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7-fRME 5 F24E (11)(Solving Linear Equations(ll))
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p £ EENIIKSIT ()

EX 1 [%%% (Column Rank)].
BE— 1 m x n BB A, HFIF (Column Rank) BX9:

column — rank(A) = dim(C(A))
EX 2 [17# (Row Rank)].
5EPE A 89977 (Row Rank) EX -

row—rank(A) = dim(C(AT))
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D S>): BEERHIRRETRE (1)

5|18 3.
TEOFRZFNEY:

1. A BTREE n.

2. AT H9ZIRER n.

3. BFE—1MEME B, FEATB=1,
4 FHE—IEMEB, #1EBA =1

EIE 4.
BE—D m x n IR, BB row—rank(A) = column—rank(A).
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1. BRI

1 -2 —6
A=1(0 0 2
3 2 0

2. ZREINTERE b e R?, B2 Ax=b #ERE, IRERNBISENETETLULIN A
B3 METT. NMFABISE-A/RIBETTAD LUEE:

DEi2E13E23P23E3; [A er e 63}:[1 X1 X2 X3

BFEB =[x x» xs| B AB=1
3. %_EE, ZZD%%\ C= DE12E13E23P23E31, ﬁ{[]mﬁ CA=1L1
4 BREFATOTUARIL A 2R, HE:

A l=B=C= DE12E13Ea3Pa3Es:
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513 5.
< A B—"n xn 9%, TEOFRRENH:

1. A 2OFEW,

FTE Ax =b XER b c R™ B EHE—FE.
dim(C(A)) =n.

dim(C(AT)) =n.

TF1EERE B 15 AB =1,

FEFEE CES CA=1,
ABn1ETT,

N oo W




p TEXNS

> JERERIFL

> Ax =0 HfE

> Ax=b B9f#
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aiiXx; + -+ aipXxn = by
nen ai a2 -+ Qin X1 by
az1X1 + -+ + AanXpn = by as1  Qgz -+ Qon | [ X2 ba
~ =
Am1 Qm2 - Gmn Xn bm

AmiX) + -+ AmnXn = bm
NFHPEN e [m], FMEX:
. +00 MERFELITEEIT
e {min{j €nl:ay #0F ow.
B0 oy, B8 § (FRRADDHARN 0 R,
TR (Row Echelon Form)
XNERE, NERINEREERE, 2ITMSEEN, WREE 0<r < mHF5:

j1<j2<--<jr, Jry1=:=jm =400

53 %ﬁ”ﬂi%ﬁfiﬁéﬂﬂﬁr /I\EJTE A1jyy-05 Arjro
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2x1 + 3xo +4x3 =5
Ixo +2x3 =3
].X3 =2

4X1 — 137(2 + 2X4 =0
11X2 + X9 = 6

4X1 — ].3X2 +2X4 =0
11X2 —+ X2 =6
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B4 —NME r < m E15:
Rl H—1TEI5 r ITBEBEBITMEREIZIU (Row Echelon Form), BI:
j1 <je<---<jr<n
R2 XS FHEFEDREE r+ 1 178 m 175 1 5B §, ZIR— =TI, Al

ajj =0, Vie[r+1,ml]Vjell,j]



D SHTETTENERTER (1)

Q) :amExE
E1E
1 RN ) € ] B FESHTER, URXEFEN | AFE, BEREA=0
FEHE r=00 R, R2BEEHE, X
2. R i € [m] E15EE ayy # 0,
3. BE 11T5F i mTie, MEHNEBREMNE TP ay; #0, FEXN TR
B tell,j—1] &8 a =0, WEENEG: j =].
4 BN > 1, BRAIVEE U 178

Qi
(row i) — =2 (row 1)
agj

B2 BRNEBNTHAEN > 1, av; =0,

KUY T r =1, R1F1R2 ERHEH.
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Eit1
MBTAERESTF r =1, R1 A0 R2 #PR2HEN, FHAIHLEHITTN—F:

ERR/NE G € i+ 1L,n] EBFEEV e i+ 1,m] 58 aiy £0, MRIXEFN j AFF
£, B&%E

ERRNN L € i+ 1, m] 8% aiy £0.

KBE i+ 11758 VTR, EERNBEEMINE i+ 147P aiy; #0,
HEXNTFFRBN t e [1,j — 1 #E apiye =0, WRBENIE: jiq =]

NEMN >i+1, BIVEE U 178

Qaisj

(rowi’) — (row (14 1))

A(it1)j

Bz ERIBNTHAENY >i4+1, ayy =0,

SR T r=1i+1, R1 A R2 FEHEH,
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SHENIRE
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5|12 6.
BE— m xn BEME A, BENETER A TH—1ME r TETHITMEIZRER U,

HANF B E TTh DN E BRI

EX 7 [XEF%89%% (Rank)].
BE—D m x n BUEERE A, HF (rank) € X 9:

rank(A) = 1M A BTN =1

EIE 8.

rank(A) = row—rank(A) = column—rank(A)
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p TRER
HTIERREIEE, RANERTREHIENE,

TE&faR2 (Reduced Row Echelon Form)
ElR—Nmx niEEA, ENX:

[+ MBE | TRES
e {min{j efnl:ay £0} ow.
MFR A 2ITEEFHY (Reduced Row Echelon Form), #N%R:
1. E21TMBHEE, BIEE 0 < r < mES:
j1<j2 < <jr, Jry1=:"=jm=+00

2. (11)'1 == arjr = 1, Eﬂﬁﬁﬁﬁggﬁﬁﬁg 1,

3 XNTFHBENLe M,1],iel,1-1JUll+1,m], FHiIEE aiy;, =0, BIEETHIA—
Fith, BRTETTZINIFTETEER 0.
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a

EIE 9.

BHERIBITEREME A TH—MTREER R,
EIE 10.

HMNE:

1. rank(A) = rank(R).

2. rank(R) = column—rank(R) = row—rank(R).
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HMEBHAE/RIETEREE —RIBVITERERRIIE, Hp—HE=fT7EH:

1. 4705 (Row Addition).,
2. f7# (Row Exchange),
3. {75%&% (Row Multiplication),

BARERYIETEH (Row Elementary Operations),

20



D [EE: TI0E

5118 11.
EZ(—k) = Eyy(k)

D]

ai

an

ai

ai — ka]’

an
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Pi_jl = Pij

4

2R

ai

an

ai

aq
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Ei(k) "t =

Ei(1)

ai

an

aj

kai

an

) bbbt kG

Shanghai Normal University
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TEIE 14.
WM AR M ES B P R TR B R

mm.ﬁﬁ%*ﬁmﬁﬁﬁxaﬁﬁmmﬁﬁogii,A A=[a] ! woat]
SESHTHBNER, KE a £ 1 x n 0508, WET—RNSSTRE, BHEAT
TR R o
aj
_a{_ -al_ [ aj 1 :

A’Z ai’ = kai EJZ% ai—kaj EE%

aq

m Am am

am

24
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an
_a{_ [ a; | [ a |
: : : 4
A'=lal| = |ka|TE |a —ka;| HE
: : : ai
[2m | | am | | am |
_am_
22 (RE=R
C(AT):span({a1,...,ai,...,aj,...,am})
=span({ai,...,aj,...,a4,...,am})
=span({ai,...,kai,...,85,...,am})
=span({ay,...,a; —kaj,...,aj,...,am})
Bp:

row—rank(A) = dim(C(AT)) = dim(C(A'")) = row—rank(A’)

25
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D TR (1)

HANIAERZRIIRR,
- BXE, ATRMNEKIERIIHRMITRERSN, FFURNEL YT USRI FIFA AR

iIZI-LL/J
- BERIMKIBEERER—T. BNIEXEZERIIZBRNER, EMNERARTIE
1743,

K A BpdlmEaiat:

air -+ Qin
ai Qin
A= : = |a; aq aj an
a1 Ajn
_aml amn_

26
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RERE LTS j 1T/E:

apiz -0 Qin
a]—l e a]-n
I — / / / /
A= [al aj a; an}
ai1 Ain
_aml o amn_
AT ay M a;:
T
ai = |:a11 Aix €513 aln:|
T
ay = |:all ajx Qix ainj|

27
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BMPEFEIUER:
dim(span({ai,...,an})) = dim(span({ay,...,a,}))
HNTUEM, WFEENten], 1<ki<ke < - <k <nHMEENcy,...,ce €R,

®1AE:
Z cag, =0 < Z cray, =0
Le(t] le(t]
B

©oay,,...ar, eZMRXRNEANS a) .. e, BEMAXE,
©oay,,...ak, e span(ag, ... an) —EAEIBNS a .. a;, 2 span(af,...,a}) 89—
HE,
NIE
dim(C(A)) = dim(span({ay,...,an})) = dim(span({af,...,an})) = dim(C(A"))
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1A B2 S8,
EIE 8.
rank(A) = row—rank(A) = column—rank(A)
IEBA.
1. BT A ZTRATMEERRZER U, HERIRES r METT, U rank(A) =1,
2. —E A U TB®AITRER, B2 R, EXEBS r METT.
3. rank(R) = column—rank(R) = row—rank(R) = r = rank(A).
4 EREIRNIAER THIFTZE, Am:

column—rank(A) = column—rank(R), row—rank(A) = row—rank(R)
IR

rank(A) = row—rank(A) = column—rank(A)

29
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- FEFEBIRK rank(A) = FEFERVE TN

+ rank(A) = row—rank(A) = column—rank(A).

1.

N o g A W

SIEE 9.
< A B n x n (195, FTEORRENH:

A ZEERY,

7372 Ax =b XHEE b € R™ # B
rank(A) =n.

column—rank(A) = n.

row—rank(A) =n.

TF1E%ERE B (£15 AB =L,

FERERE CEE CA=1,

D) L4t x%

N’ Shanghai Normal University
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p XTFTHREAx=D

A BUPERENIYE, HMNELEBER Ax=bHET,

8 10.
I TFAEBH A, Ll A RETEH, SER A REHMENIERI

@) :4mix?

Shanghai Normal University

31



D Ax =0 BIf%



D Gl EEHNSEE @)+ Awtx%

Shanghai Normal University

EX 11 [Z 2518 (Null Space)].
B[E—DPmxnEEA, EXESZEN(A) 9

N(A) ={x| Ax =0}

B N(A) @FfE%E Ax = 0 B9 x B9&ES,

EIE 12.
FZFE N(A) 2 R™ —DPNF=E,

33



P dim(N(A))

5|18 13.
N(A) CR™, M dim(N(A)) < n.

5|18 14.
dim(C(A)) =n HHEMNXZH dim(N(A)) =0,

15367
SXLE, XREMAHEREEN—MFKE!

dim(C(A)) + dim(N

(A)) =n

. ,L.é K%

"mnm/@“w Shanghai Normal University
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iEER. &

A=la; -+ an
UESZ(NE=R

dim(C(A)) = dim(span({ay,...,an})) =n

S ag,...,ane C(A) BI—4EHE

= ag,. .. an &M x

< NA)=Z

< dim(N(A)) =0

L
[EJRE 15.

—RBERTEAEXITE N(A) (9—EHE, 5589 dim(N(A))?

35
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x+2y=0 x+2y=0
—

2x+4y =0 0=
BAIRy 2EAD (free), FFLA:

N(A) ={(-2y,y) [y € R}
BAIFRTFURARZYS#E (special solution):

- SRy IRN 1SRN,
- N(A) HFTE s (V&M EEMAL, BD:

N(A) = span({s})



D —LEfIF (1) ) bbbt k%

S Shanghai Normal University

x+2y+32=0, ie [1 2 3] |y| =0
z

ERXNMIF y Mz SR EATE. AR LOGIRM M

BERNE:
N(A) = span({si, s2})
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1. BB A ZRTMMEIZAERE U(Row echelon form),
2. A U BSEE,

51 16.
LURMNMZMIFBEE—T,

1 2
AZ 5 B:
3 8

A
2A

. C=|A 2a]=

1 2 2 4
3 8 6 16

SN W =

16

38



D JE6E A FE[E B D) ,t.@wpmk?g’

%\ / Shanghai Normal Uni

¥EE A
bl = b EEE = Rl
Ax = = = — =
3 8| [x2 0 0 2| |x2 0 X2 0
MNmEATE:
(A)=Z={0}
& B
1 0 1 2 0
3 lﬂ 0 0 2 lxll 0 lﬂ H
Bx = = — = — =
2 4 X2 0 0 0 X2 0 X2 0
6 16 0 0 0 0
NmEATE:
N(B) = Z ={0}



D 4E0E C

1 2 2 4
Cx =
[3 8 6 16]
XEFERTEHEZE:

AT BT LOGSER MR

(ELEH

X1 0 X1
1 ) [1 2 2 4] X2
X3 0 0 2 0 4| |xs
X4 0 X4
{x3,%xa}

—2 0

0 —2
51 = e So = 0

0 1

N(C) = span({si,s2})

) L b e X F

J Shanghai Normal University

o O o O

40
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X1 0 X1 0
1 2 2 4 X9 0 1 2 2 4] [x9 0
CX: = =
3 8 6 16| |x3 0 0 2 0 4] |x3 0
X4 0 X4 0
FEETHMER P!

- BAIRETT (pivot) FRIEEBIZIRE T (pivot column), JRIHIZEE x,,x, FRATES
(pivot variables)
- FIRBIFINFRA B AT (free columns), XIS x5, x4 FRABEHEE (free
variables)
41



D TR T HETTIN () ©) = hairz
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[1 2 9 4] [1 0 2 0]
=
0 2 0 4 01 0 2
E1T&E (Reduced Row Echelon Form) &, PREBIEITHIMAL T —1 r x v IR,
Hoh r =rank(A).

B 17.
BIARNETESR, RNEE UG ARNETTHIFE B

42
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p TEREETHNETIINA ()

pp fp f 1 0 a 0 c
I 01 b 0 d
A: — R:
[ R 000 1 e
I 00000
3BT p rankT =3
2 NEHf
N Ax =0 EMNF:
1 ]
0 a0 c X2 X1 +axz +cxs; =0
01 b 0 d 0 ie S bxs 1 d 0
x3| =0, 1le x X, X5 =
0001 ell? 2R
0000 of /[ Xq +ex; =0
_X5_

43



p TTENEHTE

X1
Xo x1 +axs+cxs =0

x3| =0, ie xg+bxg+dxs=0

o O O =
S O = O
o o o @
S = O O

X4 X4+ ex5 =0
X5

®(1E:
gt | BmnE

X1,X2,X4 ‘ X3, X5

AN, x3,x5 RO LMEERIEZR, M x1,x2, x4 WH x3, x5 RIE:

X1 = —aXg — CXs,
X9 = —bX3 - dX5,
X4 = —€Xjp

) b kG

s/ Shanghai Normal University

b



ST @) - 4wtk

s/ Shanghai Normal University

X] = —aX3 — CXs,
X9 = —bxg — dxs,
X4 = —€Xjp
WDIREE B (x3,%x5) € {(1,0), (0, 1)} FAWSEN T R MFIRAE:
] ]
—b —d
s;=|1], s2=10
—e
1

FHPE Ax = 0 BUBRERRT LIFRIRAY 51,0 BOEMAES (M+4? ), BL:
N(A) = N(R) = span({s1, s2})

45



D XTF Ax = 0 —fREGHER (1)

btk
Shanghai Normal University
—fRIE, © AR mxnBERE, BAIER Ax =009, FHI5SER Gauss—Jordan B
TTER A BACRITRET R, BD:

o]
0 by, o+ bin .
0 0 - bon| |
Ax=0 <+— xij1| =0
0 .
0 0 - 0
_Xn_
H rank(A) =r RIKEFE r METT.
bij, =bgj, = =byj, =1
B2
BT HEREE
X]”ij 7X]r X1, ,Xj1717x)‘1+17"' 7X]'2717"' 7X]'r+1?”' , Xn

46



D T Ax = 0 —fREHEA (1) W) k4wt k %

Shanghai Normal University

Rx = 0 X} BY5F2E R
Xj, F01j,41%5, 01+ -+ b1jm1%5,1 + bj1Xg, 01+ binxn =0

Xj, + b2,]'2+1xj2+1 +- -+ boanxy =0

Xj, - 4 brnxn =0
MMmEATST LG N — r DMEFFRAE:

1 0 0
0
S1= (0,81 = 058 = =i |
1
10] 10] . 0 ] 47
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p HERHNELRERE, £

ERIRE:

N(A) = N(R) = Span({sl7"' asj1—17sj1+17"' 7S]'2—17"' 7Sjr+17"' asn})

EIE 18.
NFERE m x n NEERE A, Hi1E:

rank(A) + dim(N(A)) =n
T 19 [Fundamental Theorem of Linear Algebra, Part I].
L AR mxnBEFEFE rank(A) =+, N:

1. dim(C(A)) = &im(C(AT)) =t
2. dim(N(A)=n—r, dim(N(AT)=m—r,
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- BFENENITE.
- HMAHNELREE, 80

FRAFNI BRI T Ax = 0 BIEERE T — M HIRBMTEVIAIR,

8] 20.
BB F Ax = b (IR



D Ax =b B



p = NIA @)+ AmitA%

Shanghai Normal University

1. A& Ax =b Bf#?
2. IR Ax =b B, HENEMEMHA4?
3. BA4ME Ax = b B9fE?

[o] e
Hb=08ER RMNEELE T — N HEBWMINAR, EENEEHME N(A), — 1N EE
A n—rank(A) B9 R™ 9F==d,

51
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P =N ()

EIE 21.
Ax =b BEZENHE b e C(A)

EIE 22.

Ax =b BFZENH
rank(A) = rank( [A b})



P E— AR (1) W) LAt xS

N’ Shanghai Normal University

IEBA. A BpsImEr9Z0, BN

U2 (ESR
Ax =b B
<= b e C(A) =span({as, - ,an})
< span({ay,--- ;an}) = span({ai,--- ,an, b})
< dim(span({a1,--- ,an})) = dim(span{{as,--- ,an, b}))
<= column—rank(A) = column—rank( [A b])

< rank(A) = rank( {A b})

53
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D) Lbwit k%

Shanghai Normal University

PIEFANIRER Ax = b BRNEN, B8 x, 2E—NME, B Ax, =b, HIEHRENES
fi# (particular solution),

EE 23.

Ax

|
o

= X —Xp € N(A)

Alx—xp) =Ax—Axp, =b—-b=0

54



P Ax=b B9ERE () b wpte k%

Shanghai Normal University

EXF, ©x, N Ax=b BE—H#E, <
S1,...,51

2 Ax = 0 B9—B455mR, BIEZZE N(A) 89—4EE, MM 1=n—rank(A), WEG—D
Ax = b BERESTT AR

X:Xp+01$1+"'+(3181

BI—MM5E + — DT (Ax = 0) B9,

55



P Ax=b BB (1) b wpte k%

Shanghai Normal University

ERE A N r NEHE:
r =rank(A) = column—rank(A) < min{m, n}

PNIEAIRESE

m | n | dim(N(A)) | Ax =b BRREIDEL

=T | =T 0 1
=T |>T >1 00
>T | =T 0 Oorl

\%
=
\%
=
WV
—

0oroo




P E4LIHE Ax = b IR @) - 4mix%

s & Shanghai Normal University

XS ELE 56 Gauss—Jordan:
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