` (e
x)(cf
x|(zi )(ϕi ai zi .Q0i )[zi ∈M
) = (e
x)(cf
x|(zi )(ϕi ai zi .Pi )[zi ∈M
).

Then with the help of M 6a and L11a, we have
AS LM ` (e
x)(cf
x|ϕi ai (zi ).Q0i ) = (e
x)(cf
x|ϕi ai (zi ).Pi ).
• λi ≡ ai xi and xi ∈ x
e. Note eb are fresh. Suppose x
g
−i is x1 , ..., xi−1 , xi+1 , ..., xn . By the
ai σ(xi )
premise, the action (e
x)(cf
x|P σ)−−−−−→(g
x−i )(cf
x|Pi σ) can be simulated by
ai σ(xi )
(e
x)(cf
x|Qσ) =⇒ (g
x−i )(cf
x|Q0i σ),
ai σ(xi )

where Qσ =⇒ Q0i σ for some Q0i , and
/ ]
/ ]
(g
x−i )(cf
x|Q0i σ)[xi ∈M
≈oh (g
x−i )(cf
x|Pi σ)[xi ∈M
,

for every process O, where M is (f n(Pi σ)∪f n(Q0i σ))\{xi }. Then by the congruence property
of ≈oh ,
/ ]
/ ]
f 0i σ)[xi ∈M
f i σ)[xi ∈M
(xi )((g
x−i )(cx|Q
) ≈oh (xi )((g
x−i )(cx|P
),
69

which is actually

/ ]
/ ]
(e
x)(cf
x|Q0i σ)[xi ∈M
≈oh (e
x)(cf
x|Pi σ)[xi ∈M
.

By Saturation Lemma (Lemma 5.10) we have,
AS LM ` Q = Q+ϕi ai σxi .Q0i σ = Q+ϕi ai xi .Q0i .
Now by induction hypothesis, since the sum of the depth of the processes in the local
environment has decreased by a first-order output, we know that
/ ]
/ ]
x|τ.Q0i σ)[xi ∈M
= (e
x)(cf
x|τ.Pi σ)[xi ∈M
.
AS LM ` (e
x)(cf

Then by Prefix Rule (PR),
/ ]
/ ]
AS LM ` (e
x)(cf
x|ai xi .τ.Q0i σ)[xi ∈M
= (e
x)(cf
x|ai xi .τ.Pi σ)[xi ∈M
.

Then by T 1,
/ ]
/ ]
AS LM ` (e
x)(cf
x|ai xi .Q0i σ)[xi ∈M
= (e
x)(cf
x|ai xi .Pi σ)[xi ∈M
.

Then by Match Rule (MR1) and Mismatch Rule (MR2),
/ ]
/ ]
AS LM ` (e
x)(cf
x|ϕi ai xi .Q0i σ)[xi ∈M
x|ϕi ai xi .Pi σ)[xi ∈M
= (e
x)(cf
.

Then by the axioms on match and mismatch,
/ ]
/ ]
f i ai xi .Q0i )[xi ∈M
f i ai xi .Pi )[xi ∈M
AS LM ` (e
x)(cx|ϕ
= (e
x)(cx|ϕ
.

Then with the help of M 6a and L11a, we have
x)(cf
x|ϕi ai xi .Q0i ) = (e
x|ϕi ai xi .Pi ).
AS LM ` (e
x)(cf
• λi ≡ ai (X). Suppose m is a fresh name. From
(ai σ)(m)
(e
x)(cf
x|P σ)−−−−−−→(e
x)(cf
x|Pi σ{m/X}),

and the premise, we know that this must be simulated by
(ai σ)(m)
(e
x)(cf
x|Qσ) =⇒ (e
x)(cf
x|Q0i σ{m/X}) ≈oh (e
x)(cf
x|Pi σ{m/X}),
(ai σ)(m)

where Qσ =⇒ Q0i σ{m/X} for some Q0i . So we know by Saturation Lemma (Lemma 5.10),
AS LM ` Q = Q+ϕi (ai σ)(X).Q0i σ = Q+ϕi ai (X).Q0i .
Now by induction hypothesis, since the sum of the depth of the processes in the local
environment (that is, Q0i σ{m/X} and Pi σ{m/X}) has decreased by a higher-order input,
we know that
AS LM ` (e
x)(cf
x|τ.Q0i σ{m/X}) = (e
x)(cf
x|τ.Pi σ{m/X}).
Then by Abstraction Rule (AR),
AS LM ` (e
x)(cf
x|τ.Q0i σ = (e
x)(cf
x|τ.Pi σ.
Then by Prefix Rule (PR),
AS LM ` (e
x)(cf
x|ai (X).τ.Q0i σ = (e
x)(cf
x|ai (X).τ.Pi σ.
Then by T 1,

x|ai (X).Q0i σ = (e
x)(cf
x|ai (X).Pi σ.
AS LM ` (e
x)(cf

Then by Match Rule (MR1) and Mismatch Rule (MR2),
AS LM ` (e
x)(cf
x|ϕi ai (X).Q0i σ = (e
x)(cf
x|ϕi ai (X).Pi σ.
Then by the axioms on match and mismatch,
f i ai (X).Q0i = (e
f i ai (X).Pi .
AS LM ` (e
x)(cx|ϕ
x)(cx|ϕ
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• λi ≡ (e
y )ai Ai . We have the following action
(f
x1 y
e)ai σ[Ai σ]

(e
x)(cf
x|P σ)−−−−−−−−−→(f
x2 )(cf
x|Pi σ),
where x
f1 x
f2 is x
e. Suppose d, e are fresh names. From the premise, we know that there exist
ze, Bi and Q0i s.t.
0z
f
(x
1 e)ai σ[Bi σ]

(e
x)(cf
x|Qσ)

f0 )(cf
(x
x|Q0i σ),
2

=⇒

f0 x
f0
where x
e, and
1 2 is x
0
f

x1 y
e*M ]
f0 ze)(E[Bi σ]|(x
f0 )(cf
x|Pi σ))[f
≈oh (x
x|Q0i σ))[x1 ze*M ] ,
(f
x1 ye)(E[Ai σ]|(f
x2 )(cf
1
2

for every process E[X] s.t. x
eyeze ∩ f n(E) = ∅, where M = (f n(P 0 σ | Q0 σ) ∪ f n(E[X])) \
{e
x, ye, ze}.
From the simulation above, we can know two things. The first:
Qσ

0z
f
(x
1 e)ai σ[Bi σ]

Q0i σ.

=⇒

So by Saturation Lemma (Lemma 5.10),
f0 ze)ai [Bi ].Q0 .
f0 ze)ai σ[Bi σ].Q0 σ = Q+ϕi (x
AS LM ` Q = Q+ϕi (x
i
i
1
1
The second: if we choose E ≡ d.(X+e), then we get
0
f
x1 y
e*M ]
f0 ze)(d.(Bi σ+e)|(x
f0 )(cf
(f
x1 ye)(d.(Ai σ+e)|(f
x2 )(cf
x|Pi σ))[f
≈oh (x
x|Q0i σ))[x1 ze*M ] .
1
2

Again if we choose E ≡ X+e, then we get
0
f
x1 y
e*M ]
f0 ze)((Bi σ+e)|(x
f0 )(cf
(f
x1 ye)((Ai σ+e)|(f
x2 )(cf
x|Pi σ))[f
≈oh (x
x|Q0i σ))[x1 ze*M ] .
1
2

A simple transformation results(note Lemma 3.24) in the following
x|(e
y )(d.(Ai σ+e)|Pi σ)[exye*M ] )
(e
x)(cf
(e
x)(cf
x|(e
y )((Ai σ+e)|Pi σ)[exye*M ] )

(e
x)(cf
x|(e
z )(d.(Bi σ+e)|Q0i σ)[exze*M ] )
(e
x)(cf
x|(e
z )((Bi σ+e)|Q0i σ)[exze*M ] )

≈oh
≈oh

From the second equation, by a routine bisimulation check, we can have
(e
x)(cf
x|(e
y )((Ai σ+e)|τ.Pi σ)[exye*M ] ) ≈oh (e
x)(cf
x|(e
z )((Bi σ+e)|τ.Q0i σ)[exze*M ] )

Now by induction hypothesis, since the sum of the depth of the processes in the local environment (that is, (e
y )(d.(Ai σ+e)|Pi σ)[exye*M ] , (e
z )(d.(Bi σ+e)|Q0i σ)[exze*M ] and (e
y )((Ai σ+e)|τ.Pi σ)[exye*M ] , (e
z )((Bi σ+
has decreased by changing from a higher-order output to a first-order prefix, we know that
AS LM ` (e
x)(cf
x|τ.(e
y )(d.(Ai σ+e)|Pi σ)[exye*M ] ) = (e
x)(cf
x|τ.(e
z )(d.(Bi σ+e)|Q0i σ)[exze*M ] )
[e
xy
e*M ]
f
f
AS LM ` (e
x)(cx|τ.(e
y )((Ai σ+e)|τ.Pi σ)
) = (e
x)(cx|τ.(e
z )((Bi σ+e)|τ.Q0i σ)[exze*M ] )

(∗)
(∗∗)

By applying Lemma 5.1 to (∗∗) and using T 1, we get
AS LM ` (e
x)(cf
x|d.(e
y )((Ai σ+e)|τ.Pi σ)[exye*M ] ) =

(e
x)(cf
x|d.(e
z )((Bi σ+e)|τ.Q0i σ)[exze*M ] )

Now use expansion law on the following two processes
(e
x)(cf
x|(e
y )(d.(Ai σ+e)|τ.Pi σ)[exye*M ] ) ,

(e
x)(cf
x|(e
z )(d.(Bi σ+e)|τ.Q0i σ)[exze*M ] )

with the help of the Choice Rule (CR), one gets
AS LM ` (e
x)(cf
x|(e
y )(d.(Ai σ+e)|τ.Pi σ)[exye*M ] ) =

(e
x)(cf
x|(e
z )(d.(Bi σ+e)|τ.Q0i σ)[exze*M ] )

Then by Concretion Rule (ConR),
AS LM ` (e
x)(cf
x|(e
y )(ai σ[Ai σ].τ.Pi σ)) =
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(e
x)(cf
x|(e
z )(ai σ[Bi σ].τ.Q0i σ))

(∗∗0 )

Then by T 1,
AS LM ` (e
x)(cf
x|(e
y )(ai σ[Ai σ].Pi σ)) =

(e
x)(cf
x|(e
z )(ai σ[Bi σ].Q0i σ))

Then by Match Rule (MR1) and Mismatch Rule (MR2),
AS LM ` (e
x)(cf
x|ϕi (e
y )(ai σ[Ai σ].Pi σ)) =

(e
x)(cf
x|ϕi (e
z )(ai σ[Bi σ].Q0i σ))

Then by the axioms on match and mismatch,
AS LM ` (e
x)(cf
x|ϕi (e
y )(ai Ai .Pi )) =

(e
x)(cf
x|ϕi (e
z )(ai Bi .Q0i ))

The second group. Again several cases exist. But the analysis of them are much like those
in the first group. We just see a typical one and skip the similar others.
• λi ≡ (e
y )xi Ai . We write x
g
−i for x1 , ..., xi−1 , xi+1 , ..., xn , and cf
−i for c1 , ..., ci−1 , ci+1 , ..., cn .
Meanwhile suppose d, e, f are fresh names (used for filtering out interesting actions). The
key point here is that the action must have happened in a way that:
– First the restricted name xi is sent to another process within the environment, and
f has this capability, there must be an action like cxi that sends out the
since only cx
name xi ;
– Then there occurs a communication between P σ (or symmetrically Qσ) and the process
that has received the restricted name xi .
Hence we can make an analysis following this direction to compare the two processes under
consideration. Suppose O is such a process that is to receive the name xi , since ≈oh is closed
f σ) and
under parallel composition, we can compose it in parallel to the process (e
x)(cx|P
(e
x)(cf
x|Qσ) without worry about loss of bisimulation invariance. After that, we can check
the behavior of the two new processes, focusing on the behavior described in the points
above, and find the simulating components to complete the matching step.
Define O as
O , f +xi (X).(d.(X+e)|ci xi ).
Then we have the following reduction steps
ci (xi ).O|(e
x)(cf
x|P σ)
−
→ (xi )((f +xi (X).(d.(X+e)|ci xi ))|(g
x−i )(c^
−i x−i |P σ))
τ
−
→ (xi )(e
y )(d.(Ai σ+e)|ci xi |(g
x−i )(c^
−i x−i |Pi σ))
∼ (e
x)(cf
x|(e
y )(d.(Ai σ+e)|Pi σ))
τ

As mentioned, these action sequence must be able to be simulated by ci (xi ).O|(e
x)(cf
x|Qσ)
in the following way, where ze, Bi , Q0 , Q0i shall exist. And we can suppose Q0 is in complete
head normal form, thanks to the Normalization Lemma (Lemma 5.8).
ci (xi ).O|(e
x)(cf
x|Qσ)
0
=⇒ (xi )((f +xi (X).(d.(X+e)|ci xi ))|(g
x−i )(c^
−i x−i |Q σ))
τ
0
=⇒ (xi )(e
z )(d.(Bi σ+e)|ci xi |(g
x−i )(c^
−i x−i |Qi σ))
0
f
∼
(e
x)(cx|(e
z )(d.(Bi σ+e)|Qi σ))
τ

And

x|(e
y )(d.(Ai σ+e)|Pi σ)) ≈oh (e
x)(cf
x|(e
z )(d.(Bi σ+e)|Q0i σ))
(e
x)(cf

From the transition analysis above, one get readily find that there must be an action
Qσ

(e
z )xi [Bi σ]

=⇒

Q0i σ

By here, we can finish because the rest proof of this case is much similar to the higher-order
output case in the first group, through discussing by choosing different environment and
merge them by expansion law to get ready for the Concretion Rule (ConR). So we leave the
rest out.
72

Having proven the two claims, we now can proceed to show the final result of this lemma.
Putting what the two claims say together, and by applying the Choice Rule (CR), one can get
that, by Claim 1,
P
P
AS LM ` (e
x)(cf
x|(P +Q)) = (e
x)(cf
x|(
ϕi τ.Q+
ϕi λi .Q0i +Q))
i∈I0
i∈I1
P
= (e
x)(cf
x|(
ϕi τ.Q+Q)).
i∈I0

and by Claim 2,
AS LM ` (e
x)(cf
x|(Q+P )) = (e
x)(cf
x|(

P

j∈J0

=

x|(
(e
x)(cf

P

P

ϕj τ.P +

j∈J1

ϕj λj .Pj0 +P ))

ϕj τ.P +P )).

j∈J0

Therefore, we have
AS LM ` (e
x)(cf
x|(

P

x|(
ϕi τ.Q+Q)) = (e
x)(cf

i∈I0

P

ϕj τ.P +P )),

j∈J0

to which we can apply the Prefix Rule (PR) and get
P
P
x|τ.(
ϕi τ.Q+Q)) = (e
x)(cf
x|τ.(
ϕj τ.P +P )),
AS LM ` (e
x)(cf
i∈I0

j∈J0

on which we exert Rule T 4 and obtain
x|τ.Q)=(e
x)(cf
x|τ.P )
AS LM ` (e
x)(cf
Therefore, we can get AS LM ` (e
x)(cf
x|τ.P )=(e
x)(cf
x|τ.Q) in conclusion.
Below is a corollary of the Promotion Lemma (Lemma 5.14).
Corollary 5.15. Suppose P, Q are finite linear mHOPi processes. If P ≈oh Q, then AS LM `
τ.P =τ.Q.
Next comes the completeness theorem, whose proof is much like that of the Promotion Lemma
(Lemma 5.14).
Theorem 5.16 (Completeness). Suppose P, Q are finite linear mHOPi processes (without recursion operator µ). Then
P 'oh Q

if and only if

AS LM ` P =Q.

Proof. Though we do not give the detail, we provide some main points. More information can be
referred to [41] [37].
• Two claims similar to those in the proof of the Promotion Lemma (Lemma 5.14);
• In the proof of the claims, use Promotion Lemma instead of induction hypothesis in each
action case to obtain the elements described by the claims;
• Putting what the claims say together, using a usual approach to show that P and Q both
equal to the process P +Q, taking advantage of the rules and axioms in our system.
Following this line, the proof is not hard, simply a little routine.
From the completeness theorem (Theorem 5.16), we can get some immediate corollary. For
example, the following one on local congruence.
Corollary 5.17. Suppose P, Q are finite linear mHOPi processes, e
c are fresh names, x
e has names
different from one another, C[·] is an arbitrary full context without µ operator in it. If
AS LM ` x
e)(cf
x|P )=(e
x)(cf
x|Q),
then

f
f
AS LM ` x
e)(cx|C[P
])=(e
x)(cx|C[Q]).
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5.5

Discursion

As is well known, open bisimulation [87] in first-order π-calculus is blamed for its over discriminating related to local names, to which quasi-open bisimulation [91] [37] is proposed to improve it.
The focus is on the handling of local names, which, as the philosophy says, shall never collide with
any names (local or free) in the context. Later some characterization of quasi open bisimulation is
given, like local bisimulation [37] where first-order bound output clause is demanded like that in
higher-order output in context bisimulation. What’s more, a sound and complete axiom system
is designed in [37], in which the equations is extended by a rule tailored for quasi open semantics.
In this section, we consider quasi open bisimulation in mHOPi, called quasi open (weak)
higher-order bisimulation, which actually replaces the first-order part in open weak higher-order
bisimulation with the quasi open style. We give the definition of it, also the corresponding local
higher-order bisimulation, their basic properties, and an axiom system. The result here is somewhat of the same essence as that in the previous sections for open weak higher-order bisimulation,
except for those for the first-order bound output, which we make some fresh discussions. We will
skip or sketch the related proofs on quasi open (weak) higher-order bisimilarity, since most of
them are following the lines for open weak higher-order bisimilarity, and will mention explicitly
what is new when necessary.

5.5.1

Definitions

We define quasi open (weak) higher-order bisimulation and local higher-order bisimulation in
this section.
Suppose N is the total set of names. The following definition on substitutions on names is
needed in quasi open bisimulations.
Definition 5.18. A substitution σ on names respects ze, if whenever z ∈ ze and y 6= z, then
yσ 6= zσ.
The quasi open higher-order bisimilarity [91] [37] is defined as follows.
Definition 5.19 (Quasi open HO bisimilarity). A quasi open HO bisimulation is a family of
symmetric binary relations {Rze | ze ⊆ N is finite} on (closed) processes such that it is closed
under substitution respecting ze, and for all P and Q, whenever P Rze Q the following holds:
τ

1. If P −
→ P 0 then Q =⇒ Q0 s.t. P 0 Rze Q0 for some Q0 ;
a(x)

a(x)

2. If P −−−→ P 0 then Q =⇒ Q0 s.t. P 0 Rze Q0 for some Q0 ;
ax

ax

a(x)

a(x)

3. If P −→ P 0 then Q =⇒ Q0 s.t. P 0 Rze Q0 for some Q0 ;
4. If P −−−→P 0 then Q=⇒Q0 for some Q0 and P 0 Rzex Q0 ;
a(A)

a(A)

5. If P −−−→ P 0 then Q =⇒ Q0 s.t. P 0 Rze Q0 for some Q0 ;
(e
x)aA

(e
y )aB

6. If P −−−−→ P 0 then Q =⇒ Q0 for some ye, B, Q0 , and for every process E[X](X ∈ f v(E))
s.t. x
eye ∩ f n(E) = ∅ it holds that
(e
x)(E[A] | P 0 ) Rze (e
y )(E[B] | Q0 ).
e
e
| ze ⊆ N is finite} for the largest
as the quasi open HO ze-bisimilarity, and {≈zqh
We write ≈zqh
quasi open HO bisimulation. The quasi open HO bisimilarity, denoted by ≈qh , is the quasi open
HO ∅-bisimilarity ≈∅qh .

Below is the definition of local higher-order bisimulation.
Definition 5.20 (Local HO bisimulation). Relation R(binary, symmetric) on (closed) processes
is a local (weak) HO bisimulation, if it is closed under substitution of names, and whenever P RQ,
the following properties hold:
τ

1. If P −
→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
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a(x)

a(x)

2. If P −−−→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
ax

ax

3. If P −→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
a(x)

a(x)

4. If P −−−→ P 0 then Q =⇒ Q0 for some Q0 , and for every process O,
(x)(O | P 0 ) R (x)(O | Q0 )
a(A)

a(A)

5. If P −−−→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
(e
x)aA

(e
y )aB

6. If P −−−−→ P 0 then Q =⇒ Q0 for some ye, B, Q0 , and for every process E[X](X ∈ f v(E))
s.t. x
eye ∩ f n(E) = ∅ it holds that
(e
x)(E[A] | P 0 ) R (e
y )(E[B] | Q0 ).
And we say P is local HO bisimilar to Q, written P ≈lh Q, if there exists a local HO bisimulation
R s.t. P RQ.
Bisimulation lemma also holds for ≈qh and ≈lh . Actually B.L. is a general property of weak
bisimilarities. We skip the concrete description and simply use it below.
Bisimulations up-to something can be similarly defined here, and we skip them. A result
enjoying a routine check is that quasi open HO bisimilarity coincides with local HO bisimilarity.
The proof can be extended from the proof in [37] that shows the coincidence between quasi open
bisimilarity and local bisimilarity in first-order π-calculus.
Theorem 5.21. ≈qh and ≈lh are the same.
The congruence of quasi open (weak) higher-order bisimilarity and local higher-order bisimilarity can be defined in the same fashion as that of open weak higher-order bisimilarity. We omit the
details of the definition. The quasi open (weak) higher-order congruence and local higher-order
congruence are denoted by 'qh and 'lh , respectively.

5.5.2

Properties

Since ≈qh coincides with ≈lh , we focus, for instance, on the latter.
Equivalence and congruence
We have the following properties, whose proofs are like those for open weak higher-order
bisimilarity.
Theorem 5.22. ≈lh is an equivalence relation.
The proof of this theorem needs the counterparts of Lemma 3.34 and Lemma 3.35.
Theorem 5.23. ≈lh ia a congruence relation on processes free of (unguarded) choice and mismatch operators.
Theorem 5.24. 'lh ia a congruence relation.
Higher-order input and output
We still have the two theorems below.
Theorem 5.25. Suppose a, b is fresh, and E[X] is an arbitrary process. Then the following
equations are equivalent:
e | a(X).P ) ≈lh (e
e | a(X).Q);
1. (e
z )(cz
z )(cz
e | P {Ib /X}) ≈lh (e
e | Q{Ib /X});
2. (e
z )(cz
z )(cz
e | P {b/X}) ≈lh (e
e | Q{b/X});
3. (e
z )(cz
z )(cz
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e | P {E/X}) ≈lh (e
e | Q{E/X})
4. (e
z )(cz
z )(cz
Theorem 5.26. Suppose x ∈
/ ze, a, b is fresh, and E[X] is an arbitrary process. Then the following
equations are equivalent:
e | (e
e | (e
1. (e
z )(cz
x)a[A].P ) ≈lh (e
z )(cz
y )a[B].Q);
e | (e
e | (e
2. (e
z )(cz
x)(b[A] | P )) ≈lh (e
z )(cz
y )(b[B] | Q));
e | (e
e | (e
3. (e
z )(cz
x)(E[A] | P )) ≈lh (e
z )(cz
y )(E[B] | Q));
4. If H, E are linear mHOPi processes, then the next equation is also equivalent.
e | (e
e | (e
(e
z )(cz
x)(b.(A+a) | P )) ≈lh (e
z )(cz
y )(b.(B+a) | Q))
First-order bound output
This is novel in the local HO bisimilarity. We make some analysis on the behavior properties
of two bisimilar processes when the action fired is a first-order bound output.
We have the following theorem on first-order bound output. A similar theorem was first due
to Fu [36].
Theorem 5.27 (Localization). Suppose a ∈
/ e
c, x ∈
/ ze, b is fresh, and E is an arbitrary process.
Then the following equations are equivalent:
e | a(x).P ) ≈lh (e
e | a(x).Q);
z )(cz
1. (e
z )(cz
e | (x)(bx | P )) ≈lh (e
e | (x)(ax | Q));
2. (e
z )(cz
z )(cz
e | (x)(E | P )) ≈lh (e
e | (x)(E | Q))
3. (e
z )(cz
z )(cz
Proof. Suppose σ is an arbitrary substitution.
aσ(x)

aσ(x)

• (1 ⇒ 2). We know (a(x).P )σ −−−→ P 0 ≡ P σ, then (a(x).Q)σ −−−→ Qσ ⇒ Q0 and
(x)(O | P 0 ) ≈lh (x)(O | Q0 ) for all O, thus
(x)(bx | (P σ)) ≈lh (x)(bx | Q0 ) ⇐ (x)(bx | (Qσ)).
Take σ as an identity substitution. So it’s done by B.L..
bσ(x)

bσ(x)

• (2 ⇒ 3). We know (x)(bx | P )σ −−−→ (x)(P σ), then (x)(bx | Q)σ −−−→ (x)(Qσ) ⇒ Q0 and
(x)(O | (P σ)) ≈lh (x)(O | (Q0 )) ⇐ (x)(O | (Qσ)).
Take O ≡ Eσ and σ as the identity, so we are done by B.L..
• (3 ⇒ 1). Define
R , {(a(x).P, a(x).Q)}∪ ≈lh .
aσ(x)

Then (a(x).P )σ −−−→ P σ is matched up by
aσ(x)

(a(x).Q)σ −−−→ Qσ,
because (x)(O | (P σ)) ≈lh (x)(O | (Qσ)) by 3 and closure of ≈lh under first-order substitution.
So R is a local HO bisimulation.
We are done.
And we have the properties below on first-order bound output under local environments.
Lemma 5.28. Suppose b is fresh. If
e )) 'lh (e
e
z )(x)(bx|(cz|Q)),
(e
z )(x)(bx|(cz|P
then

e
e
) 'lh (e
z )(cz|(x)Q).
(e
z )(cz|(x)P

Lemma 5.29. Suppose a, b are fresh names and a 6= b. It holds that if (x)(ax | bx | P ) ≈lh
(x)(ax | bx | Q), then (x)(ax | P ) ≈lh (x)(ax | Q).
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5.5.3

An axiom system

The axiom system we design here is for 'qh or 'lh . It is an extension of that for 'oh by the
following equation, which is due to Fu [37]. Again we restrict ourselves to finite linear processes.
(z)C[P z ] = (z)C[P ],

(S6)

(5.1)

z
e

where (·) on conditions and processes are defined by the following definition, which is due to
Fu [37].
z
e

Definition 5.30. The definition of (·) on conditions are defined below.
()

z
e

, >

([x=y]ψ)

([x6=y]ψ)

z
e


 [x=y]ψ ze if ze ∩ {x, y} = ∅
,
ψ ze
if exists z ∈ ze s.t. x = z = y

⊥
otherwise

z
e


 [x6=y]ψ ze if ze ∩ {x, y} = ∅
⊥
if exists z ∈ ze s.t. x = z = y
,
 ze
ψ
otherwise

z
e

The definition of (·) on processes are defined structurally as follows. Note the item for parallel
composition is not needed for the sake of expansion theorem.
z
e

(0)
z
e
(a(x).P )

, 0
P
z
e
/ z ]P ze)
, a(x).( [x=z](P {z/x}) +[x∈e

z
e

(ax.P )
z
e
(τ.P )
z
e
((x)P )
z
e
(P +Q)
z
e
([x=y]P )
z
e
([x6=y]P )
z
e
(!P )

,
,
,
,
,
,
,

x∈e
/z

z∈e
z
z
e

ax.P
(??)
τ.P ze
(x)P ze x ∈
/ ze
P ze+Qze
z
e
([x=y]) P ze
z
e
([x6=y]) P ze
z
e
!P

z
e

The operation (·) intuitively removes in a process any match and mismatch involving a (local)
name in ze, because local names shall not cause any conflict. More justification can be found in [37].
The equation (5.1) above distinguishes the axiomatization for quasi open like bisimilarity and
open like bisimilarity. The whole axiom system is defined by
AS LMq , AS LM ∪ {S6}
From (S6), the following additional equation is derivable.
(D11)

(y)C[a(x).P ] = (y)C[a(x).([x=y]P +[x6=y]P y )]

(5.2)

We have the following theorem, whose proof differs from Theorem 5.16 in that first-order
output should be handled in a “local” way as in definition 5.20, and resembles that in [37].
Theorem 5.31. Suppose P, Q are finite linear mHOPi processes. Then
P 'lh Q

if and only if

AS LM ∪ {S6} ` P = Q.

An alternative
Another way to obtain a complete axiom system is to use, instead of equation (5.1), the
Localization Rule (LR) which is due to Fu [36]. The rule is from Lemma 5.28.
Localization Rule (LR)

(e
x)(y)(cf
x|c0 y|P )=(e
x)(cf
x|c0 y|Q)
f
f
(e
x)(cx|(y)P )=(e
x)(cx|(y)Q)
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(5.3)

The axiom system is defined by
AS LMl , AS LM ∪ {LR}
Then to go through the completeness proof technique routine, one have to modify the contents
of the Promotion Lemma. In the case when the action of (a summand) a process P is first-order
bound output, one should reason by combining the definition of local HO bisimilarity and the
Localization Rule (LR). The new Promotion Lemma is as below.
Lemma 5.32. Suppose P, Q are finite linear mHOPi processes, e
c are fresh names, and x
e has
names different from one another. If
(e
x)(cf
x|P ) ≈lh (e
x)(cf
x|Q),
then

AS LMl ` (e
x)(cf
x|τ.P )=(e
x)(cf
x|τ.Q).

Proof sketch. To prove similar claims as in Lemma 5.14, one has to re-examine the case when
λi ≡ ai xi or λi ≡ ai (z). The analysis is as follows.
ai σ(zi )
• λi ≡ ai (zi ) and zi ∈
/x
e. Note eb are fresh. By the premise, the action (e
x)(cf
x|P σ)−−−−→(e
x)(cf
x|Pi σ)
can be simulated by that of Q like below
ai σ(zi )
(e
x)(cf
x|Qσ) =⇒ (e
x)(cf
x|Q0i σ),
ai σ(zi )

where Qσ =⇒ Q0i σ for some Q0i , and
(zi )(O|(e
x)(cf
x)(cf
x|Q0i σ)) ≈lh (zi )(O|(e
x|Pi σ)),
for every process O. By Saturation Lemma we have,
AS LMl ` Q = Q+ϕi ai σ(zi ).Q0i σ = Q+ϕi ai (zi ).Q0i .
We choose O ≡ c0 zi for some fresh c0 . Now
(zi )(c0 zi |(e
x)(cf
x|Q0i σ)) ≈lh (zi )(c0 zi |(e
x)(cf
x|Pi σ)),
which is actually

(e
x)(zi )(c0 zi |(cf
x|Q0i σ)) ≈lh (e
x)(zi )(c0 zi |(cf
x|Pi σ)).

Now by induction hypothesis, since the sum of the depth of the processes in the local
environment has decreased by a first-order output, we know that
0
f
f
AS LMl ` (e
x)(zi )(c0 zi |(cx|τ.Q
x)(zi )(c0 zi |(cx|τ.P
i σ)).
i σ)) = (e

Then by Prefix Rule (PR),
AS LMl ` (e
x)(zi )(c0 zi |(cf
x|ai σzi .τ.Q0i σ)) = (e
x)(zi )(c0 zi |(cf
x|ai σzi .τ.Pi σ)).
Then by T 1,
AS LMl ` (e
x)(zi )(c0 zi |(cf
x|ai σzi .Q0i σ)) = (e
x)(zi )(c0 zi |(cf
x|ai σzi .Pi σ)).
Then by Match Rule (MR1) and Mismatch Rule (MR2),
f i ai σzi .Q0i σ)) = (e
f i ai σzi .Pi σ)).
AS LMl ` (e
x)(zi )(c0 zi |(cx|ϕ
x)(zi )(c0 zi |(cx|ϕ
Then by the axioms on match and mismatch,
x|ϕi ai zi .Q0i )) = (e
x)(zi )(c0 zi |(cf
x|ϕi ai zi .Pi )).
AS LMl ` (e
x)(zi )(c0 zi |(cf
Then by Restriction Rule (RR) and the fact that P σ, Qσ are in complete head normal form,
AS LMl ` (e
x)(cf
x|(zi )(ϕi ai zi .Q0i )) = (e
x)(cf
x|(zi )(ϕi ai zi .Pi )).
Then we have

f i ai (zi ).Q0i ) = (e
f i ai (zi ).Pi ).
AS LMl ` (e
x)(cx|ϕ
x)(cx|ϕ
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• λi ≡ ai xi and xi ∈ x
e. Note eb are fresh. Suppose x
g
−i is x1 , ..., xi−1 , xi+1 , ..., xn . By the
ai σ(xi )
premise, the action (e
x)(cf
x|P σ)−−−−−→(g
x−i )(cf
x|Pi σ) can be simulated by
ai σ(xi )
(e
x)(cf
x|Qσ) =⇒ (g
x−i )(cf
x|Q0i σ),
ai σ(xi )

where Qσ =⇒ Q0i σ for some Q0i , and
(xi )(O|(g
x−i )(cf
x|Q0i σ)) ≈lh (xi )(O|(g
x−i )(cf
x|Pi σ)),
for every process O. By Saturation Lemma we have,
AS LMl ` Q = Q+ϕi ai σxi .Q0i σ = Q+ϕi ai xi .Q0i .
We choose O ≡ c0 xi for some fresh c0 . Now
(xi )(c0 xi |(g
x−i )(cf
x|Q0i σ)) ≈lh (xi )(c0 xi |(g
x−i )(cf
x|Pi σ)),
which by Lemma 5.29 leads to
(e
x)(cf
x|Q0i σ) ≈lh (e
x)(cf
x|Pi σ).
Now by induction hypothesis, since the sum of the depth of the processes in the local
environment has decreased by a first-order output, we know that
0
f
f
x)(cx|τ.P
AS LMl ` (e
x)(cx|τ.Q
i σ).
i σ) = (e

Then by Prefix Rule (PR),
AS LMl ` (e
x)(cf
x|ai xi .τ.Q0i σ) = (e
x)(cf
x|ai xi .τ.Pi σ).
Then by T 1,

x|ai xi .Q0i σ) = (e
x)(cf
x|ai xi .Pi σ).
AS LMl ` (e
x)(cf

Then by Match Rule (MR1) and Mismatch Rule (MR2),
AS LMl ` (e
x)(cf
x|ϕi ai xi .Q0i σ) = (e
x)(cf
x|ϕi ai xi .Pi σ).

Now we have the following theorem, whose proof differs from Theorem 5.16 in that first-order
bound output should be handled in the way like that above.
Theorem 5.33. Suppose P, Q are finite linear mHOPi processes. Then
P 'lh Q

5.6

if and only if

AS LM ∪ {LR} ` P = Q.

Conclusion

In conclusion, we have done the following things on higher-order π-calculus with mismatch
(mHOPi) from Chapter 3. First, we give the language of the higher-order π-calculus with mismatch, including its syntax and operational semantics. Then we define a non-delayed open-styled
bisimulation called open weak HO bisimulation. We also define the linear fragment. Second, we
consider the properties of equivalence and congruence of open weak HO bisimilarity, especially the
local congruence. We prepare for the axiomatization by analyzing the processes of different forms,
considering the relationship between the equivalence of prefixed processes and the equivalence of
their continual components when checking the equivalence. Thirdly, we give an axiom system for
the finite linear higher-order π-calculus with mismatch, with respect to open weak HO congruence. We prove several technically critical lemmas, before we arrive at the significant completeness
theorem, which guarantees us a sound and complete axiom system. We also give some discussion
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on how to obtain a complete axiom system for more intuitive bisimilarity, quasi open higher-order
bisimilarity.
Though we have attained a sound and complete axiom system for finite linear higher-order
π-calculus processes with mismatch, still a problem is that to what extent the condition can be
loosened, that is, is there a calculus lying between our calculus and the full calculus that can
be axiomatized too, with respect to some bisimilarity. Linearity has its realistic intuition that
it models the resource sensitivity in real-world computing, such as network computing. So what
motivation is that unknown calculus should have to persuade us for a searching. Hence we think it
meaningful and challenging to find the answers to settle these questions, both from a theoretic aspect and from a practical viewpoint. We guess that the key lies in the controlling of the occurrence
of process variables, which greatly enhances the complexity and computational capability of the
higher-order calculus. So a restriction that is both realistic and feasible theoretically is desirable
on the searching way. We believe such a try is worthy of much energy, since the higher-order
communication is ubiquitous in various network computing, for example delivering a Java applet
or transferring an object for invoking some needed method. The research in this direction can
provide much theoretical confidence in applications.
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Chapter 6

The expressibility of first-order
π-calculus in higher-order
paradigm
F1

6.1

Introduction

The work here is recent on the relation of expressive power between HOCCS (High-Order CCS)
and FOPi (First-Order π-calculus), which was first studied by Thomsen [97], where HOCCS is
Plain CHOCS. But Thomsen simply put forward the idea and a rough framework of the relationship between HOCCS and FOPi, and the full abstraction was not obtained. We intend to
further this study and make more detailed the ‘bi-simulation’ underlying the relationship, or more
concrete the encoding. The encoding in the other direction, encoding HOCCS (or higher-order
π-calculus, HOPi) with FOPi, is discussed by Sangiorgi in his PhD thesis [82].
We work from the basic encoding strategy of Thomsen [97] and make necessary refinement,
and gain some important results absent in his work, including several important ones on full
abstraction. To get through the technical stuff, we make use of a helpful technique, the index
technique [24] that, through assigning indices to prefixes in processes, abstracts from extra silent
actions in the correspondence of operational semantics of FOPi in the encoding with that of Plain
CHOCS, and formulate the encoding strategy under index technique, in which indexed wires
(i.e. wires [97] with indices) act as simulating names in FOPi. We first characterize the original
encoding strategy, specifically the behavior of wires, and then transplant the results to the indexed
version. We need a theorem we call (indexed)2 wired factorization theorem, which implies that
two (indexed) Plain CHOCS processes can be compared by concentrating on the corresponding
(indexed) wired processes, which are processes that only send and receive (indexed) wires (a
special kind of processes central in the encoding strategy), and isolating the part that may bring
about difference of the two processes. On (indexed) wired processes we define (indexed) wired
bisimulation, and moreover we show that (indexed) wired bisimilarity implies (indexed) context
bisimilarity (indexed context bisimulation is an indexed version of context bisimulation [85]) on
(indexed) wired processes. With the help of the necessary intermediate results, we finally prove the
important full abstraction theorem of the indexed version of the encoding, with respect to ground
bisimilarity (FOPi) and indexed wired bisimilarity (indexed Plain CHOCS, the indexed version of
Plain CHOCS). Hence, the soundness of the indexed encoding is attained, with respect to ground
bisimilarity (FOPi) and indexed context bisimilarity (indexed Plain CHOCS). Taking advantage
of the bridge between the indexed encoding and the original (non-indexed) encoding, we arrive at
the result that the original (non-indexed) encoding enjoys full abstraction, with respect to ground
bisimilarity (FOPi) and wired bisimilarity (Plain CHOCS), and soundness, with respect to ground
bisimilarity (FOPi) and context bisimilarity (Plain CHOCS). Some discussion on full abstraction
1 This
2 We

chapter has been updated. See [103] for the most recent version.
use the parenthesis to indicate the result holds both in non-indexed and indexed situations.
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concerning bisimulation selection is conducted near the end of this chapter, including how to
obtain full abstraction, with context bisimilarity in Plain CHOCS, by choosing more reasonable
bisimilarity in FOPi, such as quasi open bisimilarity.
Compared with the related work, our work primarily contributes to the field in the following
points.
• We further Thomsen’s encoding strategy [97] by investigating the details of the related
concepts. Based on the strategy, we put forth the wired processes and present related
results, including the wired factorization theorem, wired bisimilarity and its relationship
with context bisimilarity.
• Applying index technique to the encoding strategy. The results in the first point above
(under non-indexed encoding) are regenerated in the indexed version of encoding. We show
the action correspondence lemmas, where the correspondence of actions in the two calculi
is made more clear, thanks to the index technique. Also the bridge between the indexed
strategy and original (non-indexed) strategy is established.
• The major result, that is, the full abstraction theorem, which justifies the reasonability of
the encoding. The full abstraction in indexed encoding is with respect to the ground bisimilarity on the FOPi side and indexed wired bisimilarity on the indexed Plain CHOCS side.
A significant corollary from this is that the original (non-indexed) encoding possesses full
abstraction property, with respect to the ground bisimilarity on the FOPi side and wired
bisimilarity on the Plain CHOCS side. Together with the result that wired bisimilarity
is contained by context bisimilarity, we reach that the original (non-indexed) encoding is
guaranteed the soundness, with respect to the ground bisimilarity on the FOPi side and
context bisimilarity on the Plain CHOCS side, which assures the worthiness of the original
encoding.

6.2

Basic definitions of the calculi

We introduce three calculi: first-order π-calculus (FOPi), Plain CHOCS and indexed Plain
CHOCS.

6.2.1

FOPi

The definition of a FOPi [69] process is as follows.
P ::= 0 | x(y).P | xy.P | τ.P | (x)P | P |P 0 | !P
Figure 6.1: FOPi Syntax
Definition 6.1 (FOPi Syntax).
We use capital letters P, Q, ... to represent FOPi processes, and use a, b, m, n... for names,
whose total set is N . A FOPi process is built from the inactive process 0, three prefixes called
input (x(y).P ), output (xy.P ) and silent (τ.P ), restriction ((x)P ), parallel composition (P |P 0 ), and
replication (!P ). The precedence of operators is (from high to low): restriction, prefix, replication,
parallel composition. When the object communicated in a prefix, such as y in x(y).P andxy.P ,
is not important, it is usually omitted. A name a is said to be bound (local or restricted) in
b(a).P and (a)P , otherwise it is free. We use f n(·), bn(·), n(·) for free names, bound names and
names in a process, respectively. A name is fresh if it does not appear in any of the processes
under consideration. We allow alpha-conversion, so generally we can always assume no name
capturing shall occur. We use {y/x} to indicate substitution on first-order names. P {y/x} can
be structurally defined. Substitution on names are ranged over by σ. Other conventions are
routine [69].
We eliminate the (nondeterministic) choice to down-scale the expressive power of the FOPi calculus, because it is both a convenient and a troublesome operator both in the first-order and
higher-order paradigm, as indicated in [85] [97].
We give the operational semantics (labeled transition system) of FOPi in Figure 6.2.
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λ

P −
→Q
P ≡α P 0
λ
P0 −
→Q

(alp)

(prefix)

xy

x(z)

xy.P −→ P

x(y).P −−−→ P {z/y}

τ

τ.P −
→P

x(z)

xy

P −→ P 0 , Q −−−→ Q0
τ
P |Q −
→ P 0 |Q0 {y/z}

(com)

x(y)

x(z)

P −−−→ P 0 , Q −−−→ Q0
τ
P |Q −
→ (y)(P 0 |Q0 {y/z})

(close)

λ

(par)

P −
→ P 0 , bn(λ) ∩ f n(Q) = ∅
λ
P |Q −
→ P 0 |Q
λ

P −
→ P0
x∈
/ n(λ)
λ
(x)P −
→ ν(x)P 0

(res)

xy

(open)

P −→ P 0 y 6= x
x(y)
(y)P −−−→ P 0
λ

(rep)

P −
→ P0
λ
!P −
→ P 0 |!P

Figure 6.2: LTS of FOPi.
The input (x(y)), output (xy) and silent (τ ) actions are not hard to understand, and bound
output x(y) means outputting a local name y. Also x(y).P abbreviates (y)xy.P . The others all
have their usual meaning in π-calculus paradigm. So we skip most of them, but note that we use
static binding for restriction operator, that is, the scope of a restricted name will be extruded
when the name is sent to another process. We use α, β, λ, ... to denote actions.
We will roughly assume parallel composition, restriction are individually commutative under
any context, since it is sound under any equivalence, typically strong bisimilarities and structural
equivalence, such as the first one in [66].
We give the basic bisimulation of FOPi, called ground bisimulation, which was given in [69],
and will be used to show the reasonability of the encoding. Here the action sequence (weak
α
α
transition) =⇒ denotes =⇒−
→=⇒, and =⇒ denotes a sequence of τ actions (possibly zero), where
α is an action.
.

Definition 6.2 (Ground bisimulation). (Weak) ground bisimilarity, ≈, is the largest symmetric
binary relation R on FOPi processes, such that if P RQ, then:
x(y)

x(y)

1. P −−−→ P 0 , then for every name z, Q =⇒ Q0 for some Q0 and P 0 {z/y}RQ0 {z/y};
xy

xy

2. P −→ P 0 , then Q =⇒ Q0 for some Q0 and P 0 RQ0 ;
x(y)

x(y)

3. P −−−→ P 0 , then Q =⇒ Q0 for some Q0 and P 0 RQ0 ;
τ
4. P −
→ P 0 , then Q =⇒ Q0 for some Q0 and P 0 RQ0 .
Up-to technique can be applied to ground bisimulation. We skip the routine definition and
corresponding result, and refer the readers to [69].

6.2.2

Plain CHOCS

The higher-order CCS we study is Plain CHOCS [97] which extends CCS [64].
Definition 6.3 (Plain CHOCS Syntax).
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p ::= nil | x | a?x.p | a!p0 .p | τ.p | p|p0 | p\a | p+p0 | !p | p[a 7→ b]
Figure 6.3: Syntax of Plain CHOCS
Plain CHOCS defined above is a higher-order calculus, with no first-order fragment. We use
lowercase letters p, q, r, ... to represent Plain CHOCS processes. A Plain CHOCS process is
built from the inactive process nil, (process) variable x, three prefixes called input (a?x.p), output
(a!p0 .p) and silent (τ.p), parallel composition (p|p0 ), restriction (p\a), renaming (or relabelling)(p[a 7→
b]), (nondeterministic) choice (p+p0 ), and replication (!p)(in fact it is not needed and can be simulated, but we include it for convenience). We usually use S to denote renaming like [a 7→ b]
in a function form, so dom(S)={a} and ran(S)={b}. A choice is guarded [64] if its components
connected by + all begins with a prefix, for example α.P +β.Q, otherwise it is unguarded. The
precedence of operators is (from high to low): restriction, prefix, renaming, replication, parallel
composition, choice. When the object (for example x in a?x.p and p0 in a!p0 , where a is the
subject) in a prefix is not important, it is omitted, for example a?.nil. A name a is said to be
bound (restricted or local) in p\a, otherwise it is free. A process variable x is bound in a(x).p, otherwise it is free. We use f n(·), bn(·), n(·) for free name, bound name and name, respectively, and
f v(·), bv(·), v(·) for free variable, bound variable and variable, respectively. A Plain CHOCS process is closed if it has no free process variables, otherwise it is open. We generally concentrate
on closed processes. So if not mentioned, all processes are closed. A name is fresh if it does not
appear in any of the processes under consideration. And we allow alpha-conversion. We use {r/x}
to indicate substitution on high-order process variables, and use {y/x} to indicate substitution on
higher-order names. p{r/x} and p{y/x} can be structurally defined. Substitution on names and
on process variables are ranged over by σ and Σ respectively. We use E[x] to denote a process
with at most free variable x in it, and E[p] for E[x]{p/x}. Strong and weak transitions can be
defined similarly to that for FOPi.
We give the operational semantics of Plain CHOCS in Figure 6.4. The input, output and
silent actions are defined as usual. In output action, if B = ∅ it is sometimes omitted. We use
α, β, λ, ... to denote actions. By p\B (B = {b1 , b2 , ..., bn } is a set of names), we mean p\b1\b2 · · ·\bn.
The rules for parallel composition and choice are regular. The rules worthy of some attention are
the com rule and open rule, where local names are involved. In the former a set of local names are
extruded (static binding), and in the latter a new name is localized. The non−struct rule allows
more names than relevant to the sent process.
We will also assume parallel composition, restriction and choice are individually commutative
under any context, since it is sound under any equivalence, typically strong bisimilarities and
structural equivalence, such as the first one in [66].
The applicative higher-order bisimulation put forward by Thomsen [97] is not intuitive in that
it separates the process sent and remaining, so later the context bisimulation improved this in
combining the comparison of them in the same environment [85]. The definition is given below.
Definition 6.4 (Context bisimulation). (Weak) context bisimilarity, ≈Ct , is the largest symmetric
binary relation R on closed Plain CHOCS processes, if pRq then:
a?x

a?x

• If p −−→ p0 , then q =⇒ q 0 for some q 0 , and p0 {r/x}Rq 0 {r/x} for all closed process r;
a!B p0

a!

0q

0

B
• If p −−−→ p00 , q 0 , q 00 exists s.t. q =⇒
q 00 , and for all E[x] with f n(E[x]) ∩ (B ∪ B 0 ) = ∅,

(p00 |E[p0 ])\B R (q 00 |E[q 0 ])\B 0 .
τ

• If p −
→ p0 , then q =⇒ q 0 for some q 0 , and p0 Rq 0 .
≈Ct can be extended to open processes in the usual way. We use ∼Ct to indicate strong context
bisimilarity, whose definition is similar to the weak version above (by replacing double-arrow
with single-arrow and some slight modification). We will use this notation henceforth. Context
bisimulation up-to ≈Ct can be defined in a traditional way, but note the transitions should be weak,
since weak bisimulation up-to weak bisimilarity has been known to be an unsound technique [90].
And one can easily prove that a relation R that is a context bisimulation up-to ≈Ct is contained
in ≈Ct . Similar technique can be applied to other weak bisimulations, and we will use it implicitly
when necessary.
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(pre)

a!∅ p0

a?x

a?x.p −−→ p

a!p0 .p −−−→ p

a!B p00

τ

τ.p −
→p

a?x

p −−−−→ p0 , q −−→ q 0
, f n(q) ∩ B = ∅
τ
p|q −
→ (p0 |q 0 {p00 /x})\B

(com)

a!B p00

p −−−−→ p0

(open)

, a 6= c, c ∈ f n(p00 ) and c ∈
/B

a!B∪{c} p00

0

p\c −−−−−−→ p
a!B p00

(non-struct)

p −−−−→ p0
a!B 0 p00

p −−−−→ p

0

B ∩ (f n(p0 ) ∪ f n(p00 )) = B 0 ∩ (f n(p0 ) ∪ f n(p00 ))
λ

(choice)

λ

(par)

p−
→ p0
, bn(λ) ∩ f n(q) = ∅
λ
p|q −
→ p0 |q
λ
p|!p −
→ p0
(rep)

a?x

(res)

(ren)

p−
→ p0
λ
p+q −
→ p0

p −−→ p0
, a 6= c
a?x
p\c −−→ p0 \c

λ

!p −
→ p0
a!B p00

p −−−−→ p0
a!B p00

0

a 6= c and c ∈
/ f n(p00 )

p\c −−−−→ p \c
τ
p−
→ p0
τ
p\c −
→ p0 \c

a!B p00

p −−→ p0

a?x

p −−−−→ p0

S(a)?x

p[S] −−−−−−→ p0 [S]
τ
p−
→ p0
τ
p[S] −
→ p0 [S]

p[S] −−−−→ p0 [S]

S(a)!B p00

B ∩ (dom(S) ∪ ran(S)) = ∅

Figure 6.4: LTS of Plain CHOCS.
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Some properties
Next we give a few properties and definitions on context bisimilarity. Related discussion can
be found in [85] [36]. The first is that ≈Ct is a well-defined relation.
Lemma 6.5. ≈Ct is an equivalence relation on (closed) Plain CHOCS processes.
We give some simple algebraic laws for ≈Ct , and their proofs are not hard.
Lemma 6.6. Suppose p, p1 , p2 , p3 are (closed) Plain CHOCS processes. Then the following holds:
p|nil ≈Ct p;
p1 |p2 ≈Ct p2 |p1 ;
p1 |(p2 |p3 ) ≈Ct (p1 |p2 )|p3 ;
p+nil ≈Ct p;
p+nil ≈Ct p;
p1 +p2 ≈Ct p2 +p1 ;
p1 +(p2 +p3 ) ≈Ct (p1 +p2 )+p3 ; p\a\b ≈Ct p\b\a; (p1 |p2 )\a ≈Ct (p1 \a)|p2 , if a ∈
/ f n(p2 );
!p ≈Ct p|!p.
Congruence property of two bisimilarities can be concluded in the following lemma.
Lemma 6.7. ∼Ct is a congruence on (closed) Plain CHOCS processes.
≈Ct is a congruence on (closed) Plain CHOCS processes without choice operator.
The congruence relation of context bisimilarity is defined as follows.
Definition 6.8. (Closed) Plain CHOCS processes p and q are context congruent, denoted by
p ≈cCt q, if p ≈Ct q and the following properties hold for every substitution σ on names:
τ

τ

τ

τ

1. If pσ −
→p0 then qσ =⇒q 0 ≈Ct p0 for some q 0 ;
2. If qσ −
→q 0 then pσ =⇒p0 ≈Ct q 0 for some p0 .
And ≈cCt indeed is a congruence.
Lemma 6.9. ≈cCt is a congruence on (closed) Plain CHOCS processes.
Note the up-to technique can be applied to context bisimulations. And we will mention them
when necessary.

6.2.3

Indexed Plain CHOCS

The index technique was first put forth in [24]. Later we will make use of this technique in the
discussion of action correspondence in the encoding strategy. Intuitively, the indexed bisimulation
(bisimulations under index technique) family lies across a series of bisimulations, with the weak
and strong bisimulations on two ends. We think some instance between the two ends can be used
in characterizing of the full abstraction of the encoding from FOPi to Plain CHOCS.
The index technique can be justified in the following points.
• The idea of the technique is to assign indices to actions to indicate the identities of the
communication components, and interaction is indexed by the union of the indices of the
participants.
• Intuitively, an index of (the prefixes/actions of) a process can be seen as a certain kind of
name or location of the process in the interaction scene, just like in a distributed environment.
• The general idea of our making use of index technique is to use it to filter out some technically
introduced silent actions in the encoding strategy.
Indexed processes
We give the syntax of indexed Plain CHOCS processes, which differs from the non-indexed
processes in that each prefix has an identity called index, which can be used to identify the source
of it.
h ::= nil | x | {a?x}i .h | {a!p0 }i .h | {τ }i,j .h | h|h0 | h\a| h+h0 | !h | h[a 7→ b],
Figure 6.5: Syntax of indexed Plain CHOCS
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Definition 6.10 (Indexed Plain CHOCS syntax). where i, j ∈ I and I is a countable set of
indices, typically the set of natural numbers (N ). Indexed Plain CHOCS processes (or simply
indexed processes) are usually denoted by h, k, l, m, m, p, q, ..., and most time they will not be
confused with non-indexed processes if the context is considered.
We use i, j, k, ... to denote indices. {τ }i,j , {a?k}i , {a!k}i , {a!B k}i are actions in indexed Plain
CHOCS, and they are usually denoted by α, β, λ, .... We do not differentiate them from nonindexed actions, for their meaning can be identified from context.
In restriction, substitution and renaming, we revoke the indices. Their meanings are as usual,
except that they point to the names in indexed prefixes (or actions). We use Index(p) to represent the indices in process p, which can be structurally defined readily, and use operation {p}i
(respectively {p}−i ) to assign index i to (respectively remove index of) each prefix in process p.
Free (bound) names and free (bound) variables, and other conventions can be similarly defined
like those in Plain CHOCS.
Weak action sequence is defined as follows (suppose S ⊆ I, α is an indexed action, and in each
pair in (i1 , i1 ), · · · , (in , in ) the index ik ∈ S(k = 1, ..., n)):
ε,S

{τ }i

,i

{τ }i

,i

α,S

ε,S α ε,S

1 1
n n
=⇒ , −−−−
−→ · · · −−−−
−→; =⇒ , =⇒−
→=⇒ .

ε,S

Note the length of =⇒ can be zero. It indicates the idea that now silent actions are not all
neglected, but selectively, with the help of the index set S ⊆ I, as will be clear in the bisimulation
definition. Also note the weak transition here is basically from that in [24], and this results from
the need for manipulating indexed wires, which will be clear below.
We give the operational semantics of indexed Plain CHOCS in Figure 6.6.
The LTS is similar to the LTS for Plain CHOCS. The only difference is that the actions are
all indexed with indices. Note the com rule, where the silent action is indexed by the union of the
positions of its participants, that is {τ }i,j . The other rules are not difficult to understand.
Indexed bisimulation
We give the indexed versions of the bisimulations in Plain CHOCS . They correspond to the
non-indexed version, only different in that actions are indexed and an index set S ⊆ I is used to
selectively filter out some silent actions of interest.
Below comes the indexed context bisimulation. It is slightly different from that in [24]. And
we make this adjustment to get over the technical details concerning extra silent actions involving
indexed wires defined below.
Definition 6.11 (Indexed context bisimulation). (Weak) indexed context bisimilarity with respect
to index set S ⊆ I, ≈SCt , is the largest symmetric binary relation RS on (closed) indexed Plain
CHOCS processes, if pRS q then:
{a?x}i

{a?x}i ,S

1. If p −−−−→ p0 , then q =⇒
Plain CHOCS process r;

q 0 for some q 0 , and p0 {r/x}RS q 0 {r/x} for all closed indexed

{a!B p0 }i

{a!

0q

0

}i ,S

2. If p −−−−−→ p00 , then q 0 , q 00 exist s.t. q B=⇒
(B ∪ B 0 ) = ∅, (p00 |E[p0 ])\B RS (q 00 |E[q 0 ])\B 0
{τ }i,i

q 00 , and for all indexed E[x] with f n(E[x])∩

ε,S

3. If p −−−−→ p0 , i ∈ S, then q =⇒ q 0 for some q 0 , and p0 RS q 0 ;
{τ }i,i

{τ }i,i ,S

4. If p −−−−→ p0 , i ∈
/ S, then q =⇒ q 0 for some q 0 , and p0 RS q 0 .
We note that the silent actions are treated differently from the non-indexed bisimulations. The
main difference is that only those silent actions with at least one of the indices in S is neglected,
not all of them. For those silent actions whose indices do not belong to S, they are treated in a
strong simulation way. So this definition can be somewhat regarded as between strong and weak
bisimulations.
Below we give some properties and definitions on indexed context bisimilarity.
Lemma 6.12. ≈SCt is an equivalence relation on (closed) indexed Plain CHOCS processes.
S
≈Ct
is a congruence relation on (closed) indexed Plain CHOCS processes without choice
operators.
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(pre)

{a!∅ p0 }i

{a?x}i

{a!p0 }i .p −−−−−→ p

{a?x}i .p −−−−→ p
{a!B p00 }i

{a?x}j

p −−−−−−→ p0 ,

(com)

q −−−−→ q 0

{τ }i,j

p|q −−−−→ (p0 |q 0 {p00 /x})\B
{a!B p00 }i

p −−−−−−→ p0

(open)

{τ }i,j

{τ }i,j .p −−−−→ p

, f n(q) ∩ B = ∅

, a 6= c, c ∈ f n(p00 ) and c ∈
/B

{a!B∪{c}}i p00

0

p\c −−−−−−−−→ p
{a!B p00 }i

(non-struct)

p −−−−−−→ p0
{a!B 0 p00 }i

p −−−−−−→ p

0

B ∩ (f n(p0 ) ∪ f n(p00 )) = B 0 ∩ (f n(p0 ) ∪ f n(p00 ))
λ

(choice)

λ

(par)

p−
→ p0
, bn(λ) ∩ f n(q) = ∅
λ
p|q −
→ p0 |q
λ
p|!p −
→ p0
(rep)

λ

!p −
→ p0
{a!B p00 }i

{a?x}i

(res)

p−
→ p0
λ
p+q −
→ p0

p −−−−→ p0

p −−−−−−→ p0

{a?x}i

{a!B p00 }i

, a 6= c
p\c −−−−→ p \c
0

0

a 6= c and c ∈
/ f n(p00 )

p\c −−−−−−→ p \c
{τ }i,j

p −−−−→ p0
{τ }i,j

p\c −−−−→ p0 \c

(ren)

{a!B p00 }i

p −−−−→ p0

{a?x}i

p −−−−−−→ p0

{S(a)?x}i

p[S] −−−−−−−−→ p0 [S]

p[S] −−−−−−→ p0 [S]

{S(a)!B p00 }i

B ∩ (dom(S) ∪ ran(S)) = ∅

{τ }i,j

p −−−−→ p0
{τ }i,j

p[S] −−−−→ p0 [S]
Figure 6.6: LTS of indexed Plain CHOCS.
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The congruence relation of indexed context bisimilarity is similarly defined as follows.
Definition 6.13. (Closed) indexed Plain CHOCS processes p and q are indexed context congruent, denoted by p 'SCt q, if p ≈SCt q and the following properties hold for every substitution σ on
names:
τ

τ

τ

τ

1. If pσ −
→p0 then qσ =⇒q 0 ≈SCt p0 for some q 0 ;
2. If qσ −
→q 0 then pσ =⇒p0 ≈SCt q 0 for some p0 .
And 'SCt indeed is a congruence.
Lemma 6.14. 'SCt is a congruence on (closed) indexed Plain CHOCS processes.
Below we give some technical lemmas. The proof of the first is like those for an ordinary weak
bisimulation. And the proof for the second is like that in [24]
Lemma 6.15. A symmetric binary relation RS (S ⊆ I) on (closed) indexed Plain CHOCS processes, if pRS q implies:
{a?x}i ,S

1. If p =⇒
process r;

p0 , then q

{a?x}i ,S

=⇒

q 0 for some q 0 , and p0 {r/x}RS q 0 {r/x} for all indexed closed

{a!B q 0 }i ,S

{a!

0q

0

}i ,S

2. If p =⇒ p00 , q 0 , q 00 exists s.t. q B=⇒
q 00 , and for all indexed E[x] with f n(E[x]) ∩
0
00
0
S
00
0
0
(B ∪ B ) = ∅, (p |E[p ])\B R (q |E[q ])\B ;
ε,S

ε,S

3. If p =⇒ p0 , then q =⇒ q 0 for some q 0 , and p0 RS q 0 ;
{τ }i,i ,S

{τ }i,i ,S

4. If p =⇒ p0 , i ∈
/ S, then q =⇒ q 0 for some q 0 , and p0 RS q 0 .
then RS is an indexed context bisimulation.
The following lemma relates indexed bisimulation to ordinary non-indexed bisimulation.
Lemma 6.16. Suppose p, q are indexed Plain CHOCS processes, and S = I. Then p ≈SCt q iff
{p}−i ≈Ct {q}−i .
A simple corollary of the lemma above is as follows.
Lemma 6.17. Suppose p, q are indexed Plain CHOCS processes, and S = Index(p) ∪ Index(q).
Then p ≈SCt q iff {p}−i ≈Ct {q}−i .
Lemma 6.16 and Lemma 6.17 also hold if one replaces ≈SCt (respectively ≈Ct ) with 'SCt (respectively ≈cCt ).
Remark
We include generally choice operator in (indexed) Plain CHOCS process definition, however,
we restrain their appearance in the forthcoming discussion of the encoding. That is, we merely
permit conditional usage of choice operator in some cases, no abusing allowed. Specifically, for
instance, in discussing indexed wired processes, including indexed wired factorization theorem
and a series of properties, we do not allow unguarded choice (or simply choice henceforth) [64]
in processes (in premises), to avoid its notorious damage in congruence property of bisimulation
relations. So we keep to this convention in the discussion on (indexed) wires. This convention
will not do any harm from the viewpoint of the formulation of the theories on (indexed) wires. In
fact, it reflects in a sense that the choice operator is powerful but sometimes so strong that some
trouble may come along. Hence some limit should be imposed to gain the properties in need. In
the meanwhile, we need to use the choice operator in some places, typically in (indexed) wires,
because wires serve to simulate names in FOPi and choice seems indispensable in the encoding, if
no other alternative approach is available. Therefore, in fact we constrain the usage of (guarded)
choice operator, only in (indexed) wires and related positions in processes, for example in {¦a }
as will be defined later. Similar discussion on the choice operator can be found in [82], where only
guarded summation is allowed. What’s more, actually in (indexed) wires and related positions in
interesting processes, choice operators are guarded, which guarantees us that no side-effect will
occur. We will point out those related condition on choice whenever necessary.
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6.3

The encoding strategy

The original (non-indexed) encoding strategy from FOPi to Plain CHOCS is due to Thomsen
[97], but he did not further its study, only some action correspondence is considered. We inherit
the basic encoding strategy in [97] and make some discussions on the strategy.
The core idea is to use the apparatus called wire [97]. It is a special process serving the
function of a name in FOPi, which can be a channel, a variable and a local one of the above.
A wire, written a−chan, with respect to a name a in the encoding strategy is defined as:
a−chan , i?.a?x.c!x.nil + o?.c?x.a!x.nil
Note the wire is (strictly) a higher-order (Plain CHOCS) process3 . i?.a?x.c!x.nil and
o?.c?x.a!x.nil simulate an input action and output action on name a respectively, where names
i and o are used for signaling the wire whether it is used for inputting or outputting, and c is
an auxiliary name for passing the information communicated. And generally we can assume that
names c, i, o shall not appear free in positions other than in wires. We use f n(a−chan) to indicate
{a, i, c, o}, that is the names in it.
:
:
Also note ∼ is the strong applicative higher-order bisimilarity, and ≈ is the weak applicative
higher-order bisimilarity. The definition of the latter can be found in [97]. Note an immediate
:
property is that ≈ implies ≈Ct .
Now we give the encoding strategy first proposed in [97].
Definition 6.18 (The encoding from FOPi to Plain CHOCS). The definition of the encoding
strategy has two parts. We give them below:
• [[ ]]1 .
[[0]]1
[[x(y).P ]]1
[[xy.P ]]1
[[τ.P ]]1
[[P |P 0 ]]1
[[!P ]]1
[[(x)P ]]1
• [[ ]]2 .

,
,
,
,
,
,
,

nil
(x[c 7→ c0 ][i 7→ i0 ][o 7→ o0 ] | i0 !.c0 ?y.[[P ]]1 )\c0 \i0 \o0
(x[c 7→ c0 ][i 7→ i0 ][o 7→ o0 ] | o0 !.c0 !y.[[P ]]1 )\c0 \i0 \o0
τ.[[P ]]1
[[P ]]1 | [[P 0 ]]1
![[P ]]1
([[P ]]1 {(a−chan)/x})\a, a ∈
/ f n(P )

[[P ]]2 , (· · · ([[P ]]1 {(a1 −chan)/x1 }) · · · ){(an −chan)/xn }
Figure 6.7: Encoding from FOPi to Plain CHOCS

A free name in FOPi is first mapped to a process variable (above appears an identity mapping),
then it is substituted by a wire. It does no harm to set that there is a one−to−one mapping
between FOPi names and Plain CHOCS wires. That is, it is from f n(P ) = {a1 , a2 , · · · , an } to
f v([[P ]]1 ) = {x1 , x2 , · · · , xn } and then to {a1 , a2 , · · · , an }. These names should not collide with
the auxiliary names c, i, o in wires. Sometimes for convenience the mapping can be identity, since
names can be distinguished in the two related calculi, so we can use this with enough care. For
instance a name a in FOPi can be mapped to a−chan in Plain CHOCS. So in the restriction
case, the side condition can also be written as a ∈
/ f n([[P ]]1 ). Yet for a local name in FOPi, it
is just mapped to a process variable. This is because we do not know to which wire will it be
instantiated for the time being. And it will be instantiated by a wire representing another name
in FOPi.
Remark. We retain the encoding strategy in [97], and further examine the essence of it below. It
is generally deemed that renaming is a much complicated operator, for its behavior, especially with
recursion, can lead to rather involved computations. However, here in the encoding, such intricacy
would not appear. Examining the encoding strategy above, one can find that the renaming is
3 It can have a prefix without any parameters, like i.P or i.P , and that means the communicated process is not
important and the potential communication is simply a synchronization, similar to those in FOPi
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harnessed simply to localize the input (output) preparation on wires. Meanwhile, static binding
is used in Plain CHOCS. Hence this strategy will be safe regarding renaming. Note there is an
implicit operation that every local name variable of FOPi is transferred to a process variable in
Plain CHOCS.
Below we give two lemmas related to the encoding above, and they are similar to those in [97].
Lemma 6.19. The following two equations hold:
[[a(x).P ]]2 ≈Ct τ.a?x.τ.[[P ]]2
[[ab.P ]]2 ≈Ct τ.τ.a!(b−chan).[[P ]]2
Proof. The proof is quite direct from the encoding strategy. It is not difficult to make a routine
analysis.
The next lemma states clearly the correspondence in actions between a FOPi process and the
Plain CHOCS process encoding it. The proof of it is straightforward from the definition of the
encoding.
Lemma 6.20 (Action correspondence). There are several corresponding actions between a FOPi process and its encoding in Plain CHOCS:
a(x)

τ

a?x τ

• If P −−−→ P 0 , then [[P ]]2 −
→−−→−
→ [[P 0 ]]2 ;
ab

τ

a!∅ (b−chan)

τ

→−
→−−−−−−−−→ [[P 0 ]]2 ;
• If P −→ P 0 , then [[P ]]2 −
a(b)

τ

τ

a!{b} (b−chan)

• If P −−→ P 0 , then [[P ]]2 −
→−
→−−−−−−−−−→ [[P 0 ]]2 ;
τ

τ

τ

τ

τ

τ

τ

• If P −
→ P 0 , then [[P ]]2 −
→ [[P 0 ]]2 or [[P ]]2 −
→−
→−
→−
→−
→ [[P 0 ]]2 .

6.3.1

Characterizing wires

Here we study the wires. In light of the triggers and triggered bisimulation [85], we work out a
series of properties on behavior of wires, and pave the way for proving the full abstraction theorem.
Wired processes
We first define a category of processes called wired processes.
Wired processes are higher-order processes that only send or receive wires during communication, and have no choice operator in positions other than wires and p{¦a } (the part in it except
p), as will be defined below. We use WPr to denote wired processes.
Definition 6.21 (Wired processes). p{¦a r} abbreviates
(p|!(i!.a!x.c?x.r+o!.c!x.a?x.r))\{a, i, o, c},
where the part
(i!.a!x.c?x.r+o!.c!x.a?x.r),
is referred to as the choice part, where the choice connecting i!.a!x.c?x.r and o!.c!x.a?x.r is the
only occurrence.
Wired processes are Plain CHOCS processes that only communicate wires, and with choice
operators only appearing in wires or the choice part in p{¦a r}. So in the higher-order output,
the prefix is of the form a(m−chan).p.
An obvious result from the encoding strategy (Definition 6.18) is as the following lemma states.
Lemma 6.22. Suppose P is a FOPi process, then [[P ]]2 is a Plain CHOCS wired process.
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Wired bisimulation
We give the definition of a bisimulation called wired bisimulation.
Definition 6.23 (Wired bisimulation). ≈W r is the largest symmetric binary relation R on (closed)
Plain CHOCS wired processes, if pRq implies:
a?x

a?x

1. p −−→ p0 , then q =⇒ q 0 for some q 0 , and p0 {b−chan/x}Rq 0 {b−chan/x} for some wire
b−chan, where b is a fresh name;
a!B (b−chan)

a!B (b−chan)

2. p −−−−−−−−→ p00 , where b is a name, then q
τ
3. p −
→ p0 , then q =⇒ q 0 for some q 0 , and p0 Rq 0 .

=⇒

q 00 for some q 00 , and p00 Rq 00 ;

The definition is confined to wired processes, and the bisimulation criteria is designed with
regard to the behavior on communicating wires. Though it is a simplification on bisimulation
checking compared to context bisimulation, as we will see, wired bisimilarity implies context
bisimilarity on wired processes. Note up-to technique of the ≈W r also holds, we will mention this
when necessary. And ≈W r can be extended to open processes as usual. Below is the definition of
wired congruence.
Definition 6.24. Plain CHOCS wired processes p and q are wired congruent, denoted by p 'W r q,
if p ≈W r q and the following properties hold for every substitution σ on names:
τ

τ

τ

τ

1. If pσ −
→p0 then qσ =⇒q 0 ≈W r p0 for some q 0 ;
2. If qσ −
→q 0 then pσ =⇒p0 ≈W r q 0 for some p0 .
Lemma 6.25. 'W r is a congruence on Plain CHOCS wired processes.
Wired factorization theorem
Here we derive the important theorem called wired factorization theorem.
Remember we use p{¦a r} to abbreviate
(p|!(i!.a!x.c?x.r+o!.c!x.a?x.r))\{a, i, o, c}.
Note the {¦a } involves four names in it. And the precedence of {¦a r} is the same as that of
substitution. To some extent, {¦a r} shares a similar idea with the implicit substitution in [85],
and likewise wires behave like triggers to some extent.
Several properties on the abbreviation are given below. The first is on the substitution of
{¦a }.
Lemma 6.26 (Substitution lemma on {¦a }). Let p, q, r be Plain CHOCS processes without
choice operator. Then the following holds:
p{q/x}{¦a r} ≈Ct p{¦a r}{q{¦a r}/x}
Proof. This is an important lemma serving as the basis for Lemma 6.27. The proof of it, however,
is not so trivial and need some long step-by-step derivation. The framework is quite similar to the
Lemma (4.1)(on implicit substitution) in [85], whose proof is given in the appendix B of [85]. We
do not give the detailed proof here, and the reader can refer to that of [85] for the basic idea.
Below is another lemma on the distribution of {¦a }.
Lemma 6.27 (Distributivity on {¦a }). Let p, q, q 0 , r, r0 be Plain CHOCS processes without choice
operator. Then it holds that:
1.
2.
3.
4.
5.
6.

nil{¦a r} ≈Ct nil;
(i?.a?x.c!x.p){¦a r} ≈Ct (τ.τ.τ.(p|r)){¦a r}, a appears in {¦a r};
(o?.c?x.a!p0 .p){¦a r} ≈Ct (τ.τ.τ.(p|r{p0 /x})){¦a r}, a appears in {¦a r} and r;
(τ.p){¦a r} ≈Ct τ.p{¦a r};
(p|p0 ){¦a r} ≈Ct p{¦a r}|p0 {¦a r};
(p\b){¦a r} ≈Ct (p{¦a r})\b, if b does not appear in f n(r) and {¦a r} related names;
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7. (p[b 7→ c]){¦a r} ≈Ct (p{¦a r})[b 7→ c], if b, c do not appear in f n(r) and {¦a r} related
names;
8. (!p){¦a r} ≈Ct !(p{¦a r}).
Proof. Most of the properties are straightforward, with the help of Lemma 6.26.
Next we give the lemmas necessary for the wired factorization theorem. The following lemma
is immediately provable.
Lemma 6.28. It holds that p ≈Ct τ.p, for all Plain CHOCS processes without choice operator.
Now we arrive at the wired factorization theorem.
Theorem 6.29 (Wired factorization theorem).
p{r/x} ≈Ct (p{a−chan/x}){¦a r}
for all Plain CHOCS processes p without choice operator and Plain CHOCS process r.
Proof. To prove this theorem, we first show the next claim. It says that instead of passing a
process, we can replace it with a wire, the effect of which is adding some extra silent action before
the replaced process.
Claim. For all Plain CHOCS processes p without choice operator and Plain CHOCS process r,
it holds that
p{τ.r/x} ≈Ct (p{a−chan/x}){¦a r}
The proof of the claim is by induction on the structure of p. The basic cases are nil and p = y,
which are immediately provable, with the possible help of Lemma 6.27. The rest of the proof is a
relatively routine induction analysis. We take the parallel composition as a typical one and omit
the rest.

=
≈Ct
≈Ct
=

(p|p0 ){τ.r/x}
(p{τ.r/x})|(p0 {τ.r/x})
(by substitution definition)
(p{a−chan/x}){¦a r}|(p0 {a−chan/x}){¦a r}
(by induction hypothesis)
((p{a−chan/x})|(p0 {a−chan/x})){¦a r}
(by Lemma 6.27)
(p|p0 ){a−chan/x}{¦a r}
(by substitution definition)

Now a simple deduction can prove this important theorem based on the claim.
≈Ct
≈Ct

(p{a−chan/x}){¦a r}
p{τ.r/x}
(by the Claim)
p{r/x}
(by Lemma 6.28 and congruence of ≈Ct )

The relationship between ≈W r and ≈Ct
Now we come to the critical result of the wire technique, that is, the relationship between
context bisimilarity and wired bisimilarity on wired processes.
We first give some congruence properties of wired bisimilarity.
Lemma 6.30. Suppose p, q, r are Plain CHOCS wired processes, and a is a name. If p ≈W r q,
then:
1. p\a ≈W r q\a;
2. p|r ≈W r q|r;
3. If p 'W r q, then p[a 7→ b] ≈W r q[a 7→ b].
93

Proof. We need to prove each of them by the definition of wired bisimulation. Since they are
similar to some extent and routine, we only examine the second one. To prove it, we define the
following relation on processes:
¯
¯ p1 , p2 , r are wired (closed) processes,
¯
R , {((p1 |r)\B, (p2 |r)\B) ¯¯ B are set of names,
}.
¯ and p1 ≈W r p2
We define R in this way because there are local names in wire related environment. Below we
show that R is a wired bisimulation.
α
Suppose ((p1 |r)\B1, (p2 |r)\B1) ∈ R, and (p1 |r)\B1 −
→ q1 . Then the proof can be expanded
on the analysis of the action α and which process caused it. Most of them are routine and the
difficult one is when α = τ , where p1 makes an output action. And we simply analyze this case.
As mentioned, we know that
a!B (m−chan)

a?x

p1 −−−2−−−−−−→ p01 \B2 , r −−→ r0 ,
for some fresh m, and

q1 ≡ (p01 |r0 {m−chan/x})\B1 ∪ B2 .

Now that p1 ≈W r p2 , we have
a!B (m−chan)

p2 −−−2−−−−−−→ p02 \B2 ,
so we have

a?x

but r −−→ r0 ,

τ

(p2 |r)\B1 −
→ (p02 |r0 {m−chan/x})\B1 ∪ B2 , q2 .

Hence we obtain that q1 Rq2 .
The first result is that wired bisimilarity implies context bisimilarity.
Lemma 6.31. Suppose p, q are wired processes. If p ≈W r q, then p ≈Ct q.
Proof. Let
R , {(p, q) | p, q ∈ WPr; p ≈W r q}.
We show that R is a context bisimulation up-to ≈Ct , which is sufficient since that will give us
R ⊆≈Ct .
α
Suppose (p, q) ∈ R, and p ⇒ p0 . There are several cases to analyze according to the definition
of context bisimulation up-to ≈Ct , and the most non-trivial case is when α ≡ a?x, so we only
consider this case. We know that
a?x
p =⇒ p0 ,
since p ≈W r q, there exists q 0 such that

a?x

q =⇒ q 0 ,
and for m−chan with m fresh in it,
p0 {m−chan/x} ≈W r q 0 {m−chan/x}.
To match the action of p, we have to prove that for every Plain CHOCS wired process r, we have
p0 {r/x} ≈Ct R ≈Ct q 0 {r/x}.
We make the following reasoning:
≈Ct
,

p0 {r/x}
p {m−chan/x}{¦m r}
p00 .

(by Theorem 6.29)

≈Ct
,

q 0 {r/x}
q {m−chan/x}{¦m r}
q 00 .

(by Theorem 6.29)

0

Similarly, we have:
0

Now by Lemma 6.30, we know that ≈W r is closed under restriction and parallel composition,
so we can get from p0 {m−chan/x} ≈W r q 0 {m−chan/x} that p00 ≈W r q 00 , which completes the
simulating step.
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We then examine the other direction of the relationship between context bisimilarity and wired
bisimilarity.
Lemma 6.32. Suppose p, q are wired processes. If p ≈Ct q, then we do not have p ≈W r q.
Proof. To see the difference, we pretend that we tried to prove the inclusion. Define the following
relation:
R , {(p1 , p2 ) | p1 , p2 ∈ WPr; p1 ≈Ct p2 }.
α

Suppose (p1 , p2 ) ∈ R, and p1 −
→ p01 . There are several cases to analyze in terms of wired bisimulation, but the most non-trivial case is when α ≡ a!(m−chan), so we simply consider this case.
Now we know that
a!B (m−chan)
p1 −−−−−−−−−→ p01 ,
since p1 ≈Ct p2 , we have (for convenience, we use the same local name set B, for α-conversion is
allowed here)
a!B (m0 −chan)

p2 −−−−−−−−−→ p02 ,
for some m0 , p02 , and for every E[x] with f n(E[x]) ∩ B = ∅,
(p01 |E[m−chan])\B ≈Ct (q20 |E[m0 −chan])\B,
where typically B ⊆ {m(m0 ), i, o, c}. Note when m ∈ B, we can assume m = m0 . And this is the
only non-trivial case we shall consider.
To fulfill the simulating step, we have to prove that p01 ≈Ct p02 . Now that we know the basic
fact that E is any arbitrary process with process variable x in it, we can flexibly choose the form of
E to try to make the simulation closed. Unfortunately, this does not help much. Since p01 , p02 may
contain some rather different structure (hence behavior) concerning m, without the restriction
outside. Typically, one can use the counterexample that p01 contains an occurrence of m, but
p02 has none such occurrence. Therefore, the trial stops here, as the analysis above provides an
essential result.
We conclude that R cannot be a wired bisimulation generally. And ≈Ct is not included by
≈W r .
Remark. The major difficulty for the non-inclusion here is that in a wired bisimulation
there is no demand on the local names’ effecting on the residuals after a higher-order output
action. This is too strong a requirement. By tracing back, we stress that the design of wired
bisimulation is dominated by the ground bisimulation, where first-order bound output makes the
similar assumption, to try guarantee the full abstraction. However, the full abstraction can be
undermined by this lemma in one direction. Anyhow, we at least obtain a partial result, which
directs us to look for a more reasonable bisimulation in FOPi. We will make more discussion later.
Theorem 6.33. ≈W r is contained by ≈Ct on all (closed) wired processes, and the inclusion is
strict.
Proof. By the two lemmas above: Lemma 6.32 and Lemma 6.31, we can attain this theorem.
A corollary is as follows.
Theorem 6.34. 'W r is contained by ≈cCt on all (closed) wired processes, and the inclusion is
strict.

6.4

Encoding strategy under indexed technique

Now we consider the encoding using index technique. The idea is similar, except that we apply
index technique to the encoding strategy.
An indexed wire, written a−ichan, with respect to a name a and an index n in the encoding
strategy, is defined as:
a−ichan , {i?}n .{a?x}m .{c!x}n .nil + {o?}n .{c?x}n .{a!x}m .nil,
where i, n ∈ I. We use f n(a−ichan) to indicate {a, i, c, o}, that is the indexed names in it. The
name i and the index i shall not be confused.
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Remark 6.35. Note an indexed wire, which is designed to simulate a name in FOPi, is (strictly) a
higher-order indexed Plain CHOCS process. Port i and o are read as input and output respectively,
c is an intermediate port for transmitting processes (programs). And note that names c, i, o usually
shall not appear free in positions other than in indexed wires.The static restriction operator assures
the scope extrusion when communications occur with output of bound names. We assign index n
to actions on c, i, o, and the silent actions caused by components indexed n is to be ignored in the
action sequences related in certain bisimulations, as we will see. m ∈ I (different from n) is a fresh
index to be assigned to each prefix appearing in the encoded process. We only need one index
m 6= n to get over all the technical detail here, differentiating communication from the encoded
process or the names c, i, o.

6.4.1

The indexed version of the encoding

Now we give the indexed version of the encoding.
Definition 6.36 (The indexed encoding from FOPi to Plain CHOCS). The definition still also
has two parts, after taking index technique into account.
• [[ ]]n1 .
[[0]]n1
[[x(y).P ]]n1
[[xy.P ]]n1
[[τ.P ]]n1
[[P |P 0 ]]n1
[[!P ]]n1
[[(x)P ]]n1
• [[ ]]n2 .

,
,
,
,
,
,
,

nil
(x[c 7→ c0 ][i 7→ i0 ][o 7→ o0 ] | {i0 !}n .{c0 ?y}n .[[P ]]n1 )\c0 \i0 \o0
(x[c 7→ c0 ][i 7→ i0 ][o 7→ o0 ] | {o0 !}n .{c0 !y}n .[[P ]]n1 )\c0 \i0 \o0
{τ }m,m .[[P ]]n1
[[P ]]n1 | [[P 0 ]]n1
![[P ]]n1
/ f n(P )
([[P ]]n1 {(a−ichan)/x})\a, a ∈

[[P ]]n2 , (· · · ([[P ]]n1 {(a1 −ichan)/x1 }) · · · ){(an −ichan)/xn }
Figure 6.8: Indexed encoding from FOPi to indexed Plain CHOCS

A free name in FOPi is first mapped to a process variable, then it is substituted by an indexed
wire. There is a one−to−one mapping between FOPi names and Plain CHOCS indexed wires.
That is, it is from f n(P ) to f v([[P ]]n1 ) = {x1 , x2 , · · · , xn } then to {a1 , a2 , · · · , an }. And these
names should not collide with the auxiliary names c, i, o in indexed wires. Similarly usually for
convenience the mapping can be an identity, since names can be distinguished in the two calculi.
So in the restriction translation, the side condition can also be stated as a ∈
/ f n([[P ]]n1 ). For
example a name a in FOPi is mapped to a−ichan in indexed Plain CHOCS. But for a local
name in FOPi , it is merely mapped to a process variable. This is because we do not know to
which indexed wire will it be instantiated for the time the encoding is conducted. Yet it will be
instantiated by an indexed wire representing another name in FOPi.
Remark. We add indices to the original encoding strategy, to help filter out extra silent actions
(on c, i, o) in simulating input and output on a name.
Renaming (relabelling) is usually considered as a complicated and even dubious operator, for its
behavior, especially with recursion, can result in rather involved computations, with the additional
choice of static or dynamic binding of the restriction operator. As in the original encoding, the
renaming is harnessed to localize the input (output) auxiliary internal actions on wires and nothing
more. Meanwhile, static binding is used in Plain CHOCS. Therefore here the strategy will be safe
regarding renaming, as will be shown in the rest of this chapter.
Also notice the index m is actually assigned to actions in FOPi processes, to distinguish from
those brought about by the encoding strategy. So a simple result is that the indices in the indexed
Plain CHOCS process after encoding are no more than {m, n}, as the following lemma says.
Lemma 6.37. Suppose P is a FOPi process. Then Index([[P ]]n2 ) ⊆ {m, n}.
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6.4.2

Characterizing indexed wires

In this section, we formulate the results concerning indexed encoding strategy. And this will
serve as the basis for proving the full abstraction of the indexed version of the encoding. We have
considered the counterparts in the original non-indexed encoding strategy in Section 6.3.
The lemmas and theorems in this section have essentially the same proofs as those corresponding counterparts in the non-indexed versions. The critical point is that under index technique, all
the processes are treated in the uniform way that silent actions are selectively neglected according
the index set S in a bisimulation. So the effect is that all the properties still hold in the indexed
paradigm, with the difference in that silent actions are abstracted out in another uniform way. So
we generally do not give the details of the proofs and focus on the framework, however you can
find the proofs for the non-indexed encoding strategy in Section 6.3.
Indexed wired processes
Indexed wired processes are indexed Plain CHOCS processes that only send or receive indexed
wires during communication, and have no choice operator in all positions other than indexed wires
and p{¦ia } (part of it), as will be defined below. We use IWPr to denote indexed wired processes.
Definition 6.38 (Indexed wired processes). p{¦ia r} abbreviates
(p|!({i!}n .{a!x}m .{c?x}n .r+{o!}n .{c!x}n .{a?x}m .r))\{a, i, o, c},
where the part
({i!}n .{a!x}m .{c?x}n .r+{o!}n .{c!x}n .{a?x}m .r),
is referred to as the choice part, where the choice connecting {i!}n .{a!x}m .{c?x}n .r and {o!}n .{c!x}n .{a?x}m .r
is the only occurrence.
Indexed wired processes are indexed Plain CHOCS processes that only communicate indexed
wires, and with choice operators only appearing in indexed wires or the choice part in p{¦ia r}. So
in the higher-order output, the prefix is of the form {a(m−chan)}i .p.
Below is an obvious result on the indexed version of the encoding (Definition 6.36).
Lemma 6.39. Suppose P is a FOPi process, then [[P ]]n2 is a Plain CHOCS indexed wired process.
Indexed wired bisimulation
Here we give the definition of indexed wired bisimulation.
Definition 6.40 (Indexed wired bisimulation). ≈SW r is the largest symmetric binary relation RS
with respect to index set S on indexed wired processes, if pRS q implies:
{a?x}i

{a?x}i ,S

1. p −−−−→ p0 , then q =⇒ q 0 for some q 0 , and p0 {b−ichan/x}RS q 0 {b−ichan/x} for some
indexed wire b−ichan, where b is a fresh name;
{a!B (b−ichan)}i

2. p −−−−−−−−−−−→ p00 , where b is a name, then q
{τ }i,i

{a!B (b−ichan)}i ,S

=⇒

q 00 for some q 00 , and p00 RS q 00 ;

ε,S

3. p −−−−→ p0 , i ∈ S, then q =⇒ q 0 for some q 0 , and p0 RS q 0 ;
{τ }i,i

{τ }i,i ,S

4. p −−−−→ p0 , i ∈
/ S, then q =⇒ q 0 for some q 0 , and p0 RS q 0 .
Note the third and fourth requirements. They say that if the participants have index i ∈ S, then
the corresponding silent action may be neglected. Otherwise, the simulation should be done in a
strong style. In fact, indexed wired bisimilarity (≈SW r ) implies indexed context bisimilarity (≈SCt )
(S ⊇ {m, n}). We will see this from the arguments in the following sections. Up-to technique also
exist in the index paradigm, and we will explain whenever necessary. And ≈SW r can be extended
to open processes as usual.
It is not hard to show that ≈SW r satisfies the following properties.
Lemma 6.41. ≈SW r is an equivalence relation and a congruence relation under operators except
choice operator.
Like that for indexed context bisimulation, we also have the next property.
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Lemma 6.42. A symmetric binary relation RS with respect to index set S ⊆ I on (closed) indexed
wired processes, if pRS q implies:
{a?x}i ,S

{a?x}i ,S

1. p =⇒ p0 , then q =⇒ q 0 for some q 0 , and p0 {b−ichan/x}RS q 0 {b−ichan/x} for some
indexed wire b−ichan, where b is a fresh name;
2. p

{a!B (b−ichan)}i ,S

=⇒

ε,S

p00 , where b is a name, then q

{a!B (b−ichan)}i ,S

=⇒

q 00 for some q 00 , and p00 RS q 00 ;

ε,S

3. p =⇒ p0 , then q =⇒ q 0 for some q 0 , and p0 RS q 0 ;
{τ }i,i

{τ }i,i ,S

4. p =⇒ p0 , i ∈
/ S, then q =⇒ q 0 for some q 0 , and p0 RS q 0 .
then RS is an indexed wired bisimulation.
The congruence relation of indexed wired bisimilarity is defined as follows.
Definition 6.43. Indexed Plain CHOCS wired processes p and q are indexed wired congruent,
denoted by p 'SW r q, if p ≈SW r q and the following properties hold for every substitution σ on
names:
τ

τ

τ

τ

1. If pσ −
→p0 then qσ =⇒q 0 ≈SW r p0 for some q 0 ;
2. If qσ −
→q 0 then pσ =⇒p0 ≈SW r q 0 for some p0 .
Lemma 6.44. 'SW r is a congruence on indexed Plain CHOCS wired processes.
Indexed wired factorization theorem
To arrive at the relationship between indexed wired bisimilarity (≈SW r ) with indexed context
bisimilarity (≈SCt ) (S ⊇ {m, n}), we need a number of properties, among which the indexed wired
factorization theorem is most important.
As mentioned, we use p{¦ia r} to abbreviate
(p|!({i!}n .{a!x}m .{c?x}n .r+{o!}n .{c!x}n .{a?x}m .r))\{a, i, o, c},
(m, n ∈ I), where the superscript i on the diamond indicates “index”. We give several properties
on the abbreviation. The first is about the substitution of {¦ia }.
Lemma 6.45 (Substitution lemma on {¦ia }). Let p, q, r be indexed Plain CHOCS processes
without choice operator. Then the following holds:
p{q/x}{¦ia r} ≈SCt p{¦ia r}{q{¦ia r}/x},
where S ⊇ {m, n}.
Next is a lemma on the distributivity of {¦ia }.
Lemma 6.46 (Distributivity on {¦ia }). Let p, q, q 0 , r, r0 be indexed Plain CHOCS
without choice operator. Then it holds that (S ⊇ {m, n}):

processes

1. nil{¦ia r} ≈SCt nil;
2. ({i?}n .{a?x}m .{c!x}n .p){¦ia r} ≈SCt ({τ }n,n .{τ }m,m .{τ }n,n .(p|r)){¦ia r}, a appears in {¦ia r};
3. ({o?}n .{c?x}n .{a!p0 }m .p){¦ia r} ≈SCt ({τ }n,n .{τ }n,n .{τ }m,m .(p|r{p0 /x})){¦ia r}, a appears
in {¦ia r};
4. ({τ }k,k .p){¦ia r} ≈SCt {τ }k,k .p{¦ia r}, k = m, n;
5. (p|p0 ){¦ia r} ≈SCt p{¦ia r}|p0 {¦ia r};
6. (p\b){¦ia r} ≈SCt (p{¦ia r})\b, if b does not appear in f n(r) and {¦ia r} related names;
7. (p[b 7→ c]){¦ia r} ≈SCt (p{¦ia r})[b 7→ c], if b, c do not appear in f n(r) and {¦ia r} related
names;
8. (!p){¦ia r} ≈SCt !(p{¦ia r}).
Below are several lemmas necessary for the indexed wired factorization theorem. The following
lemma is immediately provable.
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Lemma 6.47. It holds that p ≈SCt {τ }k,k .p (k = m, n), for any indexed Plain CHOCS process p
without choice operator and S ⊇ {m, n}.
The following lemma shows that instead of passing an indexed process, it can be replaced
with an indexed wire, the effect of which is adding some extra {τ }n,n actions before the replaced
process.
Lemma 6.48.
p{{τ }k,k .r/x} ≈SCt (p{a−chan/x}){¦ia r},
(k = m, n) for any indexed Plain CHOCS process p without choice operator and indexed Plain
CHOCS process r and S ⊇ {m, n}.
Now we can give the indexed wired factorization theorem.
Theorem 6.49 (Indexed wired factorization theorem).
p{r/x} ≈SCt (p{a−ichan/x}{¦ia r}),
for any indexed Plain CHOCS process p without choice operator and indexed Plain CHOCS process r, and S ⊇ {m, n}.
The relationship between ≈SW r and ≈SCt
Now we are about to obtain the crucial theorem stating the relationship between indexed
higher-order context bisimilarity (≈SCt ) and indexed wired bisimilarity (≈SW r ) (S ⊇ {m, n}). We
first give some congruence properties of indexed wired bisimulation (≈SW r ).
Lemma 6.50. Suppose p, q, r are indexed wired processes, and a is a name. If p ≈SW r q with
S ⊇ {m, n}, then
p\a ≈SW r q\a; p|r ≈SW r q|r.
If p 'SW r q,
then p[a 7→ b] ≈SW r q[a 7→ b]
Now we prove two lemmas comprising the needed theorem.
Lemma 6.51. Suppose p, q are indexed wired processes. If p ≈SCt q, then p ≈SW r q does not
generally hold, where S ⊇ {m, n}.
Lemma 6.52. Suppose p, q are indexed wired processes. If p ≈SW r q, then p ≈SCt q, where S ⊇
{m, n}.
The two lemmas above immediately lead to the following theorem.
Theorem 6.53. ≈SW r is strictly contained by ≈SCt on all indexed wired processes, where S ⊇
{m, n}.
And a corollary is as below.
Theorem 6.54. 'SW r is strictly contained by 'SCt on all indexed wired processes, where S ⊇
{m, n}.

6.4.3

Toward the full abstraction theorem

In this section we study the full abstraction of the indexed version of the encoding. The
traditional definition of full abstraction is as follows.
Definition 6.55 (Full abstraction). If P ≈1 Q iff [[P ]] ≈2 [[Q]], where [[·]] is some encoding from
one calculus to the other. And ≈1 and ≈2 are certain bisimilarities in the two calculi, respectively.
We usually call the “only if” direction soundness, and the “if” direction completeness.
From the indexed version of the encoding strategy, we can deduce the following lemma on the
correspondence in actions between the FOPi process and the indexed Plain CHOCS process
encoding it. And its proof differs slightly from the non-indexed version.
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Lemma 6.56. The following two equations hold for S = {n} and m ∈ I
[[a(x).P ]]n2 ≈SCt {a?x}m .[[P ]]n2 ,
[[ab.P ]]n2 ≈SCt {a!(b−ichan)}m .[[P ]]n2 .
Another property on the behavior of the indexed Plain CHOCS process encoding a FOPi process is that silent moves consisting of only those indexed by n (actually {n, n}) preserve indexed
wired bisimilarity (on the processes before and after the moves).
ε,S

Lemma 6.57. Suppose P is a FOPi process and S = {n}. If [[P ]]n2 =⇒ p0 , then [[P ]]n2 ≈SW r p0 .
Proof. The proof is a structural induction on P , which is routine and omitted. One point worth
noting is that P contains no choice operator, and the {τ }n,n all comes from the communications
in the indexed wires on the auxiliary ports (i, o, c) that are restricted in the communications and
known only to the name itself being simulated, with no internal choice possibility. For example,
in translating an output prefix, silent actions indexed by n can merely occur before the actual
output action for encoding in indexed Plain CHOCS.
The next two lemmas form the basis of the proof of full abstraction below. They clarify the
correspondence of (all possible) actions before and after the indexed version of the encoding, or the
correspondence of operational semantics. Lemma 6.58 corresponds to the action correspondence
lemma in the non-indexed encoding (Lemma 6.20), and the proof is straightforward from the
encoding strategy.
Lemma 6.58 (Indexed action correspondence). Suppose P, Q are FOPi processes. The correspondence in actions between a process and its indexed encoding is as follows (S = {m, n},
B = {b}):
a(x)

• If P −−−→ P 0 , then [[P ]]n2
ab

• If P −→ P 0 , then [[P ]]n2

{a?x}m ,S

=⇒

[[P 0 ]]n2 ;

{a!∅ (b−ichan)}m ,S

=⇒

a(b)

• If P −−→ P 0 , then [[P ]]n2

[[P 0 ]]n2 ;

{a!B (b−ichan)}m ,S

=⇒

[[P 0 ]]n2 ;

{τ }m,m

τ

• If P −
→ P 0 , then [[P ]]n2 −−−−−→ [[P 0 ]]n2 or [[P ]]n2

{τ }m,m ,S

=⇒

[[P 0 ]]n2 ; or simply [[P ]]n2

{τ }m,m ,S

=⇒

[[P 0 ]]n2 .

Proof. By induction on the structure of P . It is a routine check and we skip the details. Noticing
Lemma 6.56, one knows that the preceding and trailing silent actions in the weak transitions
α,S
(=⇒, α is {a?x}m , {a!∅ (b−ichan)}m , {a!B (b−ichan)}m or {τ }m,m ) in the latter part of the clauses
consist of only those indexed by n, which are the auxiliary internal actions brought about by
indexed wires. In fact, one can figure out how many {τ }n,n there are and where they are in terms
of the encoding strategy, like that in Lemma 6.19.
We also have the converse of the above lemma. Note that in non-indexed version, we do not
state a corresponding lemma, since without index technique, the silent actions brought about by
the encoding is not easy to identify in some desired detail (against the silent actions from the
encoded FOPi process). To analyze the action sequence to the extent that different kinds of silent
actions are treated properly, we need the index technique.
Lemma 6.59. Suppose P, Q are FOPi processes. The converse of Lemma 6.58 (S = {m, n},
B = {b}) is stated as follows:
• If [[P ]]n2

{a?x}m ,S

• If [[P ]]n2

{a!∅ (b−ichan)}m ,S

p0 , then P =⇒ P 0 for some P 0 and p0 ≈SW r [[P 0 ]]n2 ;

• If [[P ]]n2

{a!B (b−ichan)}m ,S

p0 where B = {b}, then P =⇒ P 0 for some P 0 and p0 ≈SW r [[P 0 ]]n2 ;

• If [[P ]]n2

{τ }m,m ,S

=⇒

a(x)

p0 , then P =⇒ P 0 for some P 0 and p0 ≈SW r [[P 0 ]]n2 ;

=⇒

=⇒

=⇒

ab

a(b)

τ

p0 , then P =⇒ P 0 for some P 0 and p0 ≈SW r [[P 0 ]]n2 ;

ε,S

• If [[P ]]n2 =⇒ p0 and the weak transition contains no silent actions indexed by m, then it does
not indicate any action in P .
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Proof. By induction on the structure of P . The proof is routine, and we informally point out several
things. Suppose α is {a?x}m , {a!∅ (b−ichan)}m , {a!B (b−ichan)}m , or {τ }m,m . First is that the
action α in the weak transition in the premises of the clauses is the unique mark signaling the
corresponding action (input, output or communication) in the process before encoding. Secondly,
α,S

the silent actions in =⇒ other than α may comprise {τ }n,n or {τ }m,m , so it is not sure whether all
of them are from auxiliary communications by indexed wires, which is why we use weak transitions
in the latter part of the clauses in this lemma. Thirdly, we can only guarantee ≈SW r in each clause
because [[P 0 ]]n2 can differ from p0 by the distance of some silent actions indexed by m or n. For
example, p0 can hold some {τ }n,n generated by indexed wires, since the encoding strategy does
not assert atomic translation of a certain prefix.
The proof is generally similar to Lemma 6.58. With the help of indices, the first three correspondences are not difficult to show. We focus on the last one concerning silent actions. Formally,
the proof is by induction on the structure of P . Here we give an intuitive analysis. The silent
action(s) can come from two sources. One is from an indexed τ action in a prefixed form. In
τ
this case, it is easy to see that P =⇒ P 0 . The other case is that the silent action comes from
a communication between two components after encoding. Thus it must have experienced some
extra τ actions indexed by n before and/or after the {τ }m,m action that corresponds to the communication in the original FOPi process. So taking the points mentioned above, we know again
τ
P =⇒ P 0 .

Based on the action correspondence properties and the results on bisimulations, we have the
following lemma stating the relationship between indexed wired bisimulation (under indexed encoding) and (non-indexed) wired bisimulation (under non-indexed encoding). That is, the former
entails the latter. The result is essentially decided by the two encodings (indexed and non-indexed),
which determine the action correspondence between after and before the encodings.
Lemma 6.60. Suppose P, Q are two FOPi processes and S = {m, n}. Then
1. [[P ]]n2 ≈SW r [[Q]]n2 iff [[P ]]2 ≈W r [[Q]]2 ;
2. [[P ]]n2 ≈SCt [[Q]]n2 iff [[P ]]2 ≈Ct [[Q]]2 .
Proof. An easy consequence of Lemma 6.16, Lemma 6.17. Notice that Index([[P ]]n2 )∪Index([[Q]]n2 ) =
{m, n}.

Next we show two lemmas concerning the soundness and completeness of the indexed encoding.
The first lemma is as follows.
.

Lemma 6.61. If P ≈ Q, then [[P ]]n2 ≈SCt [[Q]]n2 for S = {m, n}.
Proof. Define RS as follows:
.

RS , {([[P ]]2n , [[Q]]n2 ) | P ≈ Q}∪ ≈SW r ,
where S = {m, n}. We prove that RS is an indexed wired bisimulation up-to ≈SW r , with respect
to S. This suffices due to Theorem 6.53.
First of all, it is clear that [[P ]]n2 and [[Q]]n2 are all indexed wired processes, by Lemma 6.39.
There are several cases to consider, noticing Lemma 6.37.
• If [[P ]]n2

{a?x}m ,S

=⇒

.

a(x)

p0 , then by Lemma 6.59, P =⇒ P 0 for some P 0 and p0 ≈SW r [[P 0 ]]n2 . Since P ≈
.

a(y)

Q, we have Q =⇒ Q0 for some Q0 and P 0 {z/x} ≈ Q0 {z/y}, for every name z. By definition,
{a?x}m ,S

[[P 0 {z/y}]]n2 RS [[Q0 {z/y}]]n2 . And by Lemma 6.58, [[Q]]n2 =⇒ [[Q0 ]]n2 . So we choose a fresh
name h to correspond to name z, and it holds that [[P 0 ]]n2 {h−ichan/y} RS [[Q0 ]]n2 {h−ichan/y}.
Attention payed to the definition of the indexed encoding, it is indeed [[P 0 ]]n2 RS [[Q0 ]]n2 .
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• If [[P ]]n2

{a!B (b−ichan)}m ,S

p00 , where B ∩ (f n([[P ]]n2 ) ∪ f n([[Q]]n2 ) = ∅ and B = {b}, for some b

=⇒

.

a(b)

of b−ichan, then by Lemma 6.59, P =⇒ P 0 for some P 0 and p00 ≈SW r [[P 0 ]]n2 . Since P ≈ Q,
.

a(b)

Q =⇒ Q0 for some Q0 and P 0 ≈ Q0 , so we have [[Q]]n2
that [[P 0 ]]n2 RS [[Q0 ]]n2 .
• If [[P ]]n2

{a!∅ (b−ichan)}m ,S

=⇒

{a!B (b−ichan)}m ,S

=⇒

[[Q0 ]]n2 . Thus it holds

p00 , then it is similar to the last case.

{τ }i,i ,S

• The case [[P ]]n2 =⇒ p0 , i ∈
/ S, will never appear, by Lemma 6.37.
ε,S

• If [[P ]]n2 =⇒ p0 , then there are two subcases.
ε,S

– =⇒ contains no silent actions indexed by m. Then it results in an empty simulation,
since P, Q do not have any clues on auxiliary silent actions brought about by indexed
wires during encoding. By Lemma 6.57, we know [[P ]]n2 ≈SW r p0 , so the matching step
is closed, since [[P ]]n2 R [[Q]]n2 .
{τ }m,m ,S

τ

– If [[P ]]n2
=⇒ p0 , then by Lemma 6.59, P =⇒ P 0 for some P 0 and p0 ≈SW r [[P 0 ]]n2 .
.
.
Since P ≈ Q, Q =⇒ Q0 for some Q0 and P 0 ≈ Q0 . If the simulation is not empty,
{τ }m,m ,S

then by Lemma 6.58, [[Q]]n2 =⇒ [[Q0 ]]n2 . And by definition, [[P 0 ]]n2 RS [[Q0 ]]n2 . If the
.
simulation is empty, then P 0 ≈ Q0 ≡ Q, and [[P 0 ]]n2 RS [[Q]]n2 . In either case, it holds
ε,S

that [[Q]]n2 =⇒ [[Q0 ]]n2 , and [[P 0 ]]n2 RS [[Q0 ]]n2 .
Therefore, RS is an indexed wired bisimulation up-to ≈SW r , with respect to S, so [[P ]]n2 ≈SW r [[Q]]n2 .
Then by Theorem 6.53, it holds that [[P ]]n2 ≈SCt [[Q]]n2 for S = {m, n}.
The other direction of the full abstraction is stated in the following lemma.
.

Lemma 6.62. If [[P ]]n2 ≈SW r [[Q]]n2 for S = {m, n}, then P ≈ Q.
Proof. Define:

.

R , {(P, Q) | [[P ]]n2 ≈SW r [[Q]]n2 }∪ ≈ .

And it suffices to show that R is a ground bisimulation.
There are several cases to consider:
a(x)

• P −−−→ P 0 . Then by Lemma 6.58, [[P ]]n2
that [[Q]]n2

{a?x}m ,S

=⇒

{a?x}m ,S

=⇒

[[P 0 ]]n2 , p0 . Since [[P ]]n2 ≈SW r [[Q]]n2 , we know

q 0 for some q 0 , and p0 {h−chan/x} ≈SW r q 0 {h−chan/x} for every fresh h
a(x)

(since we can choose an arbitrary fresh name). Thus by Lemma 6.59, Q =⇒ Q0 for some
Q0 , and q 0 ≈SW r [[Q0 ]]n2 , so q 0 {h−chan/x} ≈SW r [[Q0 ]]n2 {h−chan/x}, and [[Q0 ]]n2 {h−chan/x} is
exactly [[Q0 ]]n2 , by the definition of the indexed encoding strategy (h for x in the encoding).
Now we have P 0 {z/x} R Q0 {z/x} for all z, since p0 {h−chan/x} ≈SW r q 0 {h−chan/x} for
every fresh h (we use h to correspond to x), with attention payed to the definition of the
indexed encoding.
a(b)

• P −−→ P 0 . Then by Lemma 6.58, [[P ]]n2
[[P ]]n2 ≈SW r [[Q]]n2 , we know that
a(b)

by Lemma 6.59, Q =⇒ Q0 for
p0 ≈SW r q 0 ≈SW r [[Q0 ]]n2 .

{a!B (b−ichan)}m ,S

=⇒

[[P 0 ]]n2 , p0 , where B = {b}. Since

{a!B (b−ichan)}m ,S 0
[[Q]]n2
=⇒
q for
0
0
S
some Q and q ≈W r [[Q0 ]]n2 .

some q 0 , and p0 ≈SW r q 0 . Thus
Now we have P 0 R Q0 , since

ab

• P −→ P 0 . This case is similar to the last one.
τ

• P −
→ P 0 . Then by Lemma 6.58, [[P ]]n2
{τ }m,m ,S
[[Q]]n2 =⇒

{τ }m,m ,S

[[P 0 ]]n2 , p0 . Since [[P ]]n2 ≈SW r [[Q]]n2 , we
ε,S
q 0 , or [[Q]]n2 =⇒ q 0 for some q 0 and the weak transition
m; and p0 ≈SW r q 0 in either case. In the first case, by
some Q0 and q 0 ≈SW r [[Q0 ]]n2 . Then we have P 0 R Q0 ,
=⇒

know that
q 0 for some
contains no silent moves indexed by
τ
Lemma 6.59, we have Q =⇒ Q0 for
0
S
0
S
0 n
since p ≈W r q ≈W r [[Q ]]2 . In the second case, again by Lemma 6.59, we know Q has fired
no action correspondingly, so the simulation is null, that is Q =⇒ Q0 ≡ Q. Then by Lemma
6.57, we have [[Q0 ]]n2 ≡ [[Q]]n2 ≈SW r q 0 . Then it holds that [[Q0 ]]n2 ≈SW r p0 . Hence we know
P 0 R Q0 .
.

Therefore, R is a ground bisimulation, so P ≈ Q.
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Now we finally reach a full abstraction theorem.
.

Theorem 6.63 (Full abstraction). Suppose P, Q are FOPi processes. Then P ≈ Q iff [[P ]]n2 ≈SW r
[[Q]]n2 for S = {m, n}.
Proof. A concluding result from the previous two lemmas, Lemma 6.61(by its proof) and Lemma
6.62, and Theorem 6.53.
From the theorem above, it is not hard to derive the following corollary.
.

Corollary 6.64. Suppose P, Q are FOPi processes. Then P ≈ Q iff [[P ]]2 ≈W r [[Q]]2 .
Proof. By Theorem 6.63 and Lemma 6.60.
This corollary tells us that the non-indexed (original) version of the encoding is sound and
complete, that is fully abstract, with respect to ground bisimilarity and wired bisimilarity.
We can also derive the following important corollary.
.

Corollary 6.65 (Soundness). Suppose P, Q are FOPi processes. Then P ≈ Q implies [[P ]]2 ≈Ct
[[Q]]2 .
Proof. By Corollary 6.64 and Theorem 6.33. Or by Theorem 6.63, Theorem 6.53 and Lemma
6.60.
This corollary tells us that the non-indexed (original) version of the encoding is sound, with
respect to ground bisimilarity and context bisimilarity.

6.5

Discussion and future work

Our result on full abstraction of the encoding (from FOPi to Plain CHOCS) shows that the
encoding strategy is reasonable and correct in a sense, though to go through the encoding some
care should be taken to skip something (the extra silent actions) brought about by the encoding
strategy. Here we make some discussion and point out some work that can be carried out in the
future.
We think more of the full abstraction consideration, with respect to different bisimilarities on
either side, can be considered. For example, the barbed bisimilarities [81] [91] [82] on either side,
or other versions (such as late) of the bisimilarities. We believe these cases can be studied in
a much similar fashion. Moreover, some refinement or extension on the bisimilarities related to
full abstraction of the encoding may exist. Again for instance, we can use barbed bisimilarity
in FOPi, and use early context bisimilarity (or barbed bisimilarity) in HOCCS. We hold that
in this case, the encoding strategy and related set of results and proofs still make sense. It is
safe to go through a similar procedure to show that the encoding is sound with respect to barbed
bisimulation in FOPi and early context bisimulation. These results on the encoding between firstorder and higher-order paradigm may somewhat complement the work by Sangiorgi on encoding
higher-order π-calculus with first-order π-calculus [82].
When we consider full abstraction of the encoding with respect to ground bisimilarity and
context bisimilarity, it merely holds in one direction, that is the soundness. We think this is
mainly attributed to the selection of the bisimulation equivalence on either side. The crux here is
that ground bisimilarity is not quite a reasonable bisimulation, and the clause for bound output,
which ignores the local name in the after simulation, is probably the killer of full abstraction. We
believe that if we choose a more proper bisimilarity in FOPi and adjust the wired bisimilarity in
Plain CHOCS, we can arrive at a full abstraction. Below we sketch this idea. We intend to use
quasi open bisimilarity in FOPi, since it has proven to be a most plausibly intuitive and authentic
bisimilarity, and local wired bisimilarity in Plain CHOCS, which we will define.
The definition of a quasi open bisimulation involves a family of binary relations indexed by
finite sets of names. Suppose N is the total set of names, and x
e denotes a sequence of names
α̂
(the length is possibly zero). And the related notations, such as =⇒, zex, zeze0 and zeσ, where α is
an action and σ is a substitution on names, are in their usual meanings. We need the following
definition on substitutions on names.
Definition 6.66. A substitution σ on names respects ze, if whenever z ∈ ze and y 6= z, then
yσ 6= zσ.
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That is a substitution respecting ze will never equal a name in ze with a distinct one.
The quasi open bisimulation [91] [37], which is aimed at improving open bisimulation [87] [41],
is defined as follows.
Definition 6.67 (Quasi open bisimilarity). A quasi open bisimulation is a family of symmetric
binary relations {Rze | ze ⊆ N is finite} on FOPi processes such that, for all P and Q, whenever
P Rze Q the following holds:
1. If P σ Rzeσ Qσ for every σ that respects ze, that is it is closed under substitutions respecting
ze;
α

α̂

2. If P −
→P 0 and α is not a bound output, then Q=⇒Q0 for some Q0 and P 0 Rze Q0 ;
a(x)

a(x)

3. If P −−−→P 0 , then Q=⇒Q0 for some Q0 and P 0 Rzex Q0 .
We refer to ≈zqe as the quasi open ze-bisimilarity, and write {≈zqe | ze ⊆ N is finite} for the largest
quasi open bisimulation, that is the pointwise union of all quasi open bisimulations. The quasi
open bisimilarity, denoted by ≈q , is the quasi open ∅-bisimilarity ≈∅q .
An intuitive characterization of quasi open bisimilarity is local open bisimilarity [37], which is
more natural in form and somewhat easier to understand. We introduce the definition from [37]
below.
Definition 6.68 (Local open bisimilarity). A symmetric binary relation R on FOPi processes is
a local open bisimulation if:
• it is closed under substitutions of names, and
• whenever P R Q, the following properties hold:
α

α̂

1. If P −
→P 0 , where α is not a bound output, then some Q0 exists such that Q=⇒Q0 and
0
P R Q0 ;
a(x)

a(x)

2. If P −−−→P 0 , then for each process A, some Q0 exists such that Q=⇒Q0 and
(x)(P 0 |A) R (x)(Q0 |A).
The local open bisimilarity, denoted by ≈lo , is the largest local open bisimulation.
Accordingly, if we go through the encoding strategy, we naturally think of the adjustment of
the definition of wired bisimulation, which much resembles context bisimulation, different in that
it is defined on wired processes. The definition of the new bisimulation, which we call local wired
bisimulation, is given below.
Definition 6.69 (Local wired bisimilarity). ≈lw is the largest symmetric binary relation R (called
local wired bisimulation) on Plain CHOCS wired processes, if whenever p R q it implies that:
a?x

a?x

1. If p −−→ p0 , then for some wire b−chan, where b is a fresh name, q =⇒ q 0 for some q 0 , and
p0 {b−chan/x} R q 0 {b−chan/x};
a!B (b−chan)

2. If p −−−−−−−−→ p00 , then for every E[x] s.t. f n(E[x]) ∩ B = ∅, q
and (E[b−chan]|p00 )\B R (E[b−chan]|q 00 )\B;

a!B (b−chan)

=⇒

q 00 for some q 00 ,

τ

3. If p −
→ p0 , then q =⇒ q 0 for some q 0 , and p0 R q 0 .
Then we believe it can be shown that local wired bisimilarity coincides with (early) context
bisimilarity.
Theorem 6.70. ≈lw coincides with ≈Ct on wired processes.
On the basis of the bisimulations above, we can re-consider the encoding strategy. We hold that
with the results already available and the bisimulations used, we can have the following theorem.
Theorem 6.71. Suppose P, Q are FOPi processes. Then P ≈lo Q iff [[P ]]2 ≈Ct [[Q]]2 .

Apart from the discussion above, we consider it meaningful to explore the following directions
in the future.
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• Based on the available results and discussion above, the encoding may be able to provide
an alternative way to encode λ-calculus. We know in [82] that λ-calculus can be encoded
in higher-order π-calculus in a relatively direct way, and the encoding by Sangiorgi can be
mapped to the indirect encoding strategy, from (lazy) λ-calculus to first-order π-calculus,
by Milner in [66]. Here correspondingly, based on the encoding strategy, one can design an
indirect encoding of (lazy) λ-calculus using higher-order π-calculus. There are two steps:
1. Milner’s encoding: from (lazy) λ-calculus to first-order π-calculus;
2. Encoding discussed in this chapter: from first-order π-calculus to higher-order πcalculus.
And we think it is possible to map this strategy to Sangiorgi’s direct encoding. Since it is of
much interest to investigate the relationship between functional programming and concurrent
programming, this can contribute to the research to some extent, and enable the cross-usage
of tools in one language (higher-order π-calculus) to the other (λ-calculus).
• Using the full calculi in the encoding, that is keeping the choice operator in FOPi. Is it
possible? It seems that it is not a trivial task. A completely new approach would be needed
to get over the technical details, if the overall strategy were correct. As a matter of fact,
(nondeterministic) choice is always a powerful operator to coexist with, and this research
can probably offer some insight into the essence of this operator in influencing the expressive
capability of a certain calculus. Another question is whether we can revoke relabelling in
the encoding strategy. If this is possible the encoding can enjoy a neater and more intuitive
style in handling wires, apart from offering a more essential understanding of names.
• Applications. There can be some applications including modeling some procedures, such as
biological processes in signaling transduction, to show the effect of the encoding. The point is
that sometimes it is much difficult to use FOPi to model some biological procedure, because
the procedure may contain some “higher-order” elements (such as a cell going through a
membrane) and not so easy to capture using name-passing mechanism. In such cases, a
higher-order calculus can provide a much more convenient method to describe the biological
procedure more closely. And one can be assured that the modeling capability is adequate.
• More study on the computational power of related process calculi. The encoding sheds some
light on the comparison of expressive power between FOPi and Plain CHOCS. We can
continue to study more such pairs on different process calculi, such as asynchronous process
calculi on one side of comparison since it is closer to real-life behavior of processes in a sense.

6.6

Conclusion

In conclusion, we have done in this chapter a task which complements the encoding work in the
field. That is, the encoding of FOPi with HOCCS(Plain CHOCS) first put forth in [97], possesses
the desired result of full abstraction with respect to ground bisimilarity (FOPi) and wired bisimilarity (Plain CHOCS), and the soundness, with respect to ground bisimilarity (FOPi) and context
bisimilarity (Plain CHOCS). To achieve this, we resort to the index technique, which we applied
to the original encoding strategy. We propose (indexed) wired processes, prove the (indexed)
wired factorization theorem, and show the relationship between the (indexed) wired bisimilarity
and (indexed) context bisimilarity on (indexed) wired processes, which eases the proof of the results on full abstraction. The index technique is also used to make smooth the correspondence
of operational semantics between FOPi processes and the (indexed) Plain CHOCS processes
encoding them. Thus we eventually make it to prove the comparability on the expressive power
of the two calculi, which says that the expressive capabilities of the two calculi (FOPi and Plain
CHOCS) are comparable in the sense of the corresponding of the two designated bisimilarities
(ground bisimilarity and wired bisimilarity or context bisimilarity) on them respectively. What’s
more important is that the original encoding is proven to be sound with respect to ground bisimilarity and context bisimilarity. Some discussion is made on how to achieve full abstraction on
more intuitive bisimilarity on the FOPi side, that is quasi open bisimilarity.
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Chapter 7

Revisiting local bisimulation in
linear higher-order π-calculus
F1

7.1

Introduction

Compared with first-order calculi [64] [69] [92], higher-order process calculi excel in that they
provide the ability to communicate an integral program, rather than a simple value or a reference
to a program. The importance are double-fold. Firstly, theoretically higher-order features offer
a broader spectrum of communication capability that can possibly compute more conveniently
and efficiently, and the (technical) framework of process calculi is widened. Secondly, practically
distributed and mobile computing are increasingly expanding in various forms, in which communication involving higher-order elements can be witnessed in nearly anywhere, such as sending a
small application through network or packaging and transmitting a script over and then configuring and running in a remote computer. So the study of higher-order process calculi can probably
enable us to better direct the technology development.
However, due to the over-powerfulness of the higher-order calculi [82], a sound and complete
axiom system is absent from the very beginning, and no interesting result has been established for
a long time. Later as mentioned, Fu, in [36], gives some new observation on this topic and made
some progress by focusing on a linear fragment of higher-order π-calculus, which is a sub-calculus
limiting the occurrence of process variables on concurrent positions of a process and has the general
(non-deterministic) choice operator. He successfully builds up a sound and complete axiom system
for his calculus (linear higher-order π-calculus), with a distinguishing contribution on the rules
for local congruence with respect to higher-order operators. And the bisimulation he used, called
local bisimulation, is somewhat different from that of Sangiorgi’s context bisimulation [85], in that
it is of an open style [87] [91], it uses the general weak transition instead of the delayed one, and
in the handling of first-order bound output, where he adopted a more intuitionistic approach, that
is to observe the residual process with any process in concurrent position restricted by the output
bound name, which is inherited from quasi open bisimulation and its characterization [37].

Contribution
In this chapter, we put forward some recent work on linear process calculi. Our endeavor
in this chapter is focused on the bisimulation theory of linear higher-order π-calculus (LHOPi),
trying to find some simplification of local bisimulation in the calculus, which is first proposed by
Fu [36] and is an extension of local bisimulation in first-order π-calculus. The processes considered
in this chapter are all LHOPi processes. The simplification is achieved by making full use of
the properties of linear processes, that is the theorems clarifying the relationship between the
equivalence of prefixed processes and the equivalence of their continual processes, to be more
concrete, Abstraction Theorem for higher-order input and Concretion Theorem for higher-order
output [36], where the equivalence is local bisimilarity (≈l ). These theorems are worked out by Fu
1 This

chapter has been updated. See [105] for the most recent version.
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to lay the foundation for an axiom system, and we harness them to simplify local bisimulation, by
loosening the requirements in the local bisimulation. For example, we only demand the receiving
of a special process in the comparison of higher-order input rather than a general process. So (R
is a certain bisimulation, and we omit some relatively unimportant details).
a(A)

a(A)

If P −−−→P 0 , then Q=⇒Q0 for some Q0 and P 0 RQ0
is simplified to
a(c)

a(c)

If P −−→P 0 , where c is a fresh name, then Q=⇒Q0 for some Q0 , and P 0 R Q0
(where c abbreviates c(x).0 and c is fresh)
And in higher-order output, the demand that the transmitted process should be considered
in an arbitrary environment with the residual process is weakened to the holding of the similar
property on a special environment. So
(e
x)aA

(e
y )aB

If P −−−−→P 0 then Q =⇒ Q0 for some ye, B, Q0 , and for every process E[X] it holds that
(e
x)(E[A]|P 0 ) R (e
y )(E[B]|Q0 )
is simplified to
(e
x)aA

(e
y )aB

If P −−−−→P 0 , then Q =⇒ Q0 for some ye, B, Q0 . And for a process E[X] ≡ c.(X+d), where c, d
are fresh names, it holds that (e
x)(E[A]|P 0 ) R (e
y )(E[B]|Q0 )
The obtained bisimulation after the modification above is called local linear bisimulation (≈ll for
the corresponding bisimilarity). We show that Abstraction Theorem and Concretion Theorem
also hold on local linear bisimilarity, which leads to the coincidence between local bisimilarity and
local linear bisimilarity.
Then we examine the first-order bound output, whose corresponding clause in local bisimulation is
a(x)

a(x)

If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and for every (closed) process O, (x)(O|P 0 ) R (x)(O|Q0 )
We show in an informal way that this cannot be simplified. However, to gain a handy manipulation,
we define a variant on first-order bound output clause by using the congruence properties, and
obtained the following clause.
a(x)

a(x)

If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and for all (closed) processes O1 and O2 such that
O1 R O2 , (x)(O1 |P 0 ) R (x)(O2 |Q0 )
The bisimulation gained after this adjustment is called local linear variant bisimulation (≈vll for
the corresponding bisimilarity). We show that local linear variant bisimilarity coincides with local
linear bisimilarity. So in summary we obtained two bisimulations that simplify local bisimulation
without loss of distinguishing power.
To make our work on bisimulation theory more complete, we realize an approximation of local
(linear) (variant) bisimilarity, where parenthesis indicate the three coincident bisimilarities. The
basic approach is traditional like that in [64] for CCS. That is we design a descending (in terms of
set inclusion) chain of bisimulations that increasingly refine to reach a fixed point that is exactly
local (linear) (variant) bisimilarity. This extra credit also serves some potential work on linear
higher-order π-calculus, for example a logical characterization of local bisimulation (chapter 8), as
mentioned in the conclusion section.
To summary a bit, our contribution in this chapter mainly covers the following points after
we make most of the exclusive characteristics of linear higher-order processes to simplify local
bisimulation.
• We make use of the Abstraction Theorem and Concretion Theorem to narrow down the
requirement on higher-order input and output respectively in local bisimulation, and obtain
a simpler form than local bisimulation, called local linear bisimulation. We show local linear
bisimilarity coincides with local bisimilarity;
• We harness the congruence properties to adjust the first-order bound output clause in local
(linear) bisimulation, and obtain a bisimulation called local linear variant bisimulation. We
show that local linear variant bisimilarity coincides with local linear bisimilarity;
• We achieve an approximation of local (linear) (variant) bisimilarity, which lays some foundation for such potential future work as a logical characterization of local bisimulation.
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7.2

Linear higher-order π-calculus

In this section, we give an introduction, a revisit, to linear higher-order π-calculus (LHOPi),
which is first proposed by Fu [36].

7.2.1

Syntax

Linear higher-order π (LHOPi) processes (or simply processes) are denoted by capital letters
(A, B, . . . , E, F, . . . , P, Q, . . .). They are defined by the following abstract grammar. f v(·) denotes
free process variables.
P

:=

0
X
a(x).P
ax.P
a(X).P
aQ.P
P |Q
(x)P
[x=y]P
P +Q

process variable
first-order input
first-order output
higher-order input
higher-order output
parallel composition
restriction
match
choice

f v(P ) ∩ f v(Q) = ∅
f v(P ) ∩ f v(Q) = ∅

Figure 7.1: Syntax of LHOPi
N is the total set of names ranged over by small letters, N denotes the total set of co-names
{a | a ∈ N }, and N ∪ N is ranged over by α, β, λ, .... V is the total set of process variables
(variables for short) ranged over by X, Y, Z, ....
We make some explanations on the processes. Most of them are much familiar, including
linearity.
• We will roughly assume parallel composition, restriction, choice and match are individually
commutative under any context, since it is sound under any equivalence, typically strong
bisimilarities and structural equivalence, such as the first one in [66].
• We have some derived prefixes.
τ.P
a(x).P

,
,

(m)(m(x)|mm.P ),
(x)ax.P

m fresh

The first is silent action prefix and the latter is called first-order bound output.
• In prefixes a(x), ax, a(X), aQ, a is subject, x, X, Q are objects. A name x is bound (local or
restricted) in a(x).P and (x)P , and free otherwise. A process variable X is bound in a(X).P ,
and free otherwise. f n(P1 , ..., Pn ), bn(P1 , ..., Pn ), n(P1 , ..., Pn ); f v(P1 , ..., Pn ), bv(P1 , ..., Pn ),
v(P1 , ..., Pn ) denote free names, bound names, names; free variables, bound variables and
variables in processes P1 , ..., Pn , respectively. A process containing no free variables is called
a closed process, otherwise it is open. We generally focus on closed processes, so if not
mentioned explicitly, processes are closed. And related definitions and results on closed
processes can be extended to open processes in the standard way. So we sometimes use
“(closed)” before processes to indicate this. We sometimes also use “process expressions” to
indicate general processes (closed or open). And in some context the closedness or openness
of a process is clear so we just use “process”. The set of general processes and set of closed
processes are denoted by P r, P r0 respectively.
• α-conversion implicitly effects to avoid unexpected name capturing.
• x
e denotes a finite name vector, that is x1 , x2 , ..., xn . And the names in each vector are pairwise distinct. E[X] denotes a process with at most the free process variable X in it, and
E[X1 , X2 , ..., Xn ] denotes the process with (at most) a series of process variables occurring in
it. Along with this we write E[A1 , A2 , ..., An ] for E[X1 , X2 , ..., Xn ]{A1 /X1 , A2 /X2 , ..., An /Xn },
where An /Xn is a substitution to be defined below.
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• A name substitution {y0 /x0 , ..., yn /xn } is a function from N to N that maps name xi (i =
0, ..., n) to yi and maps any other name to itself. A higher order (process or variable) substitution {R1 /X1 , ..., Rn /Xn } is a function from V to LHOPi processes and maps Xi (i = 0, ..., n)
to Ri and maps any other variable to itself. Name substitution on processes P {y/x} and
higher-order (process or variable) substitution on processes P {Q/X} are defined structurally
on processes as usual and are omitted. We demand that higher-order substitutions do not
produce an non-linear processes. σ and Σ denote name substitution and higher-order substie for a series of name (higher-order) substitutions,
tution respectively. We use {e
y /e
x} ({Pe/X})
that is {y1 /x1 }...{yn /xn } ({P1 /X1 }...{Pn /Xn }).
• We usually omit the process 0 since it is always sound, for example, we may write 0|P
directly as P . When the object name x in a prefix is not important, it is omitted too. We
have some abbreviations: a for a(x).0; a for ax.0 when x is ignored; τ for τ.0. And we use
a to avoid ambiguity in some context of discussion. We also define Ia as a(X).X which will
be of use in the discussion of bisimulations.
• A fresh name (variable) is a name (variable) that does not occur in the processes under
consideration.
• Contexts are processes with holes for processes. It is important that process behavior has
some invariance under various contexts. There are three kind of contexts which we will use
when investigating congruence properties.
Definition 7.1. Contexts:
1. [·] is a context;
2. If C[·] is a context, then a(x).C[·], ax.C[·], τ.C[·], a(X).C[·], aA.C[·], (x)C[·], P |C[·]
and [x=y]C[·] are contexts.
Full contexts:
1. A context is a full context;
2. If C[·] is a full context, then a[C[·]].P and C[·] + P are full contexts.
Local contexts:
A full context of the form (e
x)([·]|O). The more usual form of a local context is (e
x, e
c are
all pairwise distinct)(x1 ) · · · (xn )(c1 x1 | · · · |cn xn |[·]) (or (e
x)(cf
x|[·])), which will play a crucial
role in the discussion of local congruence.
Local contexts have a set of local (secret) names that can be shared with the process O and
the process placed in it, and can be exported to other processes to expand its effective scope.
What’s more, they can never be eliminated. The importance of local environment lies both
in theory and practice [36].
Context C[·] is different from E[X] in that the latter should not let name capturing occur
whereas the former does not take care of this.

7.2.2

Semantics

We give the operational semantics in this section. For the labelled transition system, we need a
concept cp(P, X) of a process variable, indicating the process variables locating at the concurrent
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positions of X, such as parallel composition and higher-order output.
cp(0, X)
cp(X, X)
cp(Y, X)
cp(τ.P, X)
cp(a(x).P, X)
cp(ax.P, X)
cp(a(Y ).P, X)
cp(aQ.P, X)
cp(P |Q, X)

,
,
,
,
,
,
,
¾

cp((x)P, X)
cp([x=y]P, X)
cp(P +Q, X)

,
,
,
,

∅
∅
{Y }, Y 6= X
cp(P, X)
cp(P, X)
cp(P, X)
cp(P,
X)

f
v(Q)
∪ cp(P, X)



f v(P ) ∪ cp(Q, X)
f v(Q) ∪ f v(P ) ∪ cp(P, X) ∪ cp(Q, X)



∅
cp(P, X)
cp(P, X)
cp(P, X) ∪ cp(Q, X)

if
if
if
if

X
X
X
X

∈ (f v(P ) − f v(Q))
∈ (f v(Q) − f v(P ))
∈ (f v(Q) ∩ f v(P ))
∈
/ (f v(Q) ∪ f v(P ))

Now the semantics of LHOPi is given by the labelled transition system below, which defines
λ
the strong transition relation −
→, where λ is an action. The symmetric rules are omitted. There
are four basic actions (two groups: first-order and higher-order): first-order input a(x), first-order
output ax; higher-order input a(A)(Sometimes we use a[A]), higher-order output aA(Sometimes
we use a[A]). And there are three derived actions: internal (silent) action τ , first-order bound
output a(x) and higher-order output (e
x)a[A]. Notice c abbreviates c(x).0, where the recieved
name is not relevant, and corresponding abbreviation is applied to the related action, for example
c

c(x)

−
→ for −−→. We use α, β, λ, ... for actions.
Prefixes
ax

a(y)

ax.P −→P

a(x).P −−−→P {y/x}
f v(A) ∩ cp(P, X) = ∅

aA

a(A)

aA.P −−→P

a(X).P −−−→P {A/X}
Parallel composition
λ

P−
→P 0 bn(λ) ∩ f n(Q) = ∅
λ
P |Q−
→P 0 |Q
a(x)

a(x)

P −−−→P 0 , Q−−−→Q0
τ
P |Q−
→(x)(P 0 |Q0 )

a(A)

a(x)

ax

P −−−→P 0 , Q−→Q0
τ
P |Q−
→P 0 |Q0
(e
x)a[A]

P −−−→P 0 , Q−−−−→Q0
τ
P |−
→(e
x)(P 0 | Q0 )

Restriction
λ

P−
→P 0
x 6∈ n(λ)
λ
(x)P −
→(x)P 0
Nondeterministic choice

ax

P −→P 0 x 6= a
a(x)
(x)P −−−→P 0

(e
x)a[A]

P −−−−→P 0 y ∈ f n(A) − {e
x, a}
(y)(e
x)a[A]
(y)P −−−−−−→P 0

λ

P−
→P 0
λ

P +Q−
→P 0
Condition

λ

P−
→P 0
λ
[x=x]P −
→P 0
Figure 7.2: LTS of LHOPi
We make some remarks.
• The transition rules are self-explained mostly. In higher-order input, the received process
shall not break the linearity of processes. We achieve this by requesting that the free process
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variables in the receiving process should not collide with those variables in the concurrent
position with the variable X. When a communication involves some local names, the scope
of these bound names will be extended. For instance, in higher-order communication, the
local names in A will be extruded to cover the composition of P 0 and Q0 . The rules on
restriction include two that localize names in output and they serve as the basis for scope
extrusion.
• We suppose any local name is somewhat fresh, that is distinct from any other names in the
processes under consideration, due to α-conversion..
• Two actions α, β are said to be complementary if they can form a (first-order or higher-order)
communication. That is one of the action (say α) is a first-order (higher-order) input, and
the other (say β) is a first-order (higher-order) output (including first-order bound output),
both with the same subject.
• A weak transition is defined as below:
(
λ

=⇒ ,
λ̂

=⇒

if

λ=τ

λ

if

λ 6= τ

=⇒ −
→ =⇒

λ

And =⇒ is =⇒ when λ is τ and =⇒ otherwise.
• From the LTS, we can derive several properties. The following two lemmas ensure that
the LTS preserves linearity of processes. Their proofs are usually based on a structure or
transition induction.
Lemma 7.2. Suppose E[X], F [Y ] are LHOPi processes with at most process variable X or
Y . It holds that
– If f v(F ) ∩ cp(E, X) = ∅, then E[F [Y ]] is also a LHOPi process;
Lemma 7.3. Suppose P, A are LHOPi processes. It holds that
λ

– If P −
→P 0 , where λ is a first-order action or τ , then P 0 is also a LHOPi process;
a(A)

– If P −−−→P 0 , then P 0 is also a LHOPi process;
aA

– If P −−→P 0 , then P 0 , A are LHOPi processes too.
• The following lemmas state the properties of LTS concerning substitutions, which will serve
in the investigation of bisimulations. Their proofs are basically transition induction.
λ

λσ

Lemma 7.4. If P is a LHOPi process and P −
→P 0 then P σ −−→ P 0 σ.
Lemma 7.5. If P is a LHOPi process and f v(P ) = {X1 , X2 , ..., Xn }. And P1 , P2 , ..., Pn
λ

are LHOPi process. If P −
→P 0 then
λ{P1 /X1 ,P2 /X2 ,...,Pn /Xn }

P {P1 /X1 , P2 /X2 , ..., Pn /Xn }−−−−−−−−−−−−−−−−−−→P 0 {P1 /X1 , P2 /X2 , ..., Pn /Xn }.
Lemma 7.6. If P is a LHOPi process and f v(P ) = {X1 , X2 , ..., Xn }. And b1 , b2 , ..., bn are
fresh names. If
λ{b1 /X1 ,b2 /X2 ,...,bn /Xn }

P {b1 /X1 , b2 /X2 , ..., bn /Xn }−−−−−−−−−−−−−−−−−→P 0 {b1 /X1 , b2 /X2 , ..., bn /Xn },
λ

then P −
→P 0 .

7.2.3

Bisimulation

In this section, we give the definition of local bisimulation [36] and a set of related properties.
We first give the higher-order structural equivalence, which is essentially from Thomsen’s
applicative higher-order bisimilarity [97]. Here it serves as an auxiliary relation in technical proofs,
and the fact that the structural equivalence is both an equivalence relation and a congruence
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relation will be taken advantage of to the most extent. It is thought of as structural first by
Fu [36].
A binary relation R on processes is closed under substitution of names if for each substitution
σ, (P σ, Qσ) ∈ R whenever (P, Q) ∈ R. A relation closed under substitution on process variables
can be defined similarly.
Definition 7.7 (Structural equivalence). A symmetric binary relation R on processes is a structural bisimulation if it is closed under substitution of names and whenever P RQ the following
holds:
λ

• If P −
→P 0 , where λ is a silent action, first-order input, first-order output, first-order bound
λ
output, or higher-order input. Then Q−
→Q0 for some Q0 , and P 0 RQ0 ;
(e
x)aA

(e
x)aB

• If P −−−−→P 0 , then some B, Q0 exist s.t. Q−−−−→Q0 , P 0 RQ0 , and ARB.
Two processes P, Q are structural equivalent, written P ∼ Q, if there exists a structural bisimulation R s.t. P RQ.
Below we give the definition of local bisimulation, which is due to Fu [36].
Definition 7.8 (Local bisimulation). A symmetric binary relation R on (closed) processes is a
local bisimulation, if it is closed under substitution of names, and whenever P RQ, the following
properties hold:
τ

1. If P −
→P 0 , then Q=⇒Q0 for some Q0 and P 0 RQ0 ;
a(x)

a(x)

2. If P −−−→P 0 , then Q=⇒Q0 for some Q0 and P 0 RQ0 ;
ax

ax

3. If P −→P 0 , then Q=⇒Q0 for some Q0 and P 0 RQ0 ;
a(x)

a(x)

4. If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and for every process O,
(x)(O|P 0 ) R (x)(O|Q0 );
a(A)

a(A)

(e
x)aA

(e
y )aB

5. If P −−−→P 0 , then Q=⇒Q0 for some Q0 and P 0 RQ0 ;
6. If P −−−−→P 0 then Q =⇒ Q0 for some ye, B, Q0 , and for every process E[X] s.t. x
eye∩f n(E) = ∅
it holds that
(e
x)(E[A]|P 0 ) R (e
y )(E[B]|Q0 ).
We say P is local bisimilar to Q, written P ≈l Q (≈l is local bisimilarity), if there exists a local
bisimulation R s.t. P RQ.
Remark. Some explanations are given below.
• The bisimulation is on closed processes, and can be extended to open processes in the
following standard way.
Suppose E[X], F [X] are open processes, then they are local bisimilar, that is E ≈l F , iff
E[R] ≈l F [R] for every closed process R.
Actually, the bisimulation can also be defined directly on general (possibly open) processes,
and the obtained bisimilarity coincides with the local bisimilarity defined above thanks to
the Abstraction Theorem (Theorem 7.16), as shown in [36]. In our logical characterization
work, we focus on the definition on closed processes, which can offer some advantage in the
handling of characterization theorem and does not cost us generality. We will mention this
in the conclusion section.
• 4 is different from traditional treatment of outputting local names. Here the effect of the
interaction between the residual and receiving processes through the outputted name is
considered. Clauses 4, 6 are in a late style, whereas 5 is in an early style. Corresponding
early cases for 4, 6 and late case for 5 can be defined. Moreover, it is proven that the
corresponding early (or late) case is equivalent to the late (or early) case [36]. And similar
result has been shown in [85], where context bisimulation is considered.
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• Local bisimilarity is an equivalence and congruence relation (excluding choice operator),
and what’s more, as showed by Fu, it is an observed bisimulation [36] that is a general
bisimulation satisfying the least requirements to be qualified for an observational equivalence
and somewhat like barbed bisimulation [81] [91] in that it is closed under contexts, barb
preserving and reduction closed. Please refer to [36] [81] [91] for more details on this.
• Up-to technique can be defined on local bisimilarity. For example local bisimulation up-to
∼ can be defined by replacing R with ∼ R ∼ in the clauses. And the property that a local
bisimulation up-to ∼ is contained by local bisimilarity can be easily proved.
Bisimulation lemma [36] plays a significant role in proving related properties of local bisimulation, such as equivalence and congruence. Furthermore, this lemma is actually a general property
bound with weak bisimulations. So we reproduce it here. Note we use · to denote a certain process.
Lemma 7.9 (Bisimulation Lemma). Suppose P, Q are processes. If P =⇒· ≈l Q and Q=⇒· ≈l P ,
then P ≈l Q.
We now give some important properties of local bisimilarity, including equivalence, congruence,
local congruence, and theorems stating the relationship between the equivalence between prefixed
processes and the equivalence between continual processes. The readers are referred to [36] for the
proofs.
Theorem 7.10 (Equivalence). The local bisimilarity ≈l is an equivalence relation.
Theorem 7.11 (Congruence). ≈l is closed under all operators except the choice operator. That
is, suppose P, Q, R are processes and P ≈l Q, then the following holds:
1. a(x).P ≈l a(x).Q, ax.P ≈l ax.Q
2. P |R ≈l Q|R, R|P ≈l R|Q, (x)P ≈l (x)Q, [x = y]P ≈l [x = y]Q
3. a(X).P ≈l (X).Q, aA.P ≈l aA.Q
Note that if one wants to gain a full congruence, one has to apply the standard technique [64]
to restrict the bisimulation to a stronger one that is closed under all calculus operators. The
definition and corresponding property is given below.
Definition 7.12 (Local congruence). Processes P and Q are local congruent, denoted by P 'l Q
('l is called local congruence), if P ≈l Q and the following properties hold for all substitution σ:
τ

τ

τ

τ

1. If P σ −
→P 0 then Qσ =⇒Q0 ≈l P 0 for some Q0 ;
2. If Qσ −
→Q0 then P σ =⇒P 0 ≈l Q0 for some P 0 .
Theorem 7.13 (Congruence). 'l is closed under all operators, including choice operator.
As mentioned, local contexts means a great deal in π-calculus, the congruence under local
contexts is as the following theorem specifies.
e ) 'l (e
e
Theorem 7.14. Suppose (e
z )(cz|P
z )(cz|Q)
where e
c are pairwise distinct, then
e
e
(e
z )(cz|C[P
]) 'l (e
z )(cz|C[Q]),
for every full context C[·] that has no name collision on e
c, ze.
The next three theorems clarify the relationship between the equivalence between prefixed
processes and the equivalence between continual processes.
Theorem 7.15 (Localization). Suppose a ∈
/ e
c, x ∈
/ ze, e
c(f resh) are pairwise distinct, so are ze.
Then the following equations are equivalent:
e
e
1. (e
z )(cz|a(x).P
) ≈l (e
z )(cz|a(x).Q);
e
e
2. (e
z )(cz|(x)(bx|P
)) ≈l (e
z )(cz|(x)(ax|Q))
for a fresh name b;
e
e
3. (e
z )(cz|(x)(E|P
)) ≈l (e
z )(cz|(x)(E|Q))
for every process E.
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Theorem 7.16 (Abstraction). Suppose x ∈
/ ze, e
c(f resh) are pairwise distinct, so are ze. Then the
following equations are equivalent:
e
e
1. (e
z )(cz|a(X).P
) ≈l (e
z )(cz|a(X).Q);
e {Ib /X}) ≈l (e
e
2. (e
z )(cz|P
z )(cz|Q{I
b /X}) for a fresh name b;
e {b/X}) ≈l (e
e
3. (e
z )(cz|P
z )(cz|Q{b/X})
for a fresh name b;
e {E/X}) ≈l (e
e
4. (e
z )(cz|P
z )(cz|Q{E/X})
for every process E.
Theorem 7.17 (Concretion). Suppose x ∈
/ ze, e
c(f resh) are pairwise distinct, so are ze. Then the
following equations are equivalent:
e x)a[A].P ) ≈l (e
e y )a[B].Q) for some name a;
1. (e
z )(cz|(e
z )(cz|(e
e x)(b[A]|P )) ≈l (e
e y )(b[B]|Q)) for a fresh name b;
2. (e
z )(cz|(e
z )(cz|(e
e x)(c.(A+d)|P )) ≈l (e
e y )(c.(B+d)|Q)) for fresh names c, d;
3. (e
z )(cz|(e
z )(cz|(e
e x)(E[A]|P )) ≈l (e
e y )(E[B]|Q)) for every process E[X].
4. (e
z )(cz|(e
z )(cz|(e
We have given a brief introduction to linear higher-order π-calculus to support our work,
however there is a body of discussions and interesting results (such as that on recursion and
axiomatization), which is referred to [36].

7.3

Simplifying local bisimulation

We try to simplify local bisimulation with some modification or transformation that is equivalence preserving to tailor the original bisimulation to be more concise.
The basic idea of finding such a suitably simpler variant of local bisimulation is that we shall
search a concise version of bisimulation that renders easy the related study, such as axiomatization
and logical characterization, through examining the properties of behavior of processes. Similar
work can be found in [85].
We will put forth a variant of local bisimulation, called local linear bisimulation, which simplifies
the former by harnessing the special properties of linear processes. Before we go on with the
discussion of local linear bisimulation, we stress some necessary elements. Recall c abbreviates
c(x).0 and sometimes we use c. Also recall Ia , a(X).X. We generally concentrate on closed
processes, and related results can be extended to open processes in the traditional way.
The difficulty of the simplification mainly lies in how to handle in a proper and simpler form
the higher-order actions in local bisimulation:
• Higher-order input. Some simplification can be searched through the Abstraction Theorem
(Theorem 7.16).
• Higher-order output. Some simplification can be searched through the Concretion Theorem
(Theorem 7.17).
The proof of the coincidence between the variant and the original bisimulation is basically a deep
exploiting of the two theorems.

7.3.1

Local linear bisimulation

Following the idea above we consider local linear bisimulation which is defined as follows.
Definition 7.18 (Local linear bisimulation). A symmetric binary relation R on (closed) processes
is a local linear bisimulation, if it is closed under substitution of names, and whenever P R Q, the
following properties hold:
τ

1. If P −
→P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
a(x)

a(x)

2. If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
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ax

ax

3. If P −→P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
a(x)

a(x)

4. If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and for every (closed) process O,
(x)(O|P 0 ) R (x)(O|Q0 ).
a(c)

a(c)

5. If P −−→P 0 , where c is a fresh name, then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
(e
x)aA

(e
y )aB

6. If P −−−−→P 0 , then Q =⇒ Q0 for some ye, B, Q0 . And for a process E[X] of the form
c.(X+d),
where c, d are fresh names, it holds that
(e
x)(E[A]|P 0 ) R (e
y )(E[B]|Q0 ),
that is

(e
x)(c.(A+d)|P 0 ) R (e
y )(c.(B+d)|Q0 ).

We say P is local linear bisimilar to Q, written P ≈ll Q, if there exists some local linear
bisimulation R such that P RQ. Hence ≈ll is the largest local linear bisimulation.
Remark. Note the difference from the definition of local bisimulation in higher-order input and
higher-order output, which borrows some insight into the bisimulation feature on linear higherorder processes, that is the Abstraction Theorem and Concretion Theorem (on higher-order behavior), which somewhat down-scales the general higher-order analysis, thanks to the linearity of
processes in LHOPi . And although Localization Theorem looks like Abstraction Theorem and
Concretion Theorem, it differs in that it deals with first-order behavior, and has no essential downscaling effect, as will be seen. So it is of little use in the variant, which is aiming at simplifying
the bisimulation while keeping the essence of the bisimulation intact.
It is clear that ∼⊆≈l ⊆≈ll . So related bisimulation up-to techniques exist. For example, local
(linear) bisimulation up-to ∼ can be defined in the standard way, and a local (linear) bisimulation
up-to ∼ shall be contained by the local (linear) bisimilarity. For the definition and property are
quite straightforward, we omit the details.

7.3.2

Characterizing local linear bisimulation

In this section, we examine the properties of local linear bisimulation.
Below is the Bisimulation Lemma on ≈ll .
Lemma 7.19 (Bisimulation Lemma). Suppose P, Q are processes. If P =⇒· ≈ll Q and Q=⇒· ≈ll
P , then P ≈ll Q.
And we also have a variant of Bisimulation Lemma.
Lemma 7.20. Suppose P, Q are processes and R a local linear bisimulation. If P =⇒ · R Q and
Q=⇒ · R P , then P ≈ll Q.
Next are two lemmas forming the basis of equivalence property of ≈ll , and the second also
contributes to the Concretion Theorem (Theorem 7.30). The first is as follows.
Lemma 7.21. Suppose O, P, Q are processes. If (x)(a.O|P ) ≈ll (x)(a.O|Q) for a fresh name a,
then
(x)(O|P ) ≈ll (x)(O|Q).
a

Proof. As a is fresh, (x)(P |a.R)−
→(x)(P |R) must be simulated by
a

(x)(Q|a.R)=⇒(x)(Q1 |a.R)−
→(x)(Q1 |R)=⇒Q0 ≈ll (x)(P |R),
a

which can be rewritten as (x)(Q|a.R)−
→(x)(Q|R)=⇒Q0 ≈ll (x)(P |R).
Similarly we have that (x)(P |R)=⇒P 0 ≈ll (x)(Q|R) for some P 0 . So by Bisimulation Lemma
(Lemma 7.19), we have (x)(P |R) ≈ll (x)(Q|R).
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Now comes the second.
Lemma 7.22. Suppose A, B, P, Q are processes, G[X] is an arbitrary process with at most process
variable X, and a, c, d are fresh names. If
(e
x)(a[A]|P ) ≈ll (e
y )(a[B]|Q),
then
(e
x)(c.(A+d)|P ) ≈ll (e
y )(c.(B+d)|Q).
Proof. Suppose (e
x)(a[A]|P ) ≈ll (e
y )(a[B]|Q) for a fresh name a. Then
(f
x1 )a[A]

(e
x)(a[A]|P )−−−−−→(f
x2 )P,
where x
f1 x
f2 is x
e. As a is fresh, this must be simulated by (for some Q1 , Q0 )
=⇒

(e
y )(a[B]|Q)

(e
y )(a[B]|Q1 )

(ye1 )a[B]

−−−−−→ (ye2 )Q1
=⇒
(ye2 )Q0
where ye1 ye2 is ye, such that
(ye1 )(G[B]|(ye2 )Q0 ) ≈ll (f
x1 )(G[A]|(f
x2 )P ),
for a process G[X] , c.(X+d) (c, d are fresh). By α-conversion and structure equivalence, it can
be rewritten as
(e
y )(G[B]|Q0 ) ≈ll (e
x)(G[A]|P ).
It follows from the simulating transition sequence that Q=⇒Q1 =⇒Q0 , so we have
(e
y )(G[B]|Q)=⇒· ≈ll (e
x)(G[A]|P ),
where the dot is the process (e
y )(G[B]|Q0 ). Similarly we know that
(e
x)(G[A]|P )=⇒· ≈ll (e
y )(G[B]|Q).
By Bisimulation Lemma (Lemma 7.19) we have
(e
x)(G[A]|P ) ≈ll (e
y )(G[B]|Q),
which is exactly
(e
x)(c.(A+d)|P ) ≈ll (e
y )(c.(B+d)|Q).
Lemma 7.23. ≈ll is an equivalence relation.
Proof. Similar to the proof of local bisimilarity (≈l ). Here specifically, we need to take advantage
of Lemma 7.21, Lemma 7.22 and Bisimulation Lemma (Lemma 7.19 or Lemma 7.20). The proof
is quite routine after taking this into consideration.
Theorem 7.24. ≈ll is a congruence relation on all the calculus operators except the choice operator.
Proof. Similar to the proof of local bisimilarity (≈l ). We use a similar approach to that in [36] [85].
That is, define the transition closure of a designed relation saying the desired properties of the
bisimilarity, as below
S0

Si+1

, ≈ll
..
. 
(τ.P, τ.Q)




(a(x).P,
a(x).Q)




ax.Q)
(ax.P,

(a(X).P, a(X).Q)
,


(aA.P, aA.Q)




(P | R, Q | R)



((x)P, (x)Q)
..
.
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¯

¯


¯


¯


¯


¯
¯ P Si Q
¯

¯


¯


¯


¯


¯

And

[

S,

Si

i∈ω

And we then show that S is a local linear bisimulation up-to ∼. The details are also similar, and
we skip them here.
Remark. The proof is a little involved (harder than strong forms of bisimulations). The pattern
is like that in [36], [85] or even [97]. Also note an alternative approach for proving congruence
property in higher-order process calculi in [15], which is considered more uniform and general,
and related work can be found in [11] [33] [34]. However, here the similar line to that in [36]
is followed, that is using some kind of transition closure of a designed relation for proving the
congruence and some sort of bisimulation up-to technique is needed. Also note in hierarchy of
local linear bisimilarity, similar discussion on the k-th layer exists, as one will see.
Lemma 7.25. Suppose E[X], A are processes and
α

E[A]−
→E 0 [A0 ],
where A contributes in the action. Then
a(A)

α

→E 0 [A0 ],
E[Ia ]−−−→E 00 [A]−
for a fresh name a and some E 00 .
α

Proof. Routine by induction on the derivation height of E[A]−
→E 0 [A0 ]. Note the linearity plays
an important part in the proof, since in general E[Ia ] has to make several input actions to reach
the same state as from E[A] because X can appear in several (concurrent) positions. Also note
the choice operator that results in the necessity of E 00 .
Lemma 7.26. Suppose P is a process and actions α, β are complementary. If
β

α

P−
→P1 , P −
→P2 ,
and

α

β

β

α

P−
→P1 −
→P20 ,
for some P20 , or

P−
→P2 −
→P10 ,
for some P10 , and α, β are not from the same sub-process of P , then
τ

P−
→P3 ,
for some P3 .
Moreover, we have similar result on weak transitions. If
β

α

P =⇒P1 , P =⇒P2 ,
and

α

β

β

α

P =⇒P1 =⇒P20 ,
for some P20 , or

P =⇒P2 =⇒P10 ,
for some P10 , and α, β are not from the same sub-process of P , then
τ

P =⇒P3 ,
for some P3 .
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β

α

Proof. By induction on the derivation height of P −
→P1 and P −
→P2 . It is a case analysis of the
form of P , based on the operational semantics. It is a routine check. The weak case can be derived
from the strong case, tackling the internal action sequence with some care.
In fact, process P3 must be of the form in which P1 and P2 appear in concurrent positions and
are possibly dominated by some local names transmitted during communication.
Theorem 7.27 (Abstraction). Suppose e
c are pairwise distinct fresh names, and ze are pairwise
distinct. Then the following equations are equivalent:
e
e
1. (e
z )(cz|a(X).P
) ≈ll (e
z )(cz|a(X).Q)
for some name a;
e {Ib /X}) ≈ll (e
e
2. (e
z )(cz|P
z )(cz|Q{I
b /X}) for a fresh name b;
e {b/X}) ≈ll (e
e
3. (e
z )(cz|P
z )(cz|Q{b/X})
for a fresh name b;
e {R/X}) ≈ll (e
e
4. (e
z )(cz|P
z )(cz|Q{R/X})
for every process R.
Or sometimes we just need the special case:
1. a(X).P ≈ll a(X).Q for some name a;
2. P {Ib /X} ≈ll Q{Ib /X} for a fresh name b;
3. P {b/X} ≈ll Q{b/X} for a fresh name b;
4. P {R/X} ≈ll Q{R/X} for every process R.
Proof. The proof concentrates on the contents in the local environment, since the handling of local
contexts has been made clear in [36] and the part concerning local context is not far from the
proof here. Below we stick to this fashion. In fact here, it is just proving the special case.
1 ⇔ 3 is easy by definition.
¾
2⇔4
These two cases are similar in style, and note
3⇔4
(a)(E{Ia /X}|a[A]) ∼ (a)(E{a/X}|a.A).
So we simply consider 3 ⇔ 4 here. And since 4 ⇒ 3 is obvious, we cope with 3 ⇒ 4. We define
the following relation:
P {b/X} ≈ll Q{b/X}
}∪ ≈ll
b is fresh, R is a process

R , {(P {R/X}, Q{R/X}) |

First we show that R is closed under name substitution. Suppose P {R/X} R Q{R/X} for
P {b/X} ≈ll Q{b/X}. Let σ be a substitution on names and d be a fresh name (not in n(P, Q)
and σ). We have
P σ{d/X} ≈ll Qσ{d/X},
since ≈ll is closed under substitution of names. Then we know
P σ{Rσ/X} R Qσ{Rσ/X}).
α

Secondly we show R is a local linear bisimulation up-to ∼. Suppose P {R/X}−
→P 0 . Note α is
of the form a(d) in higher-order input. There are several cases to analyze.
α

• The action α is caused by a copy of R, that is R−
→R0 for some R0 . Note substitution on
α
process variables should avoid name capturing. So P {R/X}−
→P1 {R0 /X} ≡ P 0 . Now we
have the following reasoning (for some P1 , Q1 ):
α

/ P1 {R0 /X}

b(x)

/ P1 {0/X}

P {R/X}

P {b/X}
≈ll

≈ll

Q{b/X}

b(x)

+3 Q1 {0/X}

α

+3 Q1 {R0 /X}

Q{R/X}
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And obviously, one can get, by a simple reasoning,
P1 {d/X} ≈ll Q1 {d/X},
for some fresh name d. Hence
P1 {R0 /X} R Q1 {R0 /X}.
α

• The action α is caused by P , that is P {R/X}−
→P1 {R/X} ≡ P 0 . Now we have the following
reasoning (for some P1 , Q1 ):
P {R/X}

α

/ P1 {R/X}

P {b/X}

α

/ P1 {b/X}

Q{b/X}

α̂

+3 Q1 {b/X}

Q{R/X}

α̂

+3 Q1 {R/X}

≈ll

If α is first-order input, output or higher-order input, the result is straightforward. If α
is first-order bound output or higher-order output, some (similar) minor manipulation is
needed. We take first-order bound output as the example. Suppose α is u(v), in this case,
we have, for every process O, and some P10 [X] , (v)(O|P1 [X]), Q01 [X] , (v)(O|Q1 [X]):
(v)(O|P1 {b/X})

≈ll

(v)(O|Q1 {b/X})

≡

≡

Q01 {b/X}

P10 {b/X}
Then we know

P10 {R/X} R Q01 {R/X}
α

α̂

In summary, P {R/X}−
→P1 {R/X} can be simulated by Q{R/X}=⇒Q1 {R/X}.
• The action α is τ , and is caused by a communication between P and R. This is the most
involved case and has totally six sub-cases. We examine them below.
u(v)

u(v)

τ

– P −−−→P 0 , R−−−→R0 , and P {R/X}−
→(v)(P 0 {R0 /X}).
We have the following reasoning (for some P 00 , Q00 , Q0 ). Note the upper row is simulated
by the lower row, and b is fresh.
P {b/X}

b(x)

/ P 00 {0/X}

/ P 0 {0/X}

≈ll

≈ll

Q{b/X}

u(v)

b(x)

+3 Q00 {0/X}

≈ll
u(v)

+3 Q0 {0/X}

Moreover, from the premise we also have
P {b/X}

u(v)

/ P 0 {b/X}
≈ll

≈ll

Q{b/X}
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u(v)

+3 Q0 {b/X}

So to summarize a little, we can have
u(v)

Q{R/X}=⇒Q0 {R/X},
u(v)

u(v)

Q{R/X}=⇒Q00 {R0 /X}=⇒Q0 {R0 /X},
P 0 {b/X} ≈ll Q0 {b/X}.
It follows from this, Lemma 7.26 and (congruence) property of ≈ll that
τ

Q{R/X}=⇒(v)(Q0 {R0 /X}),
(v)P 0 {b/X} ≈ll (v)Q0 {b/X}.
Now define P 000 [X] , (v)P 0 [X], Q000 [X] , (v)Q0 [X] so that
P 000 {R0 /X} , (v)(P 0 {R0 /X}),

Q000 {R0 /X} , (v)(Q0 {R0 /X}).

Thus we have in summary
τ

P {R/X}−
→P 000 {R0 /X},
τ
Q{R/X}=⇒Q000 {R0 /X},
P 000 {b/X} ≈ll Q000 {b/X}.
Hence it follows that
P 000 {R0 /X} R Q000 {R0 /X}.

u(v)

uv

u(v)

u(v)

τ

– P −−−→P 0 , R−→R0 , and P {R/X}−
→(P 0 {R0 /X}). This case is similar to the last case.
τ

– P −−−→P 0 , R−−−→R0 , and P {R/X}−
→(v)(P 0 {R0 /X}).
We have the following reasoning (for some P 00 , Q00 , Q0 ). Note the upper row is simulated
by the lower row, and b is fresh.
P {b/X}

b(x)

/ P 00 {0/X}

≈ll

Q{b/X}

u(v)

/ P 0 {0/X}

u(v)

+3 Q0 {0/X}

≈ll
b(x)

+3 Q00 {0/X}

And for every process O,
(v)(O|P 0 {0/X}) ≈ll (v)(O|Q0 {0/X}).
Moreover, from the premise we also have
P {b/X}

u(v)

/ P 0 {b/X}

u(v)

+3 Q0 {b/X}

≈ll

Q{b/X}
And for every process O,

(v)(O|P 0 {b/X}) ≈ll (v)(O|Q0 {b/X}).
So to summarize a little, we can have
u(v)

Q{R/X}=⇒Q0 {R/X},
u(v)

u(v)

Q{R/X}=⇒Q00 {R0 /X}=⇒Q0 {R0 /X},
(v)(O|P 0 {b/X}) ≈ll (v)(O|Q0 {b/X}), for every O.
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It follows from this, Lemma 7.26 and taking O as 0 (null process) that
τ

Q{R/X}=⇒(v)(Q0 {R0 /X}),
(v)P 0 {b/X} ≈ll (v)Q0 {b/X}.
Now define P 000 [X] , (v)P 0 [X], Q000 [X] , (v)Q0 [X] so that
P 000 {R0 /X} , (v)(P 0 {R0 /X}),

Q000 {R0 /X} , (v)(Q0 {R0 /X}).

Thus we have in summary
τ

P {R/X}−
→P 000 {R0 /X},
τ
Q{R/X}=⇒Q000 {R0 /X},
000
P {b/X} ≈ll Q000 {b/X}.
Hence it follows that
uv

P 000 {R0 /X} R Q000 {R0 /X}.

u(v)

τ

– P −→P 0 , R−−−→R0 , and P {R/X}−
→(P 0 {R0 /X}). This case is similar to the last case.
u(A)

(e
z )u[A]

τ

– P −−−→P 0 , R−−−−→R0 , and P {R/X}−
→(e
z )(P 0 {R0 /X}). This case is somewhat similar
to the first case.
We have the following reasoning (for some P 00 , Q00 , Q1 , P1 ). Note the upper row is
simulated by the lower row, and b is fresh. Suppose c is fresh.
b(x)

P {b/X}

/ P 00 {0/X}

≈ll

u(c)

/ P1 {0/X}

≈ll
b(x)

Q{b/X}

+3 Q00 {0/X}

≈ll
u(c)

+3 Q1 {0/X}

where P1 ≡ P 0 {c/A}. Moreover, from the premise we also have
u(c)

P {b/X}

/ P1 {b/X}
≈ll

≈ll
u(c)

Q{b/X}

+3 Q1 {b/X}

So to summarize a little, we can have
u(c)

Q{R/X}=⇒Q1 {R/X},
(e
z )u[A]

u(c)

Q{R/X} =⇒ Q00 {R0 /X}=⇒Q1 {R0 /X},
P1 {b/X} ≈ll Q1 {b/X}.
Then we have (for some Q0 )
u(A)

Q{R/X} =⇒Q0 {R/X},
(e
z )u[A]

u(A)

Q{R/X} =⇒ Q00 {R0 /X} =⇒Q0 {R0 /X},
P 0 {c/A}{b/X} ≈ll Q0 {c/A}{b/X}.
where Q1 ≡ Q0 {c/A}.
It follows from this, Lemma 7.26
τ

Q{R/X}=⇒(e
z )(Q0 {R0 /X}).
We define some P10 [Y ] and Q01 [Y ] (Y is different from X) such that
P10 {c/Y } ≡ P1 , P10 {A/Y } ≡ P 0 ;
Q01 {c/Y } ≡ Q1 , Q01 {A/Y } ≡ Q0 .
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(7.1)

Then

P10 {c/Y }{b/X} ≈ll Q01 {c/Y }{b/X}.

Since Y and X are different, we know that
P10 {b/X}{c/Y } ≈ll Q01 {b/X}{c/Y }.
Now by the definition (structure of R) we know
P10 {b/X}{A/Y } R Q01 {b/X}{A/Y }.
That is

P10 {A/Y }{b/X} R Q01 {A/Y }{b/X}.

And this is exactly

P 0 {b/X} R Q0 {b/X}.

Again by the definition we have in any case
P 0 {b0 /X} ≈ll Q0 {b0 /X},
for a fresh name b0 . By the (congruence) property of ≈ll it follows that
(e
z )P 0 {b0 /X} ≈ll (e
z )Q0 {b0 /X}.

(7.2)

Now define P 000 [X] , (e
z )P 0 [X], Q000 [X] , (e
z )Q0 [X] so that
P 000 {R0 /X} , (e
z )(P 0 {R0 /X}),

Q000 {R0 /X} , (e
z )(Q0 {R0 /X}).

Thus we have in summary
τ

P {R/X}−
→P 000 {R0 /X},
τ
Q{R/X}=⇒Q000 {R0 /X},
by (7.1),
P 000 {b0 /X} ≈ll Q000 {b0 /X},
by (7.2).
Hence it follows that
(e
z )u[A]

P 000 {R0 /X} R Q000 {R0 /X}.

u(A)

τ

– P −−−−→P 0 , R−−−→R0 , and P {R/X}−
→(e
z )(P 0 {R0 /X}).
We have the following reasoning (for some ze0 , B, P 00 , Q00 , Q0 ). Note the upper row is
simulated by the lower row, and b is fresh.
P {b/X}

b(x)

/ P 00 {0/X} (ez)u[A]/ P 0 {0/X}

≈ll

Q{b/X}

≈ll
b(x)

e0

+3 Q00 {0/X}(z )u[B]+3 Q0 {0/X}

And for a process E[X] ≡ c.(X+d) (c, d are fresh),
(e
z )(E[A]|P 0 {0/X}) ≈ll (ze0 )(E[B]|Q0 {0/X}).
Moreover, from the premise we also have:
P {b/X}

(e
z )u[A]

/ P 0 {b/X}

≈ll

Q{b/X}

(ze0 )u[B]

+3 Q0 {b/X}

And for a process E[X] ≡ c.(X+d) (c, d are fresh),
(e
z )(E[A]|P 0 {b/X}) ≈ll (ze0 )(E[B]|Q0 {b/X}).
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So to summarize a little, we can have (for some R00 such that R00 ≡ R0 {B/A})
(ze0 )u[B]

Q{R/X} =⇒ Q0 {R/X},
(ze0 )u[B]

u(B)

(7.3)

Q{R/X} =⇒Q00 {R00 /X} =⇒ Q0 {R00 /X},

(7.4)

(e
z )(c.(A+d)|P 0 {b/X}) ≈ll (ze0 )(c.(B+d)|Q0 {b/X}).

(7.5)

It follows from (7.3), (7.4), and Lemma 7.26 that
τ
Q{R/X}=⇒(ze0 )(Q0 {R00 /X}).

(7.6)

By Concretion Theorem (Theorem 7.30) and (7.5),
(e
z )(G[A]|P 0 {b/X}) ≈ll (ze0 )(G[B]|Q0 {b/X}),
for every G[Y ]. It is easy to know that there exists some R000 [Y ] such that
R000 {A/Y } ≡ R0 ,

R000 {B/Y } ≡ R00 .

Now choose G[Y ] ≡ b.(R000 [Y ]+d), then we get
(e
z )(b.(R000 {A/Y }+d)|P 0 {b/X}) ≈ll (ze0 )(b.(R000 {B/Y }+d)|Q0 {b/X}),
that is
(e
z )(b.(R0 +d)|P 0 {b/X}) ≈ll (ze0 )(b.(R00 +d)|Q0 {b/X}).
Thus by Lemma 7.29, we have
(e
z )(P 0 {R0 /X}) ≈ll (ze0 )(Q0 {R00 /X}).
Hence
(e
z )(P 0 {R0 /X}) R (ze0 )(Q0 {R00 /X}).
Taking (7.6) into consideration, this closes the simulation.
By here the proof is completed.

Below we consider the Concretion Theorem, before whose proof we give some auxiliary lemmas.
Lemma 7.28. Suppose a, b are fresh names, E[X] is an arbitrary process with at most process
variable X, and A is a process. We have the following properties:
λ

1. If (e
x)E[A]−
→P , where A takes part in the action, then
λ

(e
x)(E[a]|a.(A+b))=⇒P 0
for some P 0 , and P ∼ P 0 ;
λ

2. The converse. If (e
x)(E[a]|a.(A+b))=⇒P 0 and a, b do not appear in P 0 , then we have
λ

(e
x)E[A]=⇒P
for some P , and P 0 ∼ P .
Proof. The proof is essentially the same as Lemma 22 in [36] and note linearity plays an essential
part, so we omit the detail.
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Lemma 7.29. Suppose a, b, e
c are all fresh names, and E[X], F [X] are processes. If
f y )(a.(A+b)|E[a])) ≈ll (e
f z )(a.(B+b)|F [a])),
(e
x)(cx|(e
x)(cx|(e
then

f y )E[A]) ≈ll (e
f z )F [B]).
x)(cx|(e
(e
x)(cx|(e

Or we just need the special case. If
(e
y )(a.(A+b)|E[a]) ≈ll (e
z )(a.(B+b)|F [a]),
then
(e
y )E[A] ≈ll (e
z )F [B].
Proof. Since handling of local contexts is somewhat regular [36], the proof focuses on the contents
in the local environment. It is just proving the special case.
We define a relation R as follows:
R , {((e
y )E[A], (e
z )F [B]) | (e
y )(a.(A+b)|E[a]) ≈ll (e
z )(a.(B+b)|F [a]), a, b are fresh}∪ ≈ll
We show that R is a local linear bisimulation up-to ∼. It is easy to show that R is closed under
λ
substitution of names, so this is skipped. Suppose (e
y )E[A]R(e
z )F [B], and (e
y )E[A]−
→P . We have
the following analysis.
• A does not take part in the action λ. Then we know that there exists E1 [X] such that
P ≡ (e
y )E1 [A]. By this we have
λ

(e
y )(a.(A+b)|E[a])−
→(e
y )(a.(A+b)|E1 [a]).
From the premise, we have the next simulation for some F1 [X]
λ

(e
z )(a.(B+b)|F [a])=⇒(e
z )(a.(B+b)|F1 [a]),
which is the only possibility because a, b are fresh. Therefore, we know that
λ

(e
z )F [B]=⇒(e
z )F1 [B].
– λ is a silent action, first-order input, output or higher-order input. This case is direct.
We have
(e
z )(a.(B+b)|F1 [a]) ≈ll (e
y )(a.(A+b)|E1 [a]).
Then
(e
y )E1 [A] R (e
z )F1 [B].
– λ is a first-order bound output or higher-order output. This case is a little complicated.
We take the first-order bound output as example, the higher-order output case is similar.
Suppose λ is u(v). We have for every process O,
z )(a.(B+b)|F1 [a])),
(v)(O|(e
y )(a.(A+b)|E1 [a])) ≈ll (v)(O|(e
which results in
(e
y v)(a.(A+b)|(E1 [a]|O)) ≈ll (e
z v)(a.(B+b)|(F1 [a]|O)),
thanks to α-conversion. Define
E10 [X] , E1 [X]|O,
So we have
and

Now we know

F10 [X] , F1 [X]|O.

(e
y v)(a.(A+b)|E10 [a]) ≈ll (e
z v)(a.(B+b)|F10 [a]),
(v)(O|(e
y )E1 [A]) ∼ (e
y v)(E1 [A]|O) ≡ (e
y v)(E10 [A]),
(v)(O|(e
z )F1 [B]) ∼ (e
z v)(F1 [B]|O) ≡ (e
z v)(F10 [B]).
(e
y v)(E10 [A]) R (e
z v)(F10 [B]).
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• A is involved in the action λ. Then by Lemma 7.28,
λ

(e
y )(a.(A+b)|E[a])=⇒P1 ,
for some P1 , and P1 ∼ P . From the premise, we know that
λ0

(e
z )(a.(B+b)|F [a])=⇒Q1 ,
for some Q1 . A simple analysis can tell us that neither the fresh name a nor b shall appear
in Q1 . So again by Lemma 7.28, we have
λ0

(e
z )F [B]=⇒Q,
for some Q, and Q ∼ Q1 .
– λ is a silent action, first-order input, output or higher-order input. In this case, λ0 is
just λ. We have immediately
P ∼ P1 ≈ll Q1 ∼ Q.
– λ is a first-order bound output or higher-order output. We take the higher-order output
as example, the first-order bound output case is similar. Suppose λ is (e
v )u[H] and λ0
0
e
is (v )u[K]. We have for a process G[X] ≡ d.(X+e) (d, e are fresh),
(e
v )(G[H]|P1 ) ≈ll (ve0 )(G[K]|Q1 ).
Since
(e
v )(G[H]|P ) ∼ (e
v )(G[H]|P1 ), (ve0 )(G[K]|Q1 ) ∼ (ve0 )(G[K]|Q),
we are finished.
Hence R is a local linear bisimulation up-to ∼.
Theorem 7.30 (Concretion). Suppose e
c are pairwise distinct fresh names, and ze are pairwise
distinct. Then the following equations are equivalent:
e x)a[A].P ) ≈ll (e
e y )a[B].Q) for some name a;
1. (e
z )(cz|(e
z )(cz|(e
e x)(b[A]|P ) ≈ll (e
e y )(b[B]|Q) for a fresh name b;
2. (e
z )(cz|(e
z )(cz|(e
3.
e x)(c.(A+d)|P ) ≈ll (e
e y )(c.(B+d)|Q))
(e
z )(cz|(e
z )(cz|(e
for fresh names c, d;
e x)(E[A]|P ) ≈ll (e
e y )(E[B]|Q) for every process E[X].
4. (e
z )(cz|(e
z )(cz|(e
Or we just need the special case:
1. (e
x)a[A].P ≈ll (e
y )a[B].Q for some name a;
2. (e
x)(b[A]|P ) ≈ll (e
y )(b[B]|Q) for a fresh name b;
3.
(e
x)(c.(A+d)|P ) ≈ll (e
y )(c.(B+d)|Q)
for fresh names c, d;
4. (e
x)(E[A]|P ) ≈ll (e
y )(E[B]|Q) for every process E[X].
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Proof. The proof as usual focuses on the contents in the local environment.
We prove this theorem in the following strategy.
1

def inition

⇐⇒

lemma 7.29
3 g_ GGG
=⇒
w4
GGGG
wwwww
w
GGGG
w
w
GGGG
wwww
GGG
lemma 7.22 GG
wwwwdirect
GG wÄ wwwww
2

Most is straightforward. Something worth noting is the applying of Lemma 7.29 in 3 ⇒ 4.
Since ≈ll is closed under parallel composition, we have, for every process E[X]:
(e
x)(c.(A+d)|P )|E[c] ≈ll (e
y )(c.(B+d)|Q)|E[c],
which can be equivalently transformed to
(e
x)(c.(A+d)|(P |E[c])) ≈ll (e
y )(c.(B+d)|(Q|E[c])).
By defining E 0 [X] , P |E[X], E 00 [X] , Q|E[X], we have
(e
x)(c.(A+d)|E 0 [c]) ≈ll (e
y )(c.(B+d)|E 00 [c]).
Then by Lemma 7.29,

(e
x)(E 0 [A]) ≈ll (e
y )(E 00 [B]),

which is exactly
(e
x)(P |E[A]) ≈ll (e
y )(Q|E[B]).
To summary (by commutativity of ≈ll ) we have
(e
x)(E[A]|P ) ≈ll (e
y )(E[B]|Q),
for every process E.
We are done.

7.3.3

Coincidence with local bisimilarity

Below is the important theorem we need for local linear bisimilarity.
Theorem 7.31. Local linear bisimilarity coincides with local bisimilarity, that is
≈l = ≈ll .
Proof. A routine checking based on the definition of the two bisimulations, by taking the following
two theorems into consideration.
1. Abstraction Theorem (Theorem 7.27)
2. Concretion Theorem (Theorem 7.30)
We want to prove ≈l = ≈ll .
“⊆””. This direction is straightforward. Because by the definitions (examining each clause
in the definitions), every local bisimulation is a local linear bisimulation. That is, local linear
bisimilarity is not less than local bisimilarity.
“⊇””. We show that
R , {(P, Q) | P ≈ll Q, P, Q are (closed) LHOPi processes}∪ ≈l
is a local bisimulation.
One has to examine the clauses in the definition of local bisimulation one by one. The most
difficult cases are higher-order input and output. Below we analyze each of them. Suppose P RQ
because P ≈ll Q.

τ

(i). P −
→P 0



a(x)
0 
(ii). P −−−→P
These cases are not hard, since the simulation clauses
ax
in ≈ll are stating the same things as those in local bisimulation.
(iii). P −→P 0 



a(x)
0 
(iv). P −−−→P
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a(A)

(v). P −−−→P 0 .
Clearly we can define P 00 [X] so that P 00 {A/X} ≡ P 0 . Then
a(b)

P −−→P 00 {b/X},
for a fresh name b. Since P ≈ll Q, we have
a(b)

Q=⇒Q00 {b/X}
for some Q00 , and thus
a(A)

Q=⇒Q00 {A/X} , Q0 ,
meanwhile

P 00 {b/X} ≈ll Q00 {b/X}.

Then by Abstraction Theorem on ≈ll (Theorem 7.27),
P 0 ≡ P 00 {A/X} ≈ll Q00 {A/X} ≡ Q0 ,
which leads to

P 0 R Q0 .

(e
x)a[A]

(vi). P −−−−→P 0 .
Because P ≈ll Q, we know that there exist some ye, B, Q0 such that
(e
y )a[B]

Q =⇒ Q0 ,
and for a process E[X] , c.(X+d) (c, d are fresh),
(e
x)(E[A]|P 0 ) ≈ll (e
y )(E[B]|Q0 ).
That is

(e
x)(c.(A+d)|P 0 ) ≈ll (e
y )(c.(B+d)|Q0 ).

Then by Concretion Theorem on ≈ll (Theorem 7.30), we have, for every process G[X] (with no
name collision)
(e
x)(G[A]|P 0 ) ≈ll (e
y )(G[B]|Q0 ),
which is exactly what we need to close the simulation, that is
(e
x)(G[A]|P 0 ) R (e
y )(G[B]|Q0 ).
Now the proof is completed.
Next we give the definition of local linear congruence, which is standard.
Definition 7.32. Processes P and Q are local linear congruent, denoted P 'll Q, if P ≈ll Q and
the following properties hold:
τ

τ

τ

τ

1. If P σ −
→P 0 then Qσ =⇒Q0 ≈ll P 0 for some Q0 ;
2. If Qσ −
→Q0 then P σ =⇒P 0 ≈ll Q0 for some P 0 .
An immediate corollary is as follows.
Corollary 7.33. Local linear congruence coincides with local congruence, that is
'l = 'll .

7.3.4

On first-order bound output

Having simplified local bisimulation on higher-order input and output, we examine the firstorder bound output. As explained below, though it cannot be simplified, by making most use of
congruence properties, we can provide an alternative expression of the requirement on first-order
bound output in the bisimulations, which can offer us some convenience in coping with simulation
property on first-order bound output.
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On simplification
First we make some comment on why first-order bound output cannot be simplified in the
way like what we have done for higher-order actions. What if we try simplifying the clause of
first-order bound output using Localization Theorem (Theorem 7.15)? Will it be as effective as in
the higher-order output? Considering the characteristic of linear higher-order processes and the
essence of Localization Theorem, our answer is NO. We make more explanation below.
• If we try to make use of the Localization Theorem to simplify the local bisimulation and
add the new (first-order bound output) clause to our local linear bisimulation, problems will
occur and we cannot recover the original local bisimilarity. If we take advantage of the (ii)
in Localization Theorem, the first-order bound output prefixed sub-process (bx) in it can
not be generalized to an arbitrary process O simply from the simplified definition, that is
Localization Theorem will fail on local linear bisimilarity. Unlike in higher-order output,
where some special process can be found to compare two output actions and generality can
be preserved, thanks to the particular behavior in linear higher-order processes and the idea
of Factorization, in the first-order bound output this is not the same story, that is no special
(simple) environment process can be found, to simplify the bisimulation requirement with
no loss of generality. So in general, we believe that first-order bound output cannot be
simplified in local bisimulation. This also reflects some difference between first-order output
and higher-order output.
To be more concrete on the unsimplifiability of first-order bound output:
– If we try to use (ii) in Localization Theorem to simplify the local bisimulation, that
is, in the simulation step a special process bx (b is fresh) rather than an arbitrary
process O is required, the obtained bisimulation (local linear bisimulation with this
modification on first-order bound output clause, we denote it by “LLN bisimulation”)
may not even have the corresponding Localization Theorem, because the (iii) cannot
be reached under a simplified simulation condition.
– In the “LLN bisimulation” , the first-order bound output cannot be eliminated in
simulation, because the simulation result says the same thing as before the simulation,
which may causes loop definition. One shall avoid this anytime.
– Apart from the special process bx, which contributes nothing to simplification, no other
special process is known to exist to replace the arbitrary process O without loss of
generality. We tend to believe no such process exist.
Therefore, it is explained in an informal way that the first-order bound output clause in local
bisimulation cannot be simplified.
Adjusting first-order bound output in local bisimulation
Although the first-order bound output clause in local bisimulation cannot be simplified, it can
be rewritten in a form that eases discussion on local bisimilarity.
Definition 7.34. A symmetric binary relation R on (closed) processes is a local linear variant
bisimulation, if it is closed under substitution of names, and whenever P R Q, the following
properties hold:
τ

1. If P −
→P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
a(x)

a(x)

2. If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
ax

ax

3. If P −→P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
a(x)

a(x)

4. If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and for all (closed) processes O1 and O2 such that
O1 R O2 ,
(x)(O1 |P 0 ) R (x)(O2 |Q0 ).
a(c)

a(c)

5. If P −−→P 0 , where c is a fresh name, then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
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(e
x)aA

(e
y )aB

6. If P −−−−→P 0 , then Q =⇒ Q0 for some ye, B, Q0 . And for a process E[X] of the form
c.(X+d),
where c, d are fresh names, it holds that
(e
x)(E[A]|P 0 ) R (e
y )(E[B]|Q0 ).
We say P is local linear variant bisimilar to Q, written P ≈vll Q, if there exists some local
linear variant bisimulation R such that P R Q.
It can be shown that ≈vll is an equivalence relation and a congruence in some sense.
Theorem 7.35. ≈vll is an equivalence relation and a congruence relation on all the calculus
operators except the choice operator.
Proof. The fact that ≈vll is an equivalence relation can be proven in a similar fashion as ≈ll .
Actually there are at least two ways to prove the latter part of this theorem.
• The first one is to use a similar approach to that in the proof of Theorem 7.24 that states
the congruence properties of ≈ll . That is define the transition closure of a designed relation
saying the desired properties of the bisimilarity, and show that it is a bisimulation up-to
something, for example the structural equivalence. The relations defined look like
S0

Si+1

, ≈vll
..
. 
(τ.P, τ.Q)




(a(x).P,
a(x).Q)




(ax.P, ax.Q)

(a(X).P, a(X).Q)
,


(aA.P, aA.Q)




(P | R, Q | R)



((x)P, (x)Q)
..
.

And
S,

[

¯

¯

¯


¯


¯


¯


¯
¯ P Si Q
¯

¯


¯


¯


¯


¯

Si

i∈ω

It can be shown that S is a local linear variant bisimulation up-to ∼.
• Another one is to use the Howe’s method [15], which has been used in [34] and [14]. The
approach is based on Howe’s closure and a specific set of properties on it. The Howe’s
method develops from the lack of a uniform and general proof technique for proving the
congruence properties in higher-order calculi, though some specific method exists. And
using this technique in congruence proofs of bisimulations on higher-order processes becomes
somewhat a routine task and sometimes is omitted. But note the proofs in the references
[15] [34] [14] use guarded choice, which is not included here.
Since the details are mostly routine, and we save the proof here.
An important result is that the variant defined above is coincident to the original one.
Proposition 7.36. Local linear variant bisimilarity coincides with local linear bisimilarity, that
is
≈ll = ≈vll .
Proof. We prove the coincidence in two directions. And we focus on the first-order bound output
case in two bisimulations, since that is where the difference in definition lies. We recall the two
clauses in each definition.
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1. In ≈ll :

a(x)

a(x)

If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and for every process O,
(x)(O|P 0 ) ≈ll (x)(O|Q0 ).
2. In ≈vll :

a(x)

a(x)

If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and for all processes O1 and O2 such that O1 ≈vll O2 ,
(x)(O1 |P 0 ) ≈vll (x)(O2 |Q0 ).
“ ⊆ ”. This case is straightforward, since 1 is a special case of 2, by choosing O2 ≡ O1 .
“ ⊇ ”. This case is a little complex, in that it needs to exploit the congruence properties of ≈vll
(Theorem 7.35), specifically the closure under parallel composition and restriction. We can define
a relation
R , {(P, Q) | P ≈vll Q}∪ ≈vll ,
and show R is a local linear bisimulation. In the first-order bound output case, we have
(x)(O1 |P 0 ) ≈vll (x)(O2 |Q0 ) ≈vll (x)(O1 |Q0 ),
thanks to the congruence properties.
Now we conclude that ≈ll = ≈vll .
Remark. Also note in [14], the authors adapt Howe’s method to show the coincidence of existential
bisimilarity and context bisimilarity. Actually, the whole proofs are of somewhat dual idea as the
approach adopted here to show the coincidence of local linear variant bisimilarity and local linear
bisimilarity.
Another important note is that all the bisimulations we define till now are of late style in first-order
bound output and higher-order output. We can define the early ones on these clauses accordingly.
What’s more, using a similar approach to that in [36], one can readily prove that the early versions
coincide with the corresponding late versions. We will take advantage of this fact in the future
logical characterization.

7.3.5

Approximating local bisimilarity

In this section, we define a descending chain of “bisimulation” equivalence relations (indexed
by ordinal k) to approximate the local linear variant bisimilarity (or local bisimilarity). We include
this as an extra credit on bisimulation theory in here, to make it more complete, and what’s more,
it can serve as a basis for further work such as a logical characterization of local bisimilarity.
Below is the definition of the function F and a family of relations ≈k (k ≤ ω is an ordinal).
We use k, l..., λ, κ... for ordinals, I, J for index sets, and ω is the first transfinite ordinal.
Definition 7.37. Define the function F : P r02 → P r02 as below: P F(R) Q if F(R) is closed
under substitution of names and the following properties hold:
τ

1. If P −
→P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
a(x)

a(x)

2. If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
ax

ax

3. If P −→P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
a(x)

a(x)

4. If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and for all (closed) processes O1 and O2 such that
O1 R O2 ,
(x)(O1 |P 0 ) R (x)(O2 |Q0 ).
a(c)

a(c)

5. If P −−→P 0 , where c is a fresh name, then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
(e
x)aA

(e
y )aB

6. If P −−−−→P 0 , then Q =⇒ Q0 for some ye, B, Q0 . And for a process E[X] of the form
c.(X+d),
where c, d are fresh names, it holds that
(e
x)(E[A]|P 0 ) R (e
y )(E[B]|Q0 ).
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And vice versa.
Now the hierarchy ≈k (k < ω is an ordinal) can be defined as (λ is a transfinite ordinal):
≈0
≈k+1
≈λ

= P r02
k
= F(≈
)
T
k
=
k<λ ≈

The relation ≈k can be extended to open processes in the usual fashion.
Based on the definition above, we have the following two important propositions.
2

Proposition 7.38 (F properties). Suppose 2P r0 is a complete lattice with the order of set inclusion
on it. Then the following properties hold:
1. F is monotone. That is

0

If k < k 0 , then ≈k ⊆ ≈k .
2. R is a bisimulation iff R ⊆ F(R);
T
T
3. If {Xi }i∈I is a codirected set, then F( i∈I Xi ) = i∈I F(Xi );
4. The greatest bisimulation ≈vll exists and it coincides with ≈ω . That is
≈ω = ≈vll .
Proof. The proof is of the traditional style like that in [64] [68] [10] [14]. And we will sketch part
of it.
For 1, it is a proof by induction on the ordinal k, which is a routine check. We focus on 4 to
show that ≈ω = ≈vll . The existence of ≈ω is not hard.
“⊇”. By induction on the ordinal k < ω. When k = 0, it is obvious that ≈vll ⊆≈0 . Now suppose
v
≈ll ⊆≈k , we show that ≈vll ⊆≈k+1 . Suppose P ≈vll Q. We have the following analysis:
τ

1. If P −
→P 0 , then Q=⇒Q0 for some Q0 , and P 0 ≈vll Q0 ;
a(x)

a(x)

2. If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and P 0 ≈vll Q0 ;
ax

ax

3. If P −→P 0 , then Q=⇒Q0 for some Q0 , and P 0 ≈vll Q0 ;
a(x)

a(x)

4. If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and for all (closed) processes O1 and O2 such that
O1 ≈vll O2 ,
(x)(O1 |P 0 ) ≈vll (x)(O2 |Q0 ).
a(c)

a(c)

5. If P −−→P 0 , where c is a fresh name, then Q=⇒Q0 for some Q0 , and P 0 ≈vll Q0 ;
(e
x)aA

(e
y )aB

6. If P −−−−→P 0 , then Q =⇒ Q0 for some ye, B, Q0 . And for a process E[X] of the form
c.(X+d),
where c, d are fresh names, it holds that
(e
x)(E[A]|P 0 ) ≈vll (e
y )(E[B]|Q0 ).
This suffices to show that ≈vll ⊆≈k+1 , by induction hypothesis.
“⊆”. We show that ≈ω is a local linear variant bisimulation (through definition checking).
Suppose P ≈ω Q, then for every (k + 1) < ω, P ≈k+1 Q. Thus we have the analysis below:
τ

1. If P −
→P 0 , then Q=⇒Q0 for some Q0 , and P 0 ≈k Q0 ;
a(x)

a(x)

2. If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and P 0 ≈k Q0 ;
ax

ax

3. If P −→P 0 , then Q=⇒Q0 for some Q0 , and P 0 ≈k Q0 ;
132

a(x)

a(x)

4. If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and for all (closed) processes O1 and O2 such that
O1 ≈k O2 ,
(x)(O1 |P 0 ) ≈k (x)(O2 |Q0 ).
a(c)

a(c)

5. If P −−→P 0 , where c is a fresh name, then Q=⇒Q0 for some Q0 , and P 0 ≈k Q0 ;
(e
x)aA

(e
y )aB

6. If P −−−−→P 0 , then Q =⇒ Q0 for some ye, B, Q0 . And for a process E[X] of the form
c.(X+d),
where c, d are fresh names, it holds that
(e
x)(E[A]|P 0 ) ≈k (e
y )(E[B]|Q0 ).
In any case, P can be matched by Q, and it holds for every k +1. By this and a standard argument
on ordinals, we conclude that ≈ω is a local linear variant bisimulation.
Another is on the congruence property of ≈k .
Proposition 7.39 (Congruence of ≈k ). The relation ≈k (k ≤ ω) is a congruence with respect to
all the operators in the calculus except the choice operator. That is, suppose Pi ≈k Qi (i = 1, 2)
and P ≈k Q, then
τ.P ≈k τ.Q
c(x).P ≈k c(x).Q, cx.P ≈k cx.Q
c(X).P ≈k c(X).Q, cP1 .P2 ≈k cQ1 .Q2
(x)P ≈k (x)Q
P1 |P2 ≈k Q1 |Q2
Proof. Routine check using similar approach to that in the proof of the congruence of ≈vll .
As mentioned, the approximation in this section is a technical part to make complete the theory
on bisimulations in linear higher-order π-calculus, and it also prepares for some future tasks. We
comment some of them in the next section.

7.4

Conclusion

In this chapter, starting from previous work on bisimulation theory of higher-order process
calculi, we arrive at a recent result on bisimulation theory in linear higher-order π-calculus [36],
which is proposed by Fu to reduce the power of higher-order calculi so that an equation system is
guaranteed. Local bisimulation [36] is an intuitively reasonable observational equivalence enjoying
such characteristics as equivalence and congruence. By exploiting the properties of linear processes,
we design two variants, which simplify local bisimulation and are coincident on bisimilarities. The
first variant, called local linear bisimulation, simplifies the higher-order input and higher-order
output simulation steps in local bisimulation through the essence in Abstraction Theorem and
Concretion Theorem. The second variant, called local linear variant bisimulation, adjusts the
first-order bound output in local bisimulation to make it more appropriate for some analysis like
axiomatization and logical characterization, by making use of the congruence properties. As a byproduct, we build a chain of “bisimulation” equivalences to approximate local (linear) (variant)
bisimilarity. Another plain corollary of the results in this chapter is that if we enrich the calculus
with mismatch, all the results still hold, with minor change in proofs. We shall use this in some
part of the coming-up chapters.

Future work
Some future work based on the result in this chapter can be addressed. We mention several of
them below.
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• Recursion. Our calculus here is free of recursion operator or fix-point operator. This can
provide us a complete axiom system, as shown in [36]. Albeit the inclusion of recursion would
grant the calculus the power of Turing machines, it can enrich the diversity of the behavior
of processes and the description capability, especially in cooperation with restriction and
possibly relabelling which we do not include here either. We think that the inclusion of
recursion would not shatter the main result in this chapter, that is the simplification can
still be obtained through a similar technical routine. The difference worth noticing is in the
proof concerning process structures, where one shall not use induction on process structure
any more, but induction on derivation height instead, because the recursion can increase the
complexity of a process during transitions. Some discussion on recursion in LHOPi can be
found in [36].
• Logical characterization. Another immediate yet important task starting off from the bisimulation theory in this chapter is to achieve a logical characterization of local bisimulation,
which can complement the algebraic theory of bisimulation here, and enable practical modeling and verification using LHOPi. Related work on logically characterizing bisimulations
in higher-order process calculi is [10], where strong context bisimulation in higher-order
π-calculus is characterized, and [14], where weak context bisimulation in higher-order πcalculus is characterized. The framework is likewise. We summarize a little the rough
pattern of logical characterization.
1. Target bisimulation in some process calculus;
2. Its variant(s) tailored for logical characterization;
3. The variant’s coincidence with the original bisimulation on bisimilarities;
4. The approximation of the variant bisimilarity using a chain of “bisimulations”;
5. The (modal) logic for characterizing the variant bisimulation;
6. The characteristic formulas for aiding the proof of the characterization theorem;
7. The characterization theorem, that is the coincidence between the bisimilarity and
logical equivalence.
A direct logical characterization of local bisimulation is possible by following the pattern
in [10] [14]. However since we are dealing with linear processes, the bisimulation is expected
to enjoy a simpler form and ease the logical characterization. The work in this chapter
provides the simplification of local bisimulation that we are interested to characterize, that is
we can characterize local linear (variant) bisimulation instead of local bisimulation. We recall
that the simplification resides in higher-order input and output, but first-order bound output
clause cannot be simplified, though some more desirable form is available. The existence
of first-order bound output results in the necessity of using constructive implication in the
logic, which is explained below.
We can see that the results in this chapter has settled several parts in the pattern of logical
characterization mentioned above. The next task is to exercise the design of logic that
takes advantage of the variants of local bisimulation and related work in [10] [14], where the
main contribution is the constructive implication operator (⇒) that is used to specifies the
property of a function or functional process. For example, ² P [X] : φ ⇒ φ0 means that
when inputted with a process R satisfying φ, the obtained process P {R/X} shall satisfy
φ0 . Moreover, to accomplish the logical characterization, one has to reformulate the calculus
under a new framework to tailor the processes to be suitable for a logical description. And
the reformulation must be equivalent to the original calculus in the sense of bisimulations.
After all the preparation, we have to go through a number of technical steps to arrive at the
characterization theorem that relates logical equivalence to bisimulation equivalence, that is
local bisimilarity. The task is not so trivial in that we have to carefully examine each steps
in the pattern above. For now we think our logic may be composed of three parts:
1. Traditional parts from modal logic for first-order mobile processes, like in [68];
2. Parts on constructive implication or something alike due to the work in [10] and [14] to
handle first-order bound output in local bisimulation;
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3. Parts concerning the higher-order input and output based on the simplification in local
linear (variant) bisimulation.
We will work on this task in the Chapter 8, whose content also appears in [104].
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Chapter 8

Logical characterization of local
bisimulation in linear higher-order
π-calculus
F1

8.1

Introduction

Compared with first-order calculi [64] [69] [92], higher-order process calculi stand out in that
they have the capability to communicate an integral program. Higher-order features provide a
broader range of communication ability that can compute more conveniently and efficiently in
some cases, and the (technical) framework of process calculi is widened.
Linear (full) higher-order π-calculus (LHOPi for short) [36] extracts the resource sensitiveness
in practice, for example one service can be used only once in network application. Fu shows that
linearity can successfully decrease the computational capability, and results in a complete equation
system for checking whether two processes are equivalent with respect to local bisimulation, which
improves previous bisimulation in that it is not delayed and of open style. Furthermore, localization, abstraction, concretion theorems are worked out to simplify the analysis of the equivalence
between linear processes, which lays the foundation for the equation system.

Logical characterization
Processes calculi are a tractable tool for specification of concurrent processes. However in
practice, it is more convenient to describe some processes, such as a web service, using some
kind of logic, which guarantees the verification process in the framework of logic rather than
within process calculi. So (modal) Logic [43], such as Hennessy-Milner Logic, complements the
algebraic nature of process calculi [47] [74]. It can be used to specify the properties of a system,
and enable verification on it. And practical tools for verifying systems exist, such as Concurrent
Workbench [27]. An important property in logical characterization is that logical equivalence
coincides with the corresponding bisimulation equivalence (for example, strong bisimilarity in CCS
with Hennessy-Milner logical equivalence), which ensures the soundness of the logic equivalence.
Hennessy-Milner logic is the first modal logic to specify properties of CCS processes [64],
later extensions are designed to characterize mobile processes [68]. Based on the modal logic
that characterizes a certain bisimulation, a proof system can be built to automatize checking
equivalence of two processes [94]. In [10], Amadio and Dam give a logical characterization of
strong context bisimulation in Plain CHOCS (or some kind of π-calculus) and two sound and
complete proof systems based on the characterization of restriction-free sub-calculus. The logic
they use extends Hennessy-Milner logic with a constructive implication , which specifies process
functions. For example,
P [X] ² φ ⇒ φ0
1 This

chapter has been updated. See [104] for the most recent version.
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means that whenever function P [X] receives of a process Q satisfying the property φ, it will make
the instantiated continuation P {Q/X} satisfy the property φ0 . The technical details are somewhat
similar to that of Hennessy-Milner logic, except that
1. Operational semantics is redesigned to prepare for logical manipulation. In input, the rule is
a
a(X).P −
→P [X], which rewrites a process with an input prefix to a process function P [X]; in
a
output the rule is aP 0 .P −
→(f P 0 |P )[f ], which is a functional (f is a process function variable
to be instantiated by a receiving environment). f P 0 means a function application, and
sometimes we use f [P 0 ].
2. Characteristic formulas are used to show the characterization theorem, which also depends
on the congruence properties of strong context bisimulation.
In [14], Baldamus and Dingel logically characterize the weak context bisimulation on (secondorder) Plain CHOCS like processes, by characterizing an equivalent variant called existential
bisimulation in which function and functionals (process with a function variable) are used to
indicate the “context” simulation under every environment. Their logic also extends HennessyMilner logic by some kind of implication (a special box operator is used instead of constructive
implication, but the semantics does not change), but has full negation. The technical details
are a little different from the traditional ones, in that open extension and existential extension
are introduced and different characteristic formulas are used. And the proof of characterization
theorem depends on congruence properties in essence, where guarded choice is used.
The logics in [10] and [14] share something in common that they all harness a logical combinator called constructive implication, which is different from traditional implication in first-order
logic. We below see an example. Generally the logic is relatively vast, and the interesting parts
concerning the bisimulation equivalence occupy some fragment of the logic formulas. Think about
the following instance.
P , (a)(b[a.0].a.0)
Then
b

P−
→(a)(f [a.0]|a.0) , Q
where some structural rules are possibly involved. Take a logical formula as
(φ ⇒ φ0 ) ⇒ φ00 ,
where
φ ≡ haxi>,
φ0 ≡ haxiϕ,
φ00 ≡ hτ iϕ0 ,
where ϕ, ϕ0 are some formulas, haxi, hτ i are modalities in Hennessy-Milner logic, and > is logical
truth. As an instance, typically we can choose ϕ ≡ ϕ0 ≡ >. So whenever f ² φ ⇒ φ0 , Q ² φ00 .
On the other hand, one shall know that higher-order calculi like Plain CHOCS and higherorder π-calculus can be embedded into first-order paradigm with full abstraction with respect to
barbed bisimilarities [82], so the logical characterization of higher-order bisimulation equivalence
can be made by:
1. First encode the processes into first-order ones that are full abstract respectively;
2. Second make the logical comparison in the first-order paradigm (this has been studied in
[68]). Note the modal formulas in this case are defined on first-order processes’ behavior.
However in here, our work tries to offer a more direct way to logically compare two higherorder processes. Anyhow, a direct characterization is somewhat more attractive than an indirect
one, in that it not only saves complexity in going through the encoding procedure, but makes it
possible to harness the exclusive feature of linearity in LHOPi. In this chapter, all processes are
LHOPi processes if not mentioned otherwise.
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Contribution
Motivated by the previous work and their importance in both theory and practice, we further
the higher-order study on logical characterization of bisimulations on linear processes. In this
chapter, we try to logically characterize local bisimulation in linear higher-order π-calculus, which
as far as we know, is not reported up-today. To achieve this, we take advantage of several variants
of local bisimulation, that is local linear bisimulation, local linear variant bisimulation, which make
use of the special properties of linear processes to simplify the requirements in bisimulation. As
shown in [105], whose content comprises Chapter 7 in this thesis, the three bisimilarities coincide,
based on several important theorems including Abstraction Theorem and Concretion Theorem.
We can also define a descending chain of “bisimulations” that approximate local linear variant
bisimilarity, in the standard style [105]. To get ready for the logical characterization, we need
to reformulate the calculus in a new proper syntax and semantics, and the obtained calculus
is equivalent to the original one in the sense of bisimulation. That finished, we put forward
our logic. Thanks to linearity, we can simplify our logic with respect to that in [10] [14]. We
relinquish implication operator in higher-order input and output, and retain them in the traditional
framework, like a first-order action modal. The crux is that some special processes or processes
functions can be used instead of general ones. However, we still need the implication operator
in first-order bound output, since local bisimulation requests that the continuation should be
considered with an arbitrary process with the scope of the outputted bound name, which cannot
be simplified. Our logic has (full) negation and thus full duality. We define the characteristic
formulas in the fashion of [10], and prove the characterization theorem, which states the main
result of our work that logical equivalence coincides with local bisimilarity.
In summary, we contribute to the higher-order process calculi paradigm in the following respects:
• Reformulation of linear higher-order π-calculus. We have the result on simplifying local
bisimulation in [105], which serves as the basis of logical characterization. But to render the
calculus proper for characterization, we still have to reformulate it in a new-styled syntax
and semantics, which smoothes the technical roughs for a logical specification of a process.
• Logics. Our logic comprises three parts: the traditional first-order parts like that in [68], the
higher-order input and higher-order output that has been in a sense degraded to that like
first-order modalities, the constructive implication operator that is used to specify first-order
bound output action in local bisimulation. We show that our logic indeed characterizes local
bisimilarity by proving the characterization theorem.
• Compared to previous related work, our work features in that neither general congruence
(closure over all operators, including nondeterministic choice)(like in [10]) nor some special
congruence (for example closure over guarded choice as one requirement)(like in [14]) is
needed. That is the bisimulation equivalence we characterize is a weak bisimulation, rather
than the corresponding congruence relation, which is constructed due to the unclosure over
choice.
• Other technical parts. Like approximation of local (linear variant) bisimilarity, characteristic
formulas and etc.

8.2

Reformulating linear higher-order π-calculus

Linear higher-order π-calculus (LHOPi) is put forward by Fu [36] to improve studies on higherorder process calculi on bisimulations and axiomatization, where the bisimulation is called local
bisimulation. We have discussed several bisimulations of simpler forms on LHOPi processes
than local bisimulation [36] and prove the properties of each of them and their coincidence in
[105]. However, since our aim is to build a logical characterization of the bisimulations, some
technical manipulation is needed, to tailor the forms (denotations) of the process, including the
syntax, semantics and bisimulations, to pave the way for logical characterization, including logical
formulas, satisfaction semantics and characterization theorem. And what’s more, one must be
careful in that the new formulation is consistent to the original one, in the sense of bisimulations.
Some earlier work on logically characterizing higher-order bisimulations is in [10] and [14], and we
take a similar technical routine.
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So in this section, we reformulate the calculus LHOPi and related results formulated in [105],
under new syntax and semantics to prepare for the logical characterization of local bisimulation
we intend to work on. One will see that it is indeed an equivalent reformulation in the sense
of bisimulations, and most of the results on bisimulations have the same essence and proofs are
similarly, so we usually skip them. One can easily design between the two calculi, that is the
original one and the one after reformulation, a translation (or encoding) that enjoys full abstraction
property, with respect to interesting bisimulations, as will be clear. For more details on LHOPi and
its bisimulation theory, please refer to [36] [105].
The reformulation consists of three parts: syntax, semantics (LTS) and bisimulations.

8.2.1

Syntax

Names are denoted by small letters (a, b, c...), whereas process variables (variables for short)
are denoted by capital letters (X, Y, Z...). Processes are denoted by P, Q.... The syntax of the
calculus is as below.
P

:= 0
X
fP
τ.P
a(x).P
ax.P
a(X).P
aP 0 .P
P |P 0
(x)P
[x=y]P
P +P 0

null process
process variable
function application
internal move
first-order input, a is subject, x is bound (not free)
first-order output, a is subject, x is free
higher-order input, a is subject, X is bound
higher-order output, a is subject, f v(P ) ∩ f v(Q) = ∅
parallel composition, f v(P ) ∩ f v(Q) = ∅
restriction, x is bound, or local
match
non-deterministic choice
Figure 8.1: Syntax

τ is internal (silent) action prefix and can be defined through other prefixes. We include it
for convenience. α-conversion is implicitly applied to avoid unnecessary name capturing. We
treat a process with a process variable appearing in it as some kind of function (from processes
to processes), and we sometimes use the λ-calculus style to handle application of a function,
for example (λX.P )Q means the possible application P {Q/X}. Functions with more than one
variables can be defined accordingly. f, g... (or in their special font forms) is used to denote
(process) functions, and process variables (or simply variables) are denoted by X, Y, Z, ..., U, V, ....
All the items in the above definition have their usual meaning, except for f P , which means a
function application taking P as the input. So in the calculus, processes have orders: closed
processes have order 0, process functions have order 1. The total sets of closed processes, process
functions are represented by P r0 , P r1 respectively.
Sometimes we need some notations on functions. If U is X and f v(P ) ⊆ {X} (that is P at
most contains free variable X), P [U ] is a function. Another notation is P (U ), which is the same
as P [U ] when U does appear in P [U ], and a closed process when U does not appear in P . We
write P [A] (P (A)) for P [U ]{A/U } (P (U ){A/U }).
Most of the rest conventions are the same as the original formulation of LHOPi in [36] or
[105], including closed processes, substitution of names and variables, contexts (full contexts, local
contexts), and a number of abbreviations. So we skip them and will make explanation when
necessary. Notice fresh names (variables) are names (variable)s that do not occur in the processes
under consideration.
We consider closed processes in general throughout this chapter. So if not mentioned, processes
under consideration are closed. This makes sense in that in practice a process’s behavior is
interesting and decidable only if its parameters are instantiated, what’s more, bisimulations on
open processes usually have those on closed processes as the basis, so it is somewhat reasonable to
impose this requirement. For the generalization to general processes, we think we probably need
to set some limitation to the calculus to make the logical characterization possible, since general
congruence is required in the proof of the characterization theorem. For example, one need to use
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the congruence relation obtained in the standard way like that in [64] or to use a restricted choice
such as guarded choice. How can this be achieved is to be examined as a future work.

8.2.2

Semantics

Recall we have the definition cp(P, X) that is used to compute the process variables in a
concurrent(or parallel) position to a certain process variable (due to Fu [36]). The definition is
the same as that in [36] or [105].
cp(0, X)
cp(X, X)
cp(Y, X)
cp(a(x).P, X)
cp(ax.P, X)
cp(a(Y ).P, X)
cp(aQ.P, X)
cp(P |Q, X)
cp((x)P, X)
cp([x=y]P, X)
cp(P +Q, X)

,
,
,
,
,
,
¾
,
,
,
,

∅
∅
{Y }, Y 6= X
cp(P, X)
cp(P, X)
cp(P,
X)

 f v(Q) ∪ cp(P, X)


f v(P ) ∪ cp(Q, X)
 f v(Q) ∪ f v(P ) ∪ cp(P, X) ∪ cp(Q, X)


∅
cp(P, X)
cp(P, X)
cp(P, X) ∪ cp(Q, X)

if
if
if
if

X
X
X
X

∈ (f v(P ) − f v(Q))
∈ (f v(Q) − f v(P ))
∈ (f v(Q) ∩ f v(P ))
∈
/ (f v(Q) ∪ f v(P ))

There are six kinds of actions: a(x) (first-order input), ax (first-order output), a(x) (firstorder bound output), a(A) (higher-order input), af (higher-order output), and τ (internal action).
Actions are ranged over by α, β, λ....
The operational semantics of the calculus is given by the following Labelled Transition System
(LTS). Note we omit the symmetric rule for each one. f o and ho indicate first-order and higherorder in labels of the rules, respectively. And the derivation height of a transition is defined in
the standard way. We use {y/x} and {A/X} to denote the substitution (functions) on names
and variables respectively, in the static style, that is name capturing is prohibitted. We also
need a dynamic version of substitution, [A/X]. This is because we need a special treatment in
the definition of local (linear) (variant) bisimulation, where the first-order bound output clause
requires the composition of an arbitrary process O. P [A/X] is some kind of blind substitution,
which discards name capturing. Somewhat it is more general than {A/X}. The recursive definition
is like that for {A/X}. Notice we use it in the simulation clause for first-order bound output, and
accordingly the rule (f o−com2) below.
Remark. We make some explanation on the rules.
• The LTS is on closed processes, and only produces functions (open processes) in first-order
bound output. And it can be extended to open processes easily. We use early instantiations
in higher-order actions. We suppose any local name is somewhat fresh, that is distinct from
any other names in the processes under consideration.
• In (f o−com2), a higher-order substitution is applied to instantiate the context (variable)
in Q0 to a concrete process, that is the receiving process. This results from rule (f o−res),
which rewrites a process to a function after a first-order output action.
• In (ho−com), some kind of second-order substitution is employed, which is attributed to rule
(ho−out) that rewires a process to another containing (in concurrent position) the receiving
environment, the communicated process and the residual process after the action. That
is, firstly, to get around the notation stuff, one need to obtain some function Q00 [Z], by
restoring the inputted A to a process variable Z, since we use early instantiation in higherorder actions, and such Q00 must exist by rule (ho−in). So in some sense, it is only needed
that Q can make some input action, though the rule thus seems a little unnatural, it is the
trade-off the logical characterization. Secondly, the obtained function is used to replace the
function f in the higher-order output action of P , which results in a process constituted by
the application of the communicated process to the function and the continuation process of
the output. On the other hand, maybe we can use a more explicit form in the higher-order
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Prefixes
(f o−in)

(f o−out)

a(y)

a(x).P −−−→P {y/x}
(ho−in)

f v(A) ∩ cp(P, X) = ∅
a(A)

(ho−out)

ax

ax.P −→P

af

aP 0 .P −→(f P 0 |P )

a(X).P −−−→P {A/X}

(τ )

Communication
a(x)

(f o−com1)

af

(ho−com)

a(x)

ax

P −−−→P 0 Q−→Q0
τ
P |Q−
→P 0 |Q0
P −→P 0

(f o−com2)

(par)

a(x)

P −−−→P 0 Q−−−→Q0
τ
P |Q−
→Q0 [P 0 /X]

a(A)

Q−−−→Q0 ≡ Q00 {A/Z}
τ
P |Q−
→P 0 {Q00 /f }

Parallel composition

α

P−
→P 0
α
P |Q−
→P 0 |Q

Restriction
α

(res)

P−
→P 0 , x ∈
/ f n(α)
α
(x)P −
→(x)P 0

ax

(f o−res)

Condition
(con)

P −→P 0

α

P−
→P 0
α
[x=x]P −
→P

Choice
(cho)

α

P−
→P 0
α
P +Q−
→P

Figure 8.2: LTS
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x 6= a, X is fresh
a(x)

(x)P −−−→(x)(X|P 0 )

τ

τ.P −
→P

a[A]f

output, such as P −−−→P 0 , to indicate the output content. However this has nothing to do
with the essence of the semantics.
• In (f o−res), we adopt a similar approach as in [14] to cope with it, that is the transition
leads to an open process with a process variable in the parallel position with the continuing
process, and later impose matching steps in bisimulation definition. X needs to be fresh
to avoid collision with other process variables in concurrent positions, thus ensuring the
linearity of the obtained process. This can be achieved because process variables are infinite
in number. In fact, this is the only way to generate an intermediate open process (Lemma
8.1), which is to be examined after instantiation of the variable in bisimulations.
• Weak transitions are defined in the usual way, that is =⇒ indicates a sequence of internal
α
α
α̂
α
actions, whereas =⇒ represents =⇒−
→=⇒. And =⇒ denotes =⇒ when α is not τ , and =⇒
otherwise.
• We need structural rules to make the LTS applicable in following discussions. Typically,
parallel composition and choice operators are respectively associative and commutative, and
restriction commutes with parallel composition in some conditions, as the following rule says
(x)(P |Q) = (x)P |Q whenever c ∈
/ f n(Q)
Below is a lemma on the transition properties of a process based on the transition system. It
shows that the LTS defined above has the same capability, to the original LTS in Chapter 7 or
in [36], in handling local names in first-order or higher-order output. What’s more, this lemma
plays an important role in logical characterization we are going to carry out.
Lemma 8.1. The following properties hold:
a(x)

y )(x)(X|P1 ) for some ye, P1 .
1. If P −−−→P 0 , then P 0 must be of the form (e
af

2. If P −→P 0 , then P 0 must be of the form (e
x)(f P1 |P2 ) for some x
e, P1 , P2 .
The converse:
a(x)

1. If P 0 is of the form (e
y )(x)(X|P1 ), then there exists some P such that P −−−→P 0 .
af

2. If P 0 is of the form (e
x)(f P1 |P2 ), then there exists some P such that P −→P 0 .
In fact, that (first-order bound output) is the only way to produce an open process from a closed
one in the LTS.
a(x)

Proof. For the first part, by induction on the derivation height of the transition P −−−→P 0 or
af
P −→P 0 . For the second part, by a routine reasoning on the derivation of (e
y )(x)(X|P1 ) or
(e
x)(f P1 |P2 ). Note the reasoning on the derivation tree ends because the height is finite. And
the key is to assure the locating of some needed action, such as first-order bound output or higherorder output, which is not hard by the basic fact that the processes of these forms must contain
some element(s) of the corresponding prefixes, by the LTS.
Because of this lemma, we will generally use the substitution [A/X] in function cases henceforth.

8.2.3

Bisimulations

In this section, we give the bisimulations under the LTS defined in Figure 8.2. We still use
the original names for the bisimulations, since (as said) they are essentially the same as those
counterparts based on the original LTS. And we will give their related properties without proofs.
The bisimulations include:
• Local bisimulation
• Local linear bisimulation
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• Local linear variant bisimulation
• A descending chain of hierarchical bisimulations approximating local (linear) (variant) bisimulation
Bisimulations are defined on closed processes. And they can be extended to open processes in the
traditional way. In fact, bisimulation can also be defined directly on general processes (expressions)
and the obtained bisimilarity can be shown to coincide with that on closed processes [36]. We
use weak transition in general, which does not change the bisimulation essence (like that in [69]).
And in higher-order output, we use an early version, which by a routine reasoning, can be shown
to coincide with the late version (like that in [36]).
Definition 8.2 (Local Bisimulation). A symmetric binary relation R on (closed) processes is a
local bisimulation, if it is closed under substitution of names, and whenever P R Q, the following
properties hold:
τ

1. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
a(x)

a(x)

ax

ax

a(x)

a(x)

2. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
3. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
4. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and for every (closed) process O,
P 0 [O/X] R Q0 [O/X].
a(A)

a(A)

af

af

5. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
6. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 .
We say P is local bisimilar to Q, written P ≈l Q, if there exists some local bisimulation R such
that P RQ.
Definition 8.3 (Local Linear Bisimulation). A symmetric binary relation R on (closed) processes
is a local linear bisimulation, if it is closed under substitution of names, and whenever P R Q, the
following properties hold:
τ

1. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
a(x)

a(x)

ax

ax

a(x)

a(x)

2. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
3. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
4. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and for every (closed) process O,
P 0 [O/X] R Q0 [O/X].
a(c)

a(c)

5. If P =⇒P 0 , where c is a fresh name, then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
af

af

6. If P =⇒P 0 , where f is c.(X+d) in which c, d are fresh names, then Q=⇒Q0 for some Q0 , and
P 0 R Q0 .
We say P is local linear bisimilar to Q, written P ≈ll Q, if there exists some local linear bisimulation
R such that P RQ.
Definition 8.4 (Local Linear Variant Bisimulation). A symmetric binary relation R on (closed)
processes is a local linear variant bisimulation, if it is closed under substitution of names, and
whenever P R Q, the following properties hold:
τ

1. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
a(x)

a(x)

2. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
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ax

ax

a(x)

a(x)

3. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
4. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and for all (closed) processes O1 and O2 such that
O1 R O2 ,
P 0 [O1 /X] R Q0 [O2 /X].
a(c)

a(c)

5. If P =⇒P 0 , where c is a fresh name, then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
af

af

6. If P =⇒P 0 , where f is c.(X+d) in which c, d are fresh names, then Q=⇒Q0 for some Q0 , and
P 0 R Q0 .
We say P is local linear variant bisimilar to Q, written P ≈vll Q, if there exists some local linear
variant bisimulation R such that P R Q.
We have the following theorem stating the properties of and relationship between the three
bisimulations defined above.
Theorem 8.5. The following properties hold:
• Local bisimilarity (≈l ), local linear bisimilarity (≈ll ) and local linear variant bisimilarity
(≈vll ) are equivalence relations;
• Local bisimilarity (≈l ), local linear bisimilarity (≈ll ) and local linear variant bisimilarity
(≈vll ) are (local) congruence relations on all the calculus operators except the choice operator.
• Local bisimilarity (≈l ), local linear bisimilarity (≈ll ) and local linear variant bisimilarity
(≈vll ) coincide with each other. That is
≈l = ≈ll = ≈vll .
Since we know that local bisimilarity, local linear bisimilarity and local linear variant bisimilarity coincide, to simplify notations, we will use ≈ to represent the three bisimilarities henceforth.
≈ on open processes (process functions) are defined by
P [U ] ≈ Q[U ] if P [U ]{O/U } ≈ Q[U ]{O/U }, for all closed O.
And note [O/U ] is stronger than {O/U }.
Next we give the approximation of ≈, by defining a descending chain of bisimulations approximating local linear variant bisimilarity. We use k, l..., λ, κ... for ordinals, I, J for index sets. ω is
the first transfinite ordinal.
Definition 8.6. The function F : P r02 → P r02 is defined as below: P F(R) Q if F(R) is closed
under substitution of names and the following properties hold:
τ

1. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
a(x)

a(x)

ax

ax

a(x)

a(x)

2. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
3. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
4. If P =⇒P 0 , then Q=⇒Q0 for some Q0 , and for all (closed) processes O1 and O2 such that
O1 R O2 ,
P 0 [O1 /X] R Q0 [O2 /X].
a(c)

a(c)

5. If P =⇒P 0 , where c is a fresh name, then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
af

af

6. If P =⇒P 0 , where f is c.(X+d) in which c, d are fresh names, then Q=⇒Q0 for some Q0 , and
P 0 R Q0 .
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And vice versa.
Now the hierarchy ≈k (k < ω is an ordinal) can be defined as (λ is a transfinite ordinal):
≈0
≈k+1
≈λ

= P r02
k
= F(≈
)
T
k
=
k<λ ≈

The relation ≈k can be extended to functions in the usual fashion.
We have the following important properties on F and ≈k .
Proposition 8.7. We have the following properties.
1. The relation ≈k (k ≤ ω) is a congruence with respect to all the operators in the calculus
except the choice operator.
2

2. Suppose 2P r0 is a complete lattice with the order of set inclusion on it. Then:
(a) F is monotone. That is
0

If k < k 0 , then ≈k ⊆ ≈k .
(b) R is a bisimulation iff R ⊆ F(R);

T
T
(c) If {Xi }i∈I is a codirected set, then F( i∈I Xi ) = i∈I F(Xi );
(d) The greatest bisimulation ≈vll exists and it coincides with ≈ω . That is
≈ω = ≈vll .
By here we finished the reformulation. In the next section we propose our logic.

8.3

The logic

Now we are ready for the logical characterization of ≈l , through characterizing ≈vll . This section
defines the logic, which we name Linear Higher-Order Logic (LHOL), to characterize LHOPi processes and local bisimilarity, and the characterization theorem relating logical equivalence to local
bisimilarity is proven. Recall the three bisimilarities ≈l , ≈ll , ≈vll coincide with each other and are
denoted uniformly by ≈.

Modal formulas
The formulas used to specify process properties are generated by the following grammar. We
use φ, ψ, ϕ... to range over modal formulas. Like processes, formulas also have orders: 0 (closed
processes), 1 (process functions). A process should be specified by formulas with the same order.
The orders shall be clearly determined by the context, so we usually omit them in discussion. Also
note in conjunction formulas shall have the same order.
Definition 8.8. Modal formulas are of the following forms (J is a countable (maybe infinite)
index set):
φ

::= hτ iφ | ha(x)iφ | haxiφ | ha(x)iφ |
ha(c)iφ | hafiφ |
[φ]φ
V |
i∈J φj | ¬φ

······1
······2
······3
······4

Figure 8.3: Logic
c is fresh. f , d.(X+e), where d, e are fresh.
The logic includes four parts.
1. Parts similar to that in Hennessy-Milner logic [68], on first-order actions and internal action;
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2. Parts on higher-order input and output, taking advantage of ≈vll .
(a) Higher-order input: ha(c)iφ. Because the received process in a higher-order input is
special, that is the process c(x).0 (c is fresh), we simply need this modal formula. Note
b(x).0 satisfies hb(x)i>;
(b) Higher-order output: hafiφ. Because the receiving environment is special, that is the
process d.(X+e) (d, e are fresh), we simply need the concise form, that is f , d.(X+e)
and no generalization (universal quantifier) is needed.
3. Parts on first-order bound output. We follow a similar line in [10] [14], using the (constructive) implication operator. That is, in a first-order bound output action, one first rewrites
the process to a function and then specify the function using the implication operator.
4. The standard operators. We include conjunction and negation. This would provide us a
logic with duality, like that in [14] but different from that in [10].
We have the following abbreviation and derived operators. Abbreviations:
V
> , ∅ ⊥ , ¬> φ ∨ φ0 , ¬(¬φ ∧ ¬φ0 )
Derived operators:
[α]φ , ¬hαi¬φ hφiφ0 , ¬[φ]¬φ0
α is τ, a(x), ax, a(x), a(c), or af.

Modal depth of formulas
We give the definition of modal depth of a modal formula φ, denoted by |φ|, which provides a
metric to compare the transition capability of processes, as follows (sup(·) indicates the supremum
operation):
V
1. | i∈J φj | = sup(|φj |)j∈J , note |>| = 0;
2. |¬φ| = |φ|;
3. |hαiφ| = |φ| + 1, α is τ, a(x), ax, a(x), a(c), or af;
4. |[φ]φ0 | = sup(|φ|, |φ0 |).
Remark. Note 4 (sometimes called [φ]-operator) is different from 3 (sometimes called hαioperator) in that it does not contain any statement on the transition steps of a process. It
simply states the function behavior of a process in a sense (some kind sequence or static?). So the
modal depth of 4 is not deepened from φ or ψ like in 3.

Realization
Here we give the semantics of the formulas by defining the satisfaction relation. Judgement
P ² φ means process P realizes formula φ. There are two kinds of judgements:
α̂

• P ² hαiφ means that P can make a weak transition =⇒ and then behaves as specified by
φ, in the traditional way as in Hennessy-Milner logic.
• P [U ] ² [φ]φ0 means that whenever there is an argument that satisfies φ, then the application
of the function with the argument leads to a process satisfying the property φ0 . For example,
if P [X] ² [φ]ψ, whenever there is an argument Q satisfying φ, when it is inputted, the process
P {Q/X} satisfies property ψ.
Now the satisfaction relation (or realization relation) is defined as follows (α is τ, a(x), ax, a(x), a(c),
or af):
Remark.
• The importance of a possibly infinite conjunction lies in that it allows for a universal description of a class of processes of interest, such as in the case of a context bisimulation.
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V
P (U ) ² i∈J φj
P (U ) ² ¬φ

if for every j ∈ J, P (U ) ² φj
if it does not hold that P (U ) ² φ
α̂

if there exists some P 0 s.t. P =⇒P 0 , and P 0 (U ) ² φ,
where U is the variable possibly occurring in P 0
if whenever there is a Q s.t. Q ² φ, then P {Q/U } ² φ0

P ² hαiφ
P [U ] ² [φ]φ0

• 6² denotes “not satisfy”.
• Note [φ]ψ is equivalent to the constructive implication operator φ ⇒ ψ in [10]. Also notice
that constructive implication is not like the traditional implication combinator in first-order
like logics, where φ → φ0 is usually equivalent to ¬φ ∨ φ0 , so φ → φ equals to > (true). Here
φ ⇒ φ0 does not necessarily mean >. In fact, it simply indicates the constructive information
of the process under specification.

Logical equivalence
Below we give the definition of logical equivalence.
Definition 8.9 (Logical equivalence). For every ordinal k < ω, an equivalence relation ≈κL on
processes and process functions is defined as follows:
(i) ≈kL is closed under substitution of names;
(ii) P (U ) ≈kL Q(U ) if for every formula φ s.t. |φ| ≤ k,
P (U ) ² φ if and only if Q(U ) ² φ
k
And P ≈L Q (or precisely P ≈ω
L Q) if P ≈L Q for every k < ω.

8.3.1

Characteristic formulas

In this section, we give the definition of characteristic formulas, whose counterparts appear
in [10] and [14]. The characteristic formula of a process describes all the possible characteristics
of behavior (properties) of the process, with respect to a parameter, the modal depth k. And this,
in a sense, provides a normal form of the property characterization of a process, so a uniform way
can be worked out to compare two processes, and nothing will be neglected. From this viewpoint,
characterization formulas offer a bridge to relate logical equivalence to bisimulation equivalence,
in that the (uniform) information they offer can be harnessed to compare two processes in a
bisimulation way. The idea and technical part here are similar to that in [10] [14], however the
proofs are not the same.
The definition of characterization formulas is given below.
Definition 8.10 (Characteristic formula). For any processes P (U ) and any ordinal k ≤ ω, the
characteristic formula C k (P (U )) is defined recursively as follows (α is τ, a(x), ax, a(x), a(c), or af):
C 0 (P (U ))
= > V
(base)
V
C k+1 (P (U )) =
(hαiC k (P 0 (U ))) ∧ ([α]
α̂

C k+1 (P [U ])

=

C ω (P (U ))

=

0

α

W
α̂

C k (P 0 (U ))) (exists,for all)
0

P =⇒P (U )
V
V P =⇒P (U )
[C k+1 (R)]C k+1 (P {R/U }) ∧ hC k+1 (R)iC k+1 (P {R/U })
RV
R
C k (P (U )) (limit)

(functions)

k<ω

Remark. Note they are defined with respect to an ordinal k. This is a little interesting in that
if k is properly equal to the depth of the process under inspection, it is easy to understand, but if
k is smaller or greater, the case is a little tricky. When k is greater than the depth of the process
under inspection, it would not cause any problem since the bottom of the recursive definition is
>. And if the case k is smaller than the depth of the process under inspection this will be the case
that part (several modalities from the beginning) of the behavior of the process is examined, due
to the construction details, as will be clear in the proofs coming forth. For the function case, one
has to range over all possible process R that satisfies the required semantics to gain a thorough
description of the process P (U ), a little different from that for the modal behavior in the second
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case, since it does not have any modal information.
Notice that only the characteristic formulas’ existence is guaranteed and the concrete content is
not provided here, though it is possible to do so. And I think this is an interesting future problem
to be settled, since the description of the behavior of a LHOPi process can be possibly made by
an algorithm.
A simple property of a characteristic formulas is that
|C k (P (U ))| ≤ k, for any k ≤ ω.

8.3.2

The characterization theorem

Now we are ready for the characterization theorem that related bisimulation equivalence to
logical equivalence. We need two propositions as the stairs.
Proposition 8.11. For any k < ω, it holds that:
1. For all P (U ), P (U ) ² C k (P (U ));
2. For all P (U ), Q(U ),
P (U ) ² C k (Q(U )) if and only if P (U ) ≈k Q(U ).
Proof. We prove (1) and (2) at the same time, by induction on k and the order (of processes
or formulas), that is the sum of them. The non-standard case is the function case, and we only
consider this.
(1). We need to show
^
P [X] ² [C k+1 (R)]C k+1 (P [R/X]).
R
0

Suppose that for all R, R s.t.
R0 ² C k+1 (R).
Then by induction hypothesis on (2), we have
R0 ≈k+1 R.
By Lemma 8.1, we know that the functions in the bisimulation come from first-order bound output
action, so from the definition of ≈k+1 (and the congruence properties), we have
P [R0 /X] ≈k+1 P [R/X].
Again by induction hypothesis on (2), we have
P [R0 /X] ² C k+1 (P [R/X]),
as desired.
(2): “only if”. Suppose P [X] ² C k+1 (Q[X]). In the function case, that is for any R,
P [X] ² [C k+1 (R)]C k+1 (Q{R/X}).
By induction hypothesis on (1), one knows that
R ² C k+1 (R).
Therefore
P {R/X} ² C k+1 (Q{R/X}).
By induction hypothesis on (2), we have
P {R/X} ≈k+1 Q{R/X}.
By definition, that is
P [X] ≈k+1 Q[X].
149

(2): “if”. Suppose P [X] ≈k+1 Q[X]. For any process R and R0 s.t.
R0 ² C k+1 (R).
By induction hypothesis on (2), one has
R0 ≈k+1 R.
By Lemma 8.1, we know that the functions in the bisimulation come from first-order bound output
action, so from the definition of ≈k+1 (and the congruence properties), we have
P [R0 /X] ≈k+1 P [R/X] ≈k+1 Q[R/X].
Again by induction hypothesis on (2), we know
P [R0 /X] ² C k+1 (Q[R/X]).
as desired.
Remark. The points of the proof of Proposition 8.11 worth noting are:
• The overall proof is by induction on k and the order of the processes. Two results are proven
in the meanwhile. That is, here the two results are proven at the same time using a two way
(back and forth) induction method. The threads of the two proof are twisted together, in
an alternate appearing way.
• Be careful of the change of the order of a process during the analysis in the proof (for
the instantiation of a function (parameter) downsizes the order), and the condition when
induction hypothesis can be applied.
• Lemma 8.1 is important to identify the source of a function, since we base bisimulations on
closed processes. If one considers bisimulations on open processes, which can be gained from
the extension of bisimulation to open processes or possibly a direct definition of bisimulation
on open processes, the essence of bisimulation does not change, but the latter may cause
some technical problems in the proof of characterization theorem, such as the lack of the
general congruence properties on weak bisimulations within a calculus holding choice.
• The proof concentrates on the constructive implication operator, which is the part different
from that for Hennessy-Milner logic, where (and here) the other parts are relatively standard.
And for the constructive implication operator (the function case), we consider [φ]ψ since the
dual case is similar.

Below is the proposition on the other direction of logical characterization.
Proposition 8.12. It holds that:
1. For any k < ω, if P (U ) ≈k Q(U ), then P (U ) ≈kL Q(U );
2. If P (U ) ≈ Q(U ), then P (U ) ≈L Q(U ).
Proof. (1). We show that if P (U ) ≈k Q(U ), and for every φ s.t. |φ| ≤ k, P (U ) ² φ, then Q(U ) ² φ,
by induction on the structure of φ. We only show one direction as the other is symmetric.
The only non-standard (with respect to Hennessy-Milner logic) case is when φ is of the form
[φ1 ]φ2 (the constructive implication operator), and we consider the function case. Suppose an
arbitrary process P1 s.t. P1 ² φ1 . Then
P {P1 /U } ² φ2 .
By Lemma 8.1, we know that the functions in the bisimulation come from first-order bound output
action, so from the definition of ≈k (and the congruence properties), we have
P {P1 /U } ≈k Q{P1 /U }
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(In fact we can have P [P1 /U ] ≈k Q[P1 /U ])
By induction hypothesis (|φ2 | ≤ k),
P {P1 /U } ≈kL Q{P1 /U }
Hence
Q{P1 /U } ² φ2 .
(2). Straightforward from (1).
Remark. The points of the proof of Proposition 8.12 is:
• By induction on the structure of φ s.t. |φ| ≤ k
• Lemma 8.1 is important to identify the source of a function, since we base bisimulations on
closed processes.
• 2 is an immediate corollary from 1

Below is the characterization theorem stating that two processes are bisimulation equivalent
(typically local bisimilar) if and only if they are logically equivalent.
Theorem 8.13 (Logical characterization). For any process P, Q, the following holds:
1. For any k < ω, P ≈k Q if and only if P ≈kL Q;
2. P ≈ Q if and only if P ≈L Q.
Proof. This can be obtained from Proposition 8.12 (the “only if” direction) and Proposition 8.11
(the “if” direction).

Now we have completed the logical characterization of local bisimilarity, which consists of the
major work in this chapter.

8.4

Discussion

Although we revoke constructive implication in logic part for higher-order actions, it still is
needed in first-order bound output. The main reason for this is the use of the clause (in local
bisimulations)
a(x)

a(x)

If P −−−→P 0 , then Q=⇒Q0 for some Q0 , and for every process O,
(x)(O|P 0 ) R (x)(O|Q0 );

(¦)

It needs a universal check of bisimulation in bound output, which somewhat make heavy the
analysis and axiomatization and cannot be simplified [105]. In fact this is from local bisimulation
in first-order π-calculus [37], which is a characterization of quasi open bisimulation [37]. So if one
removes the higher-order clauses in local bisimulation here, the obtained bisimulation is exactly
the local bisimulation in [37] for first-order π-calculus.
A natural thought coming to one’s brain is whether one can rule out completely the constructive
implication operator. Our answer is positive. The crucial point is to take advantage of a simpler yet
equivalent statement in first-order bound output, which is a most intricate part in bisimulations
in first-order π-calculus. We still wish to stick to the well-established quasi-open bisimulation,
whose definition can be found in [91] [37], since it is proven to be a most intuitive bisimulation
in first-order π-calculus. By exploiting the work on quasi open bisimulation, we locate another
characterization of quasi-open bisimilarity, that is q-open bisimilarity [37]. It has two major
merits. The first is that it involves a single bisimulation rather than a series of bisimulation in
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quasi open bisimilarity. The second is that is it has no universal quantifier, thus different from
that in local bisimilarity, so the (¦) above does not appear. In fact, q-open bisimilarity is aiming
meanwhile at the axiomatization for first-order π-calculus with respect to quasi open congruence,
the congruence induced by quasi open bisimilarity.
We assume the reader is familiar with quasi open bisimilarity. Below we give some discussion on
the logical characterization if we use q-open bisimulation instead of local bisimulation in the firstorder fragment of the higher-order π-calculus. And it is shown that the constructive implication
can be well omitted. We extend the calculus to hold mismatch, and the adjustment in syntax
and semantics is routine and left out. Note that all the major results in the previous chapter and
sections of this chapter still hold in presence of mismatch.

8.4.1

Q-open bisimulation
z
e

To define q-open bisimulation, we need an operation, (·) , on conditions and processes.
z
e

Definition 8.14. The definition of (·) on conditions is defined below.
()

z
e

, >
z
e


 [x=y]ψ ze if ze ∩ {x, y} = ∅
,
ψ ze
if exists z ∈ ze s.t. x = z = y

⊥
otherwise

z
e


 [x6=y]ψ ze if ze ∩ {x, y} = ∅
⊥
if exists z ∈ ze s.t. x = z = y
,
 ze
ψ
otherwise
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The definition of (·) on processes is defined structurally as follows. Note the item for parallel
composition is not needed for the sake of expansion theorem.
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Note (P ze) ≡ P zex . The operation (·) intuitively removes in a process any match and mismatch involving a name in ze. Since we do not include mismatch in our calculus, the definition
part concerning mismatch can be discarded. Also note the definition on input prefix is a little
z
e
complicated to conquer the intuitive flaw if we use the definition (a(x).P ) , a(x).P ze. The reader
is referred to [37] for more explanation.
Definition 8.15 (Q-open bisimulation). A symmetric binary relation R on first-order π-calculus
processes is a q-open bisimulation if it is closed under substitution of names, and for all P and Q,
whenever P R Q the following holds:
τ

1. if P −
→ P 0 then Q =⇒ Q0 s.t. P 0 R Q0 for some Q0 ;
a(x)

a(x)

2. if P −−−→ P 0 then Q =⇒ Q0 s.t. P 0 R Q0 for some Q0 ;
ax

ax

a(x)

a(x)

3. if P −→ P 0 then Q =⇒ Q0 s.t. P 0 R Q0 for some Q0 ;
x

x

4. If P −−−→P 0 , then Q=⇒Q0 for some Q0 and (P 0 ) R (Q0 ) ;
152

The largest q-open bisimulation is called q-open bisimilarity, denoted by ≈qo .
As reported in [36], q-open bisimilarity enjoys the following property.
Theorem 8.16. q-open bisimilarity coincides with quasi open bisimilarity and local bisimilarity
in first-order π-calculus.

8.4.2

Revisiting the logical characterization

Based on the results above, we re-examine the logic characterization. This time we use the
definition of q-open bisimulation in the first-order clauses of the bisimulation in higher-order πcalculus. We call the new bisimulation q-open higher-order (HO) bisimulation.
Definition 8.17 (Q-open HO bisimulation). Relation R(binary, symmetric) on (closed) linear
higher-order π-calculus processes is a q-open (weak) HO bisimulation, if it is closed under substitution of names, and whenever P RQ, the following properties hold:
τ

1. if P −
→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
a(x)

a(x)

2. if P −−−→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
ax

ax

a(x)

a(x)

3. if P −→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
x

x

4. If P −−−→P 0 , then Q=⇒Q0 for some Q0 and (P 0 ) R (Q0 ) ;
a(A)

a(A)

(e
x)aA

(e
y )aB

5. if P −−−→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
eye∩f n(E) =
6. if P −−−−→ P 0 then Q =⇒ Q0 for some ye, B, Q0 , and for every process E[X] s.t. x
∅ it holds that
(e
x)(E[A] | P 0 ) R (e
y )(E[B] | Q0 )
And we say P is q-open HO bisimilar to Q, written P ≈qoh Q, if there exists a q-open HO
bisimulation R s.t. P RQ.
It is easy to show that q-open HO bisimilarity coincides with local bisimilarity, by exploiting
Theorem 8.16.
Theorem 8.18. q-open HO bisimilarity coincides with local bisimilarity. That is ≈qoh = ≈l .
Simplification
Then we can simplify the q-open HO bisimilarity through making use of the linearity of processes, and gain the q-open linear HO bisimulation.
Definition 8.19 (Q-open linear HO bisimulation). Relation R(binary, symmetric) on (closed)
linear higher-order π-calculus processes is a q-open (weak) linear HO bisimulation, if it is closed
under substitution of names, and whenever P RQ, the following properties hold:
τ

1. if P −
→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
a(x)

a(x)

2. if P −−−→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
ax

ax

a(x)

a(x)

3. if P −→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
x

x

4. If P −−−→P 0 , then Q=⇒Q0 for some Q0 and (P 0 ) R (Q0 ) ;
a(c)

a(c)

5. If P −−→P 0 , where c is a fresh name, then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
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(e
x)aA

(e
y )aB

6. If P −−−−→P 0 , then Q =⇒ Q0 for some ye, B, Q0 . And for a process E[X] of the form
c.(X+d),
where c, d are fresh names, it holds that
(e
x)(E[A]|P 0 ) R (e
y )(E[B]|Q0 ),
that is
(e
x)(c.(A+d)|P 0 ) R (e
y )(c.(B+d)|Q0 ).
And we say P is q-open linear HO bisimilar to Q, written P ≈lqoh Q, if there exists a q-open linear
HO bisimulation R s.t. P RQ.
The coincidence between q-open linear HO bisimilarity and q-open HO bisimilarity on linear
higher-order π-calculus processes is obvious given the results in [105].
Theorem 8.20. q-open linear HO bisimilarity coincides with q-open HO bisimilarity. That is
≈lqoh =≈qoh .
To summarize we have the following equations on the bisimilarities we have defined or mentioned.
Corollary 8.21. ≈lqoh = ≈qoh = ≈l = ≈ll = ≈vll .
So we again generally use ≈ to stand for any of them.
Reformulation
To logically characterize q-open higher-order bisimilarity, we again need to adjust the syntax
and the operation semantics to reformulate the language, in the similar fashion as in Section 8.2.
The difference from that in Section 8.2 focuses on the following two rules.
(f o−res0 )

ax

P −→P 0

x 6= a

a(x)

a(x)

(f o−com20 )

x

(x)P −−−→(P 0 )

a(x)

P −−−→P 0 Q−−−→Q0
τ
P |Q−
→(x)(Q0 |P 0 )

Now that the new LTS is available, q-open higher-order bisimilarity can be restated in the
following definition, which differs in the first-order bound output and higher-order output clauses
from the original one.
Definition 8.22 (Q-open linear HO bisimulation). Relation R(binary, symmetric) on (closed)
linear higher-order π-calculus processes is a q-open (weak) linear HO bisimulation, if it is closed
under substitution of names, and whenever P RQ, the following properties hold:
τ

1. if P −
→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
a(x)

a(x)

2. if P −−−→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
ax

ax

a(x)

a(x)

3. if P −→ P 0 then Q =⇒ Q0 s.t. P 0 RQ0 for some Q0 ;
4. If P −−−→P 0 , then Q=⇒Q0 for some Q0 and P 0 R Q0 ;
a(c)

a(c)

5. If P =⇒P 0 , where c is a fresh name, then Q=⇒Q0 for some Q0 , and P 0 R Q0 ;
af

af

6. If P =⇒P 0 , where f is c.(X+d) in which c, d are fresh names, then Q=⇒Q0 for some Q0 , and
P 0 R Q0 .
And we say P is q-open linear HO bisimilar to Q, written P ≈lqoh Q, if there exists a q-open linear
HO bisimulation R s.t. P RQ.
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The logic
The logic looks no difference in modalities, but the constructive implication is not needed any
more, as shown below. The logic is now concise and more uniform. From certain viewpoint, it is
a natural extension of Hennessy-Milner logic by the higher-order modalities.
Definition 8.23. Modal formulas are of the following forms (J is a countable (maybe infinite)
index set):
φ ::= hτ iφ | ha(x)iφ | haxiφ | ha(x)iφ |
······1
ha(c)iφ
|
hafiφ
|
·
·····2
V
φ
|
¬φ
·
·····3
j
i∈J
c is fresh. f , d.(X+e), where d, e are fresh.
The semantics (satisfaction relation) and related definition, including modal depth, logical
equivalence (denoted by ≈L ) and characteristic formulas can be defined in nearly the same way
as in Section 8.3. And eventually, we can reach the characterization theorem.
Theorem 8.24. For any process P, Q, the following holds:
P ≈ Q if and only if P ≈L Q.
The proof is simpler to that of Theorem 8.13, since constructive implication is no longer a crux.
And the essence of the characterization becomes a simple extension exercise of the Hennessy-Milner
logic, in the sense that the basic modalities are of similar fashion, no constructive implication,
which makes the logic easier to handle. We leave out the details, whose technical routine resembles
that for Hennessy-Milner logic. The existence of such a succinct logic is mainly due to the linearity
in linear higher-order π-calculus, which emphasizes the well-foundation and fair properties of the
language. With the logic we have presented, linear higher-order processes can be logically examined
in a first-order manner.

8.5

Future work

Higher-order process calculi still have some interesting topics to work on. Taking our work
here on logical characterization into consideration, we still can expand research in at least the
following aspects.
• Proof systems. An important but difficult topic is whether a proof system based on the
logical characterization exists [10] [14]. Sound and complete proof systems are developed to
enable automatically verifying whether a process meets a certain specification. For example,
Γ ` P : φ, states that given the properties Γ of the parameters in P , process P satisfies
the specification φ. However, such a proof system is not easy to design. In [10], two proof
systems are provided, but some very strong assumption is made, for instance restriction
free and a finite number of channels. The constraint is basically too strong, for example in
network application nowadays there are tremendous channels so that channel numbers can
be seen as infinite, and restriction operator is much important to keep private things secret.
In [14], similar problems are mentioned. Compositional reasoning is an effective approach to
analyze the properties of a concurrent system, whose automatic verification needs the support
of a proof system. However, such complete proof systems are still nowhere to be found for
either a strong or weak bisimulation based logical characterization. As said in [14], a typical
problem lies in that in the analysis of the transition of a parallel composition P |Q, there can
be many possible (internal) communications between the components P and Q, which (in
the weak case) complicates the problem. What’s more, the rules for parallel composition in
the possible proof system need a general congruence property that the current work cannot
offer, which means we probably need to restrict our calculus since choice operator is a main
barrier. Therefore, how to build a sound and complete proof system still remains an open
problem, and a framework of proof system is much worthwhile from pragmatic viewpoint.
Though those hardship also applies to our calculus, we still think it necessary to further the
study in the future, by harnessing the available work such as [94] [10], and more importantly
exploiting the linearity of processes. We guess at least a proof system for linear process
calculi shall not exceed a full calculus in complexity, and maybe some helpful clues can be
addressed to aid the construction of a desirable proof system.
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• Recursion inclusion. The calculus we use is free of recursion, because that will again elevate
the computational power to Turing completeness. However, recursion is an intriguing operator and can be applied to describe some involved behavior in a neat fashion. Moreover,
together with relabelling and the scoping principle (static or dynamic) recursion can lead
to more sophisticated behavior. Yet this option may be a formidable task, because this will
possibly give us some kind of higher-order µ-calculus. And the logical characterization of
such a powerful calculus appears a rather challenging work.
• Applications. As mentioned, linear higher-order process calculi possesses a wide range of
application fields. We hold that there may be a set of application based on the work in here.
Say there is a distributed program (of linear nature) that collects information from a number
of machines on-line and sends commands according their states, like the procedure in an ecommercial transaction or a video-on-demand application. We can first model the process
using our calculus, then check a number of critical properties in the model, for example
the customer has logged in before making deals or the user has paid to order some video
service. These procedures can be automatically verified with some tools. Currently we do
not know whether it is practicable to make use of available tools such as [27], but we can
give it a try. What’s more, we consider it possible to implement a verification tool for linear
process calculi, since many tools are open source. With this pattern, one can extend the
application to more areas, such as biological procedure modeling and verification. The point
is that many resources in certain biological phenomenon are limited and sometimes a single
binding can exclude other reaction with the same object so it will not appear in two or more
concurrent positions. We believe the application will probably enhance the improvement of
the calculus itself backward.

8.6

Conclusion

In this chapter, based on previous work on bisimulation theory of higher-order process calculi,
especially linear higher-order calculi, and logical framework on characterizing bisimulations, we
establish a recent result on logical characterization of local bisimulation in linear higher-order
π-calculus. Linearity is designed by Fu to model resource sensitiveness and decrease the power of
higher-order calculi so that some moderate properties exist. Local bisimulation [36] is an intuitive
and reasonable observational equivalence brought about to improve work on bisimulation before.
In [105], making most of properties of linear processes, we work out two variants, which are
equivalent to local bisimilarity and lay the foundation for logical characterization. Aiming at
a logical characterization, we reformulate the calculus under another feasible framework, which
prepares well for the characterization. The reformulation is equivalent to the original calculus with
respect to bisimulations. Our logic simplifies previous work and revokes constructive implication
operator in higher-order modalities, which somewhat absorbs higher-order modalities into firstorder case. Yet we still need constructive implication operator to deal with first-order bound
output. Moreover, the logic has negation and thus enjoys full duality. The characterization
theorem constitutes the main result of our work, which says that logical equivalence coincides
with local bisimilarity equivalence. We also make some discussion on how to completely eliminate
the constructive implication in the logic in the end.
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Chapter 9

Conclusions and future work
In this chapter, we draw a conclusion for our work in this thesis. In the thesis, we have exploit
several kinds of issues in higher-order process calculi. The major contributions are as follows.
• We define a calculus called higher-order π-calculus with mismatch, and study its operational
semantics. The calculus has general choice operator and full conditional operators (match
and mismatch) rendering it smooth to deal with describing and analyzing a programming
system. We define a bisimulation named open (weak) HO (higher-order) bisimulation, which
is a general (not delayed) and open-styled bisimulation. We show the usefulness of the bisimilarity by proving it is an equivalence relation, and possesses the desired congruence properties
(including closure under local environments). The bisimulation theory is furthered by examining the relationship between the equivalence of prefixed processes and the equivalence
of their continuations. Some interesting results (abstraction and concretion theorems) are
obtained. What’s more, if we restrict ourself to the linear fragment of higher-order π-calculus
with mismatch, some results dominated by linearity are available, which not only simplifies
the discussion but paves the way for constructing an axiom system.
• On the basis of the bisimulation theory of linear fragment of higher-order π-calculus with
mismatch, we build an axiom system, which is a new one in higher-order paradigm, with
respect to open weak HO bisimilarity for finite processes. And we extend it to obtain
an axiomatization for quasi-open bisimilarity in higher-order paradigm. The axiom systems
roughly comprise three parts: the traditional one for various operators (including mismatch),
the congruence properties, and those rules originated from localization, abstraction and
concretion theorems. Such axiomatizations render it possible to reason about processes on
their equivalence with respect to open higher-order bisimilarity or quasi-open higher-order
bisimilarity. These tools immediate entails algorithms for checking whether two processes
are equivalent.
• We conduct an encoding from first-order π-calculus to higher-order CCS, and show it is
sound. The work starts from the basic encoding strategy by Thomsen, who designed the
strategy but failed to further gain the useful full abstraction. We handle the strategy with
some technique called indexed technique, which helps classify the internal actions brought
about by the encoding. Since a successful encoding should hide all these auxiliary silent actions as some kind of internal computation, we show that they indeed causes no deviation in
equivalence correspondence, that is full abstraction, with respect to ground bisimilarity (in
first-order π-calculus) and wired bisimilarity (in higher-order CCS, or Plain CHOCS here).
Furthermore, we show that the encoding enjoys soundness with respect to ground bisimilarity (in first-order π-calculus) and context bisimilarity (in higher-order CCS), which is a
most desired result. These results somewhat come from the close operational correspondence between the encoded and encoding processes in the respective calculus. We get some
mathematically interesting results as a bonus. That is, the wired bisimilarity. It is defined
on wired processes that exercises the key duty in the encoding, and implies the well-known
context bisimilarity.
• Apart from investigating the higher-order calculi in the operational and axiomatic approach,
we try another angle, the logical approach. A logical language for the linear higher-order
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π-calculus can offer some “foreign” help with the mature semantical tools such as modeling (specification) and verification. We focus on the local bisimilarity in linear higher-order
π-calculus, since it is a promising calculus for wide application, thanks to its elegant bisimulation theory. However we do not characterize the bisimilarity directly, but deal with a
simplified one called local linear bisimilarity that simplifies local bisimilarity by harnessing
abstraction theorem and concretion theorem. For instance in a higher-order input one need
not testing all possible instantiation and a process with a fresh name suffices. We prepare by
showing that they are coincident with another variant called local linear variant bisimilarity,
which adjusts first-order clause for technical smoothness. The logic is a non-trivial extension of Hennessy-Milner logic and buy some ideas for the logical framework for higher-order
π-calculus. Yet our logic language is much simpler due to linearity. It has negation and
enjoys full dualities. The modalities for higher-order input and output degenerate to be like
those for first-order prefixes. However since first-order bound output involves some context
semantics, a combinator called constructive implication is used to specify a process function
i.e. a process with a process variable occurrence. We show the characterization theorem in
the end, that is two linear higher-order π processes are logically equivalent if and only if
they are local bisimilar.
We already have pointed out some possibly interesting directions for future work throughout
this thesis, in the end of related chapters. Here we conclude by mentioning some more general
topics for further research.
• There has been a host of work on higher-order process calculi, either from theoretical angle
or from practical angle. This calls for somewhat a uniform framework for the paradigm.
There are mainly three aspects in higher-order paradigm. The first is bisimulation theory, whose study is originally represented by Thomsen [96] [97], Sangiorgi [82] [85]. The
most well-accepted bisimulation is context bisimulation, with normal bisimulation as its
manipulation tool from mathematical viewpoint. The second is axiomatization, which is
studied by Fu and here. This category provides the basis for automatically analyzing and
verifying the equivalence on some processes with certain features. The third is logic approach. In higher-order calculi, the work is typically made in [10] [14], and here for linear
higher-order π-calculus. The author believes that there can be some canonical thread in
higher-order paradigm, extracted from the three categories, so that a well-performed framework of higher-order paradigm with some useful and uniform results is available. Moreover,
there are some technical problems to settle still. For example, it is usually not a trivial
task to prove congruence properties in higher-order calculi, and up-to techniques seems need
some enhancement. So retrieving some general method for solving these technical problems
is a challenging job. To this direction, there has been some work, for instance [89] in which
environmental bisimulations are examined under various languages and they pursue in finding some results that can scale to a variety of higher-order languages. We consider it a good
start toward a framework in higher-order paradigm.
• The study in higher-order calculi not only involves higher-order CCS and higher-order πcalculus, but that for Ambient-like [25] calculus as well. In fact, the study on linear higherorder π-calculus is inspired by a problem in Ambients. A natural question is whether we can
extend the work on higher-order CCS and higher-order π-calculus to Ambients. This is not
easy to tell, as indicated in [38] where a more reasonable and pragmatic Ambient calculus is
proposed and investigated, for example, the axiomatization is a rather challenging task. Our
intension is that based on the work here and there, the study on Ambients can be somewhat
guided and more further results can be explored.
• As mentioned in the previous chapter on encoding first-order π-calculus with higher-order
CCS (or Plain CHOCS), the comparison between the expressive power (or computational
capability) is quite an effective way to get insight into the essence of the calculus, concretely
the capabilities of the operators in it. The work in [82] and here fulfills the comparison
between first-order π-calculus and higher-order CCS (or π-calculus). There has already
reported some work on first-order paradigm, including the comparison on the computational
power of various operators in CCS-like calculi [22] [23]. [39] has a relatively complete diagrams
on the expressibility of different calculi different in certain operators, such as replication and
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fix-point operation. We hold that the work can be still continued in higher-order paradigm.
At least, in Ambients some work is being conducted in BASICS lab already.
• Since process calculi feature in computing by interaction, rather than simply by sequential
computation, it has been and is opening wider application areas, where communication and
interaction is the exclusive character various applications have. We have mentioned some
application for higher-order process calculi, scattering in the chapters. Here we point out
some general directions. One is the network application in various commerce, like webservice, JAVA applications in both Internet and mobile phones. A typical example is that
a handset requires a small game from a certain service provider, among which process the
indispensable part is the transmitting the file (maybe in compressed form) to the cellphone.
Complicated network computation can be readily modeled by higher-order process calculi,
and the overall behavior can be evaluated and verified, or debugged. Another field is planted
in life science. Bioinformatics and systems biology are hot research fields these days, since
they lay concerns in human health, like diseases research and improvement of life quality.
Due to the high-level complexity, some mathematical tools are necessary in such study.
Higher-order process calculi offer an alternative, for its capacity in abstracting higher-order
communications, which incarnate them as cell movement for example in biology. Some
practical tools even exist such as Maude [26]. The last application we are going to mention
is in modeling some new programming languages, especially some function languages with
concurrent features. These languages need a formal foundation to support the soundness of
its programming power, to which higher-order process calculi can lend a hand. Also other
languages with process sending features, like some object-oriented programming languages,
can also be studied theoretically with the help of higher-order process calculi.
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