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p £ EENIIKSIT ()

EX 1 [%%% (Column Rank)].
BE— 1 m x n BB A, HFIF (Column Rank) BX9:

column-rank(A) = dim(C(A))
EX 2 [17%% (Row Rank)].
5BP%E A 89777 (Row Rank) EX N

row-rank(A) = dim(C(AT))
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D S>): BEERHIRRETRE (1)

5|18 3.
TEOFRZFNEY:

1. A BTREE n.

2. AT B95IF%2E n.

3. BFHE—EME B, £5 ATB =E,
4 FHE—IEMEB, 1S BA=E

EIE 4.
ATE—D m x n B9FEFE, FAIAE row-rank(A) = column-rank(A).
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1. BRI

1 -2 —6
A=1(0 0 2
3 2 0

2. IRENTER b e R?, B2 Ax =b #ER, XIRERNEISEETET LI A
B3 METT. NMEABISE-A/RIBETTAD LUEE:

DEj2E13E23P23E3; {A e e es}Z[E X1 Xo XS}

BB =[x x2 x| (/8 AB=E
3. %_EE, ﬂﬂ%% C= DE12E13E23P23E31, %%ﬁ]@ﬁ CA =E.
4 BREFATOTUARIL A 2R, HE:

A~! =B = C = DE3F3E23P23E3



D =53 e ) kbt XY

S Shanghai Normal University

513 5.
< A B—"n xn 9%, TEOFRRENH:

1. A 2OFEW,

AR Ax=b WER b c R™ HIEHE—#
dim(C(A)) =n.

dim(C(AT)) =n.
TF1E3ERE B 1S AB = E,
FF1ERERE C 8158 CA =E,
ABn1ETT,

N o os wN




p TEXNS

> JERERIFL

> Ax = 0 B9#%

> Ax =b B9f##
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P TR

ai1xy + -+ QinXn = by
nom ai a2 - Qin X1 by
ag1Xy + -+ AoanXn = b2 aoq Aoo e Qdon X2 b2
= = .
Am1 Am2 - OGmn Xn bm

AmiX1 + -+ AmnXn = bm
NFHPEN e m], HMEX:
(40 ML FLET
e {min{j € n]:aiy; #0} ow.
Bl a5 38 j TP ERABLHIARN 0 IRZEL
7B #5672 (Row Echelon Form)
XNEREE, HERKNNREIERE, 2TMEEFE, NRFE < r<mEE:

pRaY

j1<j2a < <jr, Jra1='"=jm=+00

i@iﬂ%%%ﬁﬁ&éﬁﬁﬁr /I\EJTU A1jy5--+50rjro




D TR EE)F

2x1 + 3xo +4x3 =5
Ixo +2x3 =3
].X3 =2

4X1 — 137(2 + 2X4 =0
11X2 + x4 = 6

4X1 — ].3X2 +2X4 =0
11X2 +X4:6
0="7

=

4

S O N

S = W
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B4 —NME r < m E15:
Rl H—1TEI5 r ITBEBEBITMEREIZIU (Row Echelon Form), BI:
j1 <je<---<jr<n
R2 XS FHEFEDREE r+ 1 178 m 175 1 5B §, ZIR— =TI, Al

ajj =0, Vie[r+1,ml]Vjell,j]



D SHTETTENERTER (1)

Q) :amExE
E1E
1 RN ) € ] B FESHTER, URXEFEN | AFE, BEREA=0
FEHE r=00 R, R2BEEHE, X
2. R i € [m] E15EE ayy # 0,
3. BE 11T5F i mTie, MEHNEBREMNE TP ay; #0, FEXN TR
B tell,j—1] &8 a =0, WEENEG: j =].
4 BN > 1, BRAIVEE U 178

Qi
(row i) — =2 (row 1)
agj

B2 BRNEBNTHAEN > 1, av; =0,

KUY T r =1, R1F1R2 ERHEH.
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Eit1
MBTAERESTF r =1, R1 A0 R2 #PR2HEN, FHAIHLEHITTN—F:

ERR/NE G € i+ 1L,n] EBFEEV e i+ 1,m] 58 aiy £0, MRIXEFN j AFF
£, B&%E

ERRNN L € i+ 1, m] 8% aiy £0.

KBE i+ 11758 VTR, EERNBEEMINE i+ 147P aiy; #0,
HEXNTFFRBN t e [1,j — 1 #E apiye =0, WRBENIE: jiq =]

NEMN >i+1, BIVEE U 178

Qaisj

(rowi’) — (row (14 1))

A(it1)j

Bz ERIBNTHAENY >i4+1, ayy =0,

SR T r=1i+1, R1 A R2 FEHEH,
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SHENIRE
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j2:37

jl :27
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5|12 6.
BE— m xn BEME A, BENETER A TH—1ME r TETHITMEIZRER U,

HANF B E TTh DN E BRI

EX 7 [XEF%89%% (Rank)].
BE—D m x n BUEERE A, HF (rank) € X 9:

rank(A) = JEFE A OB TTHI NS =+

EIE 8.

rank(A) = row-rank(A) = column-rank(A)
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p TRER
HTIERREIEE, RANERTREHIENE,

TE&faR2 (Reduced Row Echelon Form)
ElR—Nmx niEEA, ENX:

. )40 MRE ITRET
e {min{j enl:ay£0} ow.
MFR A 2ITEEFHY (Reduced Row Echelon Form), #N%R:
1. E21TMBHEE, BIEE 0 < r < mES:
j1<j2 < <jr, Jry1=:"=jm=+00

2. (11)'1 == arjr = 1, Eﬂﬁﬁﬁﬁggﬁﬁﬁg 1,

3 XNTFHBENLe M,1],iel,1-1JUll+1,m], FHiIEE aiy;, =0, BIEETHIA—
Fith, BRTETTZINIFTETEER 0.
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1 0 3 40
001 2 30
00 0 0 01

1

000 O0O0GO
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b

0 0 0O

1
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1

001 40
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0 00 00O

b

0 0 0O

1
0

0 0 0

1

00 1 00
00 0 10

1

0 0 00
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a

EIE 9.

BHERIBITEREME A TH—MTREER R,
EIE 10.

HMNE:

1. rank(A) = rank(R).

2. rank(R) = column-rank(R) = row-rank(R).
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Shanghai Normal University

HMEBHAE/RIETEREE —RIBVITERERRIIE, Hp—HE=fT7EH:

1. 4705 (Row Addition).,
2. f7# (Row Exchange),
3. {75%&% (Row Multiplication),

BARERYIETEH (Row Elementary Operations),

20



D [EE: TI0E

5|18 11.
Ei'(—k) = Ey5(k)

Y

ai

an

a;

a; — k(lj

an
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P B TR
S8 12.
P;jl = Pij

R

ai

an

ai

an

) bbbt kG

Shanghai Normal University
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p O 75% ) kb it X%

Shanghai Normal University

1 0 0 0 a; a;
O --- k -0 -+ 0 Qa; kai
Di(k)A = . = .
0 0 1 0] | aj a;
_0 0 0 1_ | On | | On |

5|12 13.
D; (k)™ =Di(%)



P TEHAMR ()

YR 3
Shanghai Normal University
EIE 14,

PFT LR LT IEREITREAFIRE,

R BRI BB T AR BIEMETRE. FELLE, © A = [af @‘n.aﬂT,m
SEHEMFHBNKR, XB a 21 x n 01708, WES—RPSTEHRE, Bl
RN TR

a;
aj a; a;
: : : a;
A'=lal|=|ka|ZE |a;i —ka;| HE
: : : ai
!
iy | Q| | am
Am

24



1TZHREVME R (1)

a;
_a{_ [ a ] [ a; ] :
: : : aj

A'=|al|=|ka|TE |a; —ka; | HE | :
: : : a;
Lan, ] | am | | am ]

_am_
®0AE:

C(A") =span({ai,...,ai,...,qj,...,am})
=span({a,...,qj,...,qi,...,an})
=span({a,...,kai,...,qj,...,am})
=span({ai,...,a; —kaj,...,q;,...,an})

BN

row-rank(A) = dim(C(AT)) = dim(C(A'")) = row-rank(A’)

D) LSk kF

Shanghai Normal University
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D T (1) Q) :huirs

HANIAERZRIIRR,
- BXE, ATRMNEKIERIIHRMITRERSN, FFURNEL YT USRI FIFA AR

iIZI-LL/J
- BERIMKIBEERER—T. BNIEXEZERIIZBRNER, EMNERARTIE
1743,

K A BpdlmEaiat:

aix -+ Qin
ail Ain
A= : = [al a; a; an}
a1 Ajn
_aml amn_
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TEERBIMERR (IV)

RERE LTS j 1T/E:

ai; -+ Qin

ajl e ajn

I . . . _ I
A= . N [01
Qaiy Ain
Ami1 - Qmn

BAHE—T a; 7 a;:
a; = [(111 P £ %

r_
a; = |:(111 S Ok

Aix

btk

Shanghai Normal University

! /
a an]
T
a'LTL:|
T
a'LTl.:|
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YR 3

Shanghai Normal University
HAIMEFZIEDR:

dim(span({ai, ..., an})) = dim(span({ay,...,a,}))
HMNTURR, WFERNtem], 1<k <k < <k <nFIEBW 1, 00 €R,

®1AE:
Z 1Ay, = 0 <~ Z C1(1kl =0
lelt]

B

CoAy,.. .o, REMEXNEENRY af ... a, REMEXH,
© Q.- Qi Span(as,...,ay) B—AEZANS af ... af, E span(a],...,a;) 1
—HE,

M
dim(C(A)) = dim(span({ai, ..., an})) = dim(span({a},...,a’})) = dim(C(A"))
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L3 IEIE) 228,
TEIE 8.

rank(A) = row-rank(A) = column-rank(A)

HEER:

BAVE A ZTRATIEBZIER U, FERIZREE r METT, W rank(A) =1,
HE—EEAVE U DT RER, B8R, HERSB r METT,

rank(R) = column-rank(R) = row-rank(R) = r = rank(A).
ERBRNARABA THITLHE, Mm:

ey =

column-rank(A) = column-rank(R), row-rank(A) = row-rank(R)
BN

rank(A) = row-rank(A) = column-rank(A)

29
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- FEFEBIRK rank(A) = FEFERVE TTELL

« rank(A) = row-rank(A) = column-rank(A).

1.

N o g A W

SIEE 9.
< A B n x n (195, FTEORRENH:

=1 puil: S8

772 Ax = b WER b € R™ #HHE—HE.
rank(A) = n.

column-rank(A) = n.

row-rank(A) = n.
TF1E%EDE B %15 AB =E,
TF1ERERE C 8715 CA =E,

D) L4t x%

N’ Shanghai Normal University

30



p XTFTHEAXx=D

= A BUPERNIYE, HNELEBERE Ax=b 08T,

8 10.
I TFAEBH A, Ll A RETEH, SER A REHMENIERI

@) :4mix?

Shanghai Normal University

31
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D E: EMEHESE @)+ 4atx%

¢~/ Shanghai Normal University

EX 11 [Z 2518 (Null Space)].
BE—"mxnEEA, EXEHEZE NA) A:

N(A) ={x| Ax =0}

Bl N(A) EFFEHE Ax =089 x I&ES.,

EE 12.
FZ=E N(A) 2 R —PNF=0a,

33



P dim(N(A))

5|18 13.
N(A) CR™, M dim(N(A)) < n.

5|18 14.
dim(C(A)) =n HBAMXZ dim(N(A)) =0,

15367
SXLE, XREMAHEREEN—MFKE!

dim(C(A)) + dim(N

(A))=n

. ,L.é K%

"mnm/@“w Shanghai Normal University
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D Z|IE 1369588

iEBg: &
A= [al an}

UEZ(ESE

dim(C(A)) = dim(span({ay,...,an})) =n
& ap,...,ane C(A) N—HE
Soay,. .., an KT F
& NA)=Z
< dim(N(A)) =0
[EJRE 15.

—RBERTEAEITE N(A) B9—AE, 453089 dim(N(A))?

D) Lbwit k%

s Shanghai Normal University
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p —LE6F (1) ) kbt k%
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x+2y=0 x+2y=0
—
2x+4y =0 0=
BAIRy 2EAD (free), FFLA:

N(A) ={(-2y,y) [y € R}
BAIFRTFURARZYS#E (special solution):

- s 2Ry IR 15EI0RR.
- N(A) HFE s W& MAESHRL, BD:

N(A) = span({s})



D —LEfIF (1) ) bbbt k%
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x+2y+32=0, ie [1 2 3] |y| =0
z

ERXNMIF y Mz SR EATE. AR LOGIRM M

EERE:
N(A) = span({s1, s2})
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1. BB A ZRTMMEIZAERE U(Row echelon form),
2. A U BSEE,

51 16.
LURMNMZMIFBEE—T,

12
12 Al |3 8 12 2 4
A= . B= - : Cz[A 2A}=
3 8 2A| |2 4 3 8 6 16
6 16

38



D ELE A FIXERE B

¥EE A

Ax =

& B

Bx

DN W =

MmEAIE:

NIEAIRESE

1 2
3 8

I8

S O © O

S O o =

S O NN

@) 4mirx%
oo’/ Shanghai Normal Uni
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D 4E0E C ) kbt X%

J Shanghai Normal University

X1 0 X1 0
1 2 2 4| |xe 0 1 2 2 4] |xe 0
CX: = =
l38616]x?, 0 [()zt)zjx3 0
X4 0 X4 0
XEEERTEHTE:
{x3, x4}
AT T LU MR
—2 0
0 —2
S1 = s Sy =
1 1 2 0
0 1

&5
N(C) = span({s1,s2})

40
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bt k%

Shanghai Normal University

X1 0 X1 0
1 2 2 4 X9 0 1 2 2 4| |xo 0
Cx = = =
3 8 6 16| [xs 0 0 2 0 4| |x3 0
X4 0 X4 0
FEETH R P!

- BAIRETT (pivot) FRIEEBIZIRE T (pivot column), JRIHIZEE x,,x, FRATES
(pivot variables)
- FIRBIFINFRA B AT (free columns), XIS x5, x4 FRABEHEE (free
variables)
41



D TR T HETTIN () ©) = hairz

Shanghai Normal University

[1 2 9 4] [1 0 2 0]
=
0 2 0 4 01 0 2
E1T&E (Reduced Row Echelon Form) &, PREBIEITHIMAL T —1 r x v IR,
Hoh r = rank(A).

B 17.
BIARNETESR, RNEE UG ARNETTHIFE B

42
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Shanghai Normal University

p TEREETHNETIINA ()

pp fp f 1 0 a 0 c
([ I I 01 b o0 d
A: — R:
[ 0001 e
I 000 0O
3BT p rank r =3
2 NEH f
M Ax = 0 EMT:
1 ]
0 a0 c X2 X1 +axz +cxs; =0
0 1 o 0d 0, ie +bxs+d 0
x3| =0, 1t1e x X X5 =
000 1 ell? SR
000 0 0 X4 X4 +exs =0
_X5_

43



p TTENEHTE

X1
Xo x1 +axs+cxs =0

x3| =0, ie xg+bxg+dxs=0

o O O =
S O = O
o o o @
S = O O

X4 X4+ ex5 =0
X5

®(1E:
gt | BeTE

X1,X2,X4 ‘ X3, X5

AN, x3,x5 RO LMEERIEZR, M x1,x2, x4 WH x3, x5 RIE:

X1 = —aXg — CXs,
X9 = —bX3 - dX5,
X4 = —€Xjp

) b kG

s/ Shanghai Normal University

b



ST @) - 4wtk

s/ Shanghai Normal University

X] = —aX3 — CXs,
X9 = —bxg — dxs,
X4 = —€Xjp
WDIREE B (x3,%x5) € {(1,0), (0, 1)} FAWSEN T R MFIRAE:
] i
—b —d
Ssi=|11], s2=10
—e
1

FHPE Ax = 0 BUFRERR] LISRIRAN 51,50 EMAES (B1H47 ), B
N(A) = N(R) = span({s1, s2})

45



D T Ax = 0 —fRE9HA ()

btk
Shanghai Normal University
— R, © AR mxn BERE, BIEE Ax =089, FH(I5ER Gauss—Jordan B
TTER A BACRITRET R, BD:

_Xl_
0 b1jl <+ bin
0 0 - ban
Ax=0 +— . xj1| =0
0 :
0 0 0
_Xn_
Hrank(A) =r BKREFE » N ETT:
b1j1:b2j2:"':ijr:1
BHE
e HEEE
X]‘17X)'2,"' 7X]'r X1y 7Xj171~,x]'1+17"' 1Xj2717"' 7Xjr+17"' y X

46



D T Ax = 0 —fRE9HAR (1) ) bt kS

Shanghai Normal University

Rx = 0 X EY5F24E R
Xj, F01j,41%5, 01+ -+ b1jm1%5,1 + bj1Xg, 01+ binxn =0

Xja + b2,j2+1xj2+1 + -+ banxn, =0

Xj, o b =0
MMFATET LIS Hn — v DMEFIRREE:

1 0 0
0
s1 =10 ;8 -1 = 0 y 841 = _bl,j1+1 T
1
10 10] L 0 i 47



D LUKHNEATE, H—8H ) 2 haixz
XERRE:
N(A) = N(R) =span({s1,- - ,85,—1,Sj,41>" " s8ja—1+""" 18,41, " »Sn})
EIE 18.

SFAE=H m x n B4EME A, BA1E:

rank(A) +dim(N(A)) =n
T 19 [Fundamental Theorem of Linear Algebra, Part I].
L AR mxn BEEFHE rank(A) =r, N:

1. dim(C(A)) = dim(C(AT)) =
2. dim(N(A)) =n —r, dim(N(AT)) = m —r,




P MERLE BV IRY

Shanghai Normal University

- BFENENITE.
- HMAHNELREE, 80

FRAZI BB T Ax = 0 (IRELA T — PMLEIEUIETIAIR,

8] 20.
BB F Ax = b BIRRIE?



D Ax =b 1R



D) LSk kF

N’ Shanghai Normal University

p =N

1. Al E Ax = b Bf#?
2. IR Ax =b Bff, HENEHIETA?
3. BATTE Ax = b B9EE?

[o] [t
L b =0HHE, HRIMEBLET —NESSHENAIR, ERBNEHWHE N(A), —NEE
A n—rank(A) B9 R™ B9F=)d,

51



. ,L.é K%

%wnm%‘g Shanghai Normal University

P =N ()

EIE 21.
Ax =b BEHBEMNHE b c C(A)

EIE 22.

Ax =b BfFZEENE
rank(A) = rank( {A b})



@) 4w x%

s/ Shanghai Normal University

p =N ()

IEER: ¥5 A SRFImEa0fzl, B:

A= [al an}
UEsZ(ESp
Ax =b B
< b e C(A) =span({as,---,an})
<~ span({a1,---,a,}) =span({a,---,an,b})
< dim(span({ay, -, a,})) =dim(span({as,--- , an, b}))

<= column-rank(A) = column-rank( {A b])

<= rank(A) = rank([A b])

53
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Shanghai Normal University

HERREER Ax = b (OREIEH, BI% x, SH—MR, B Ax, = b, BAMBIREHE

fi# (particular solution),

EIE 23.

Ax =D = X —Xp € N(A)

Ax—xp) =Ax—Ax, =b—-b=0

54



P Ax = b B9EH (1)

BLE, Sxp 0 Ax—b HE—58, S

S1,...,81

& Ax = 0 B9—E%5kME, BIEZ=E NA) B—4HE, MMml=n-—

Ax =b BEEET DT LARRA:

X:XP+C]S]+"'+C151

BI—"MME + — DT (Ax = 0) B9,

rank(A),

bt k%

Shanghai Normal University

WAER—
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P Ax =0 89ER () b wpte k%

Shanghai Normal University

TRE A B r NEHE
r =rank(A) = column-rank(A) < min{m, n}
MMmEATE:

m | n | dim(N(A)) | Ax = b BIFREYDEL

=T =T 0 1
=T |>T >1 00
>T | =7 0 Oorl

0oroo

\%
=
\%
=
WV
—




P ELITE Ax = b BUR

XS ELE 56 Gauss—Jordan:

WL TR

N @*5 Shanghai Normal University
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