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Abstract. The theory of chi processes with the mismatch operator is
studied. T'wo open congruence relations are investigated. These are weak
early open congruence and weak late open congruence. Complete systems
are given for both congruence relations. These systems use some new
tau laws. The results of this paper correct some popular mistakes in
literature.

1 Introduction

In recent years several publications have focused on a class of new calculi of
mobile processes. These models include y-calculus ([1-4]), update calculus ([7])
and fusion calculus ([8,10]). In a uniform terminology they are respectively x-
calculus, asymmetric y-calculus and polyadic y-calculus. The x-calculus has its
motivations from proof theory. In process algebraic model of classical proofs
there has been no application of mismatch operator. The y-calculus studied so
far contains no mismatch operator. On the other hand the update and fusion
calculi have their motivations from concurrent constraint programming. When
applying process calculi to model real programming problems one finds very
handy the mismatch operator. For that reason the full update and fusion calculi
always have the mismatch combinator. Strong bisimulation congruence has been
investigated for each of the three models. It is basically the open congruence.
A fundamental difference between x-like calculi and 7-like calculi ([5]) is that
all names in the former are subject to update whereas local names in the latter
are never changed. In terms of the algebraic semantics, it says that open style
congruence relations are particularly suitable to x-like process calculi. Several
weak observational equivalence relations have been examined. Fu studied in [1]
weak open congruence and weak barbed congruence. It was shown that a sen-
sible bisimulation equivalence on y-processes must be closed under substitution
in every bisimulation step. In x-like calculi closure under substitution amounts
to the same thing as closure under parallel composition and localization. This
is the property that led Fu to introduce L-congruences ([2]). These congru-
ence relations form a lattice under inclusion order. It has been demonstrated
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that L-congruences are general enough so as to subsume familiar bisimulation
congruences. The open congruence and the barbed congruence for instance are
respectively the bottom and the top elements of the lattice. This is also true
for asymmetric x-calculus ([4]). Complete systems have been discovered for L-
congruences on both finite x-processes and finite asymmetric x-processes ([4]).
An important discovery in the work of axiomatizing y-processes is that Milner’s
tau laws are insufficient for open congruences. Another basic tau law called T4

7.P = 7.(P+[z=y|T.P)

is necessary to deal with the dynamic aspect of name update. Parrow and Victor
have worked on completeness problems for fusion calculus ([8]). The system
they provide for the weak hypercongruence for sub-fusion calculus without the
mismatch operator is deficient because it lacks of the axiom T4. However their
main effort in the above mentioned paper is on the full fusion calculus with
the mismatch operator. This part of work is unfortunately more problematic. To
explain what we mean by that we need to take a closer look at hyperequivalence.

Process equivalence is observational in the sense that two processes are
deemed to be equal unless a third party can detect a difference between the
two processes. Usually the third party is also a process. Now to observe a pro-
cess is to communicate with it. In process calculi the communication happens
if the observer and the observee are composed via a parallel operator. It fol-
lows that process equivalences must be closed under parallel composition. Weak
hyperequivalence is basically an open equivalence. This relation is fine with the
sub-fusion calculus without the mismatch combinator. It is however a bad equiv-
alence for the full fusion calculus for the reason that it is not closed under compo-
sition. A simple counter example is as follows: Let =2, be the hyperequivalence.
Now for distinct names x,y it holds that

(z)az.[x#y|T.P =, (x)ax.[x#y|T.P+(z)azx. P
a(z)

This is because the transition (z)az.[x#y|7.P+(z)ax.P — P can be simulated
a(x)

by (z)ax.[v#£y]T.P ——- P. However
ay|(z)ax.[z£y|T.P % ay|((x)ax.[x#£y]T. P+ (z)az. P)

for ay|((x)ax.[x#£y]T.P+(x)az.P) — O|P[y/x] can not be matched up by any
transitions from ay|(x)ax.[x#y]7.P. For similar reason

ax.[x#y|T.P =y, azx.[v#y|T.P+[x#ylax. P
but
aylax.[z£y]|T. P %, ay|(ax.[rA£y]T. P4+ [x#£y|ax.P)

So the theory of weak equivalences of fusion calculus need be overhauled.
In the above counter examples the mismatch operator plays a crucial part.
From a programming point of view the role of the mismatch combinator is to



terminate a process at run time. This is a useful function in practice and yet
realizable in neither CCS nor calculi of mobile processes without the mismatch
combinator. The problem caused by the mismatch combinator is mostly opera-
tional. A well known fact is that transitions are not stable under name instanti-
ations, which render the algebraic theory difficult. The mismatch operator often
creates a ‘mow-or-never’ situation in which if an action does not happen right
now it might never be allowed to happen. In the calculi with the mismatch op-
erator processes are more sensible to the timing of actions. This reminds one of
the difference between early and late semantics.

The early/late dichotomy is well known in the semantic theory of m-calculus.
The weak late congruence is strictly contained in the weak early congruence in
m-calculus whether the mismatch combinator is present or not. For some time
it was taken for granted that there is no early and late distinction in weak
open congruence. At least this is true for the calculus without the mismatch
combinator. Very recently the present authors discovered to their surprise that
early and late approaches give rise to two different weak open congruences in
the m-calculus in the presence of the mismatch combinator. This has led them
to realize the problem with the weak hyperequivalence.

In this paper we study early and late open congruences for y-calculus with
the mismatch operator. The main contributions of this paper are as follows:

— We point out that there is an early/late discrepancy in the open semantics
of calculi of mobile processes with the mismatch combinator.

— We provide a correct treatment of open semantics for x-calculus with mis-
match. Our definitions of early and late congruences suggest immediately
how to generalize them to fusion calculus.

— We propose two new tau laws to handle free prefix operator and one to deal
with update prefix combinator. These tau laws rectify the mistaken tau laws
in [8]. We point out that the new tau laws for free prefix operator subsume
the corresponding laws for bound prefix operator.

— We give complete axiomatic systems for both early open congruence and late
open congruence. These are the first completeness result for weak congru-
ences on x-like processes with the mismatch operator.

The structure of the paper is as follows: Section 2 summarizes some back-
ground material on y-calculus. Section 3 defines two weak open congruences.
Section 4 proves completeness theorem. Some comments are made in the final
section.

2 The x-Calculus with Mismatch

The 7-calculus has been shown to be a powerful language for concurrent compu-
tation. From the algebraic point of view, the model is slightly inconvenient due
to the presence of two classes of restricted names. The input prefix operator a(z)
introduces the dummy name z to be instantiated by an action induced by the
prefix operator. On the other hand the localization operator (y) forces the name



y to be local, which will never be instantiated. Semantically these two restricted
names are very different. The y-calculus can be seen as obtained from the -
calculus by unifying the two classes of restricted names. The calculus studied in
this paper is the y-calculus extended with the mismatch operator. This language
will be referred to as the y#-calculus in the rest of the paper.

We will write C for the set of x#-processes defined by the following grammar:

P:=0|afa].P| PIP | @)P | [a=y]P | [s#y|P | P+P

where a € NUN. Here N is the set of names ranged over by small case letters.
The set {Z | x € N'} of conames is denoted by N. We have left out replication
processes since we will be focusing on axiomatization of equivalences on finite
processes. The name z in (z)P is local. A name is global in P if it is not local
in P. The global names, the local names and the names of P, as well as the
notations gn(P), In(P) and n(P), are used in their standard meanings. In sequel
we will use the functions gn(-), In(-) and n(-) without explanation. We adopt
the a-convention widely used in the literature on process algebra.
The following labeled transition system defines the operational semantics:

Sequentialization -
alz].P ok PSqn
Composition
PP ()N gn(@=0 Pt

PQ= Pl UM Pl PQly e

Communication
a(w) / a[y] ’ O‘(I) / E(I) /
P—P Q—Q | P==P Q—==Q
T mm T mm
PIQ = P'ly/allQ" "7 PIQ = (@)(PQ) T
Pl QMG azy pellp oy
/ Cmm = Cmm
PIQ Y prly/a)|Q'y /) 2 PlQ = P T
Localization
PP agn() PP ogiam P pr
()P X, ()P’ Locg ()P (=) pr Locy WLOCQ

Condition

PP PP aty

le=2]P A pr Mtch oAy P X pr Mismtch
Summation

PP
Sum

P+Q X P



We have omitted all the symmetric rules. In the above rules the letter v ranges
over the set {a(z),afz] |« € NUN,z € N} U {r} of actions and the letter A
over the set {a(x),alz],[y/z] |« € NUN,z,y € N} U {7} of labels. The sym-
bols a(z), a[z], [y/x] represent restricted action, free action and update action
respectively. The z in a(z) is local.

A substitution is a function from N to N. Substitutions are usually denoted
by 0,0’ etc.. The empty substitution, that is the identity function on N, is
written as []. The result of applying o to P is denoted by Po. Suppose Y is a finite
set {y1,...,yn} of names. The notation [ygY]P stands for [y#£y1]. .. [y£yn]P,
where the order of the mismatch operators is immaterial. We will write ¢ and ¥ to
stand for sequences of match and mismatch combinators concatenated one after
another, p for a sequence of match operators, and § for a sequence of mismatch
operators. Consequently we write ¥ P, uP and §P. When the length of ¥ (u,
0) is zero, Y P (uP, dP) is just P. The notation ¢ = v says that ¢ logically
implies ¢ and ¢ < 1 that ¢ and ¢ are logically equivalent. A substitution o
agrees with ¢, and ¢ agrees with o, when ¢ = x=y if and only if o(z)=0c(y).

The notations = and == are used in their standard meanings. A sequence
T1,...,T, of names will be abbreviated to Z.
The following lemma is useful in later proofs.

Lemma 1. If Po 2, Py then there exists some P’ such that P, = P'o.

Notice that a substitution o may disable an action of P. So one can not conclude
Po 2% Plo from P -2 P'. But the above lemma tells us that we may write

A . ..
Po —~= P’c once we know that Po can induce a \ transition.

3 Open Bisimilarities

In our view the most natural equivalence for mobile processes is the open equiv-
alence introduced by Sangiorgi ([9]). Technically the open equivalence is a bisim-
ulation equivalence closed under substitution of names. Philosophically the open
approach assumes that the environments are dynamic in the sense that they are
shrinking, expanding and changing all the time. After the simulation of each
computation step, the environment might be totally different. As a matter of
fact the very idea of bisimulation is to ensure that no operational difference can
be detected by any dynamic environment. So closure under substitution is a
reasonable requirement.
A simple minded definition of weak open bisimulation would go as follows:

A binary relation R on C is a weak open bisimulation if it is symmetric
and closed under substitution such that whenever PR and P 2 p
then Q 2 Q'RP’ for some Q.

As it turns out this is a bad definition for processes with the mismatch operator.
Counter examples are given in the introduction. The problem here is that the



instantiation of names is delayed for any period of time. This is not always
possible in y7-calculus. To correct the above definition, one should adopt the
approach that name instantiations should take place in the earliest possible
occasion. This brings us to the familiar early and late frameworks.

Definition 2. Let R be a binary symmetric relation on C. It is called an early
open bisimulation if it is closed under substitution and whenever PRQ then the
following properties hold:

(i) If P = P’ then Q' exists such that Q = Q'"RP’.

(is) If P == lv/] P’ then Q' exists such that Q = ly/g] = Q'RP.

(1) If P A pr then for every y some Q', Q" ewist such that Q — o Q" and
Q"ly/x] = QRP'[y/x].

(iv) If P (o) P’ then for every y some Q', Q" exist such that Q :>Oé(—m2

Q"[y/x] = Q'RP'[y/x].
The early open bisimilarity ~

Q" and

€

¢ 1s the largest early open bisimulation.

The clause (iv) is easy to understand. Its counterpart for weak bisimilarity of
m-calculus is familiar. The clause (iii) calls for some explanation. In x7-calculus

alz]

free actions can also incur name updates in suitable contexts. Suppose P —
P". Then (x)(Plaly].Q) — P"[y/x]|Q[y/z]. Even if P” = P’, one does not
necessarily have P"[y/x] = P’[y/x]. Had we replace clause (iii) by

alz]

(iii’) If P — P’ then some Q' exists such that Q = a Q RP'
then we would have obtained a relation to which the second counter example
in the introduction applies. The similarity of clause (iii) and clause (iv) exhibits
once again the uniformity of the names in y-like calculi.

Analogously we can introduce late open bisimilarity.

Definition 3. Let R be a binary symmetric relation on C. It is called a late
open bisimulation if it is closed under substitution and whenever PRQ then the
following properties hold:

(i) If P = P’ then Q' exists such that Q = Q'"RP’.

(i) If P = lv/z] P’ then Q' exists such that Q = [y/r] Q'RP.

(isi) If P — U pr then Q" exists such that Q — ol Q" and for every y some
Q' exists such that Q"[y/x] = Q"RP'[y/x].

(iv) If P — @) P then Q" exists such that Q =
Q' exists such that Q"[y/x] = Q"RP'[y/x].

The late open bisimilarity =, is the largest late open bisimulation.

x

) Q" and for every y some

It is clear that a2l C~¢. The following example shows that inclusion is strict:
ala].[e=y)7.P+ale).[ryr.P =5 ale).la=y]r.P+ala].[oy)r.P+alz].P but ot
alz].[x=y|T. P+alx].[x#y|T.P ~! a[z].[x=y|7.P+a[z].[z£y]T.P+a[z].P.

The lesson we have learned is that we should always check if an observational
equivalence is closed under parallel composition. The next lemma makes sure
that this is indeed true for the two open bisimilarities.



Lemma 4. Both ~¢ and =~ are closed under localization and composition.

Both open bisimilarities are also closed under the prefix and match combi-
nators. But neither is closed under the summation operator or the mismatch
operator. For instance [z#£y]P ~¢ [x#y]7.P does not hold in general. To obtain
the largest congruence contained in early (late) open bisimilarity we follow the
standard approach: We say that two processes P and Q are early open congru-
ent, notation P ~¢ @, if P ~¢ () and for each substitution o a tau action of Po
must be matched up by a non-empty sequence of tau actions from Qo and vice

versa. Clearly ~¢ is a congruence. Similarly we can define ~!

4 Axiomatic System

In [2] completeness theorems are proved for L-bisimilarities on x-processes with-
out mismatch operator. The proofs of these completeness results use essentially
the inductive definitions of L-bisimilarities. In the presence of the mismatch op-
erator, the method used in [2] should be modified. The modification is done by
incorporating ideas from [6]. In this section, we give the complete axiomatic sys-
tems for early and late open congruences using the modified approach. First we
need to define two induced prefix operators, tau and update prefixes, as follows:

lylz].P < (a)(aly]|a[z].P)

7.P % (b)[b|p].P

where a, b are fresh. The following are some further auxiliary definitions.

Definition 5. Let V be a finite set of names. We say that ¥ is complete on V
if n(vp) CV and for each pair x,y of names in V it holds that either ¢ = x=y
ory =x #y.

Suppose v is complete on V' and n(¢) C V. Then it should be clear that either
Yo < P or Yo < L. In sequel this fact will be used implicitly.

Lemma 6. If ¢ and ¢ are complete on V' and both agree with o then ¢ < 1.
Definition 7. A substitution o is induced by i if it agrees with ¢ and oo = o.

Let AS denote the system consisting of the rules and laws in Appendix A
plus the following expansion law:

mi=a;[T;]

P|Q = Z@ i (PQ) + Y dini (B)(§)ai=bj][wi|y;].(Pi]Q;) +
’YJ*b[yJ]

T =a;[T;]

ng PP+ S 6ty (@)@)la=b;)[rily;].(P1Q)

75 =b;[y;]



where P is 37, ¢;(Z)m;.P; and @ is 3, ¥;(§)7;.Q;, mi and ; range over {alz] |
a € NUN,z € N}. In the expansion law, the summand

T, =0a; [357]
D o (@) (@)ai=b;][wily;)-(PQ))
v =b;y;]

contains ¢;1;(Z)(g)[a;=b;][x:|y;]-(Pi|Q;) as a summand whenever m; = a;[z;]
and ; = b;[y;]-

We write AS + P = @ to indicate that the equality P = @ can be inferred
from AS. Some important derived laws of AS are given in Appendix A.

Using axioms in AS, a process can be converted to a process that contains
no occurrence of the composition operator, the latter process is of special form
as defined below.

Definition 8. A process P is in normal form on'V 2 fn(P) if P is of the form
Yien, Gicilwil P+ i di(@)au[x]. P+ 3o p ¢ilzily] . P such that x does not
appear in P, ¢; is complete on V' for each i € I U Iy U I3, P; is in normal form
onV fori € Iy UIs and is in normal form on V U {x} for i € Iy. Here I, I»
and I3 are pairwise disjoint finite indexing sets.

Notice that if P is in normal form and ¢ is a substitution then Po is in normal
form.

The depth of a process measures the maximal length of nested prefixes in the
process. The structural definition goes as follows: (i) d(0) = 0; (ii) d(a[z].P) =
1+d(P); (iii) d(P|Q) = d(P)+d(Q); (iv) d((z)P) = d(P); (v) d([z=y]P) = d(P);
(vi) d(P+Q) = max{d(P),d(Q)}.

Lemma 9. For a process P and a finite set V of names such that fn(P) CV
there is a normal form @ on V such that d(Q) < d(P) and AS+ Q = P.

It can be shown that AS is complete for the strong open bisimilarity on y7-
processes. This fact will not be proved here. Our attention will be confined to
the completeness of the two weak open congruences. The tau laws used in this
paper are given in Figure 1. Some derived tau laws are listed in Figure 2. In
what follows, we will write AS! for AS U {T1,T2,T3a,T3b,T3d, T4} and ASE
for ASU{T1,T2,T3a,T3c,T3d,T4}.

The next lemma discusses some relationship among the tau laws.

Lemma 10. (i) AS¢ - TD5. (i) AS! = TD6. (iii) AS U {T3c} - T3b.
Proof. (i) By T3c and C2, we get:

ASS+ X(a(z), P,Q,0) = (z)(X(a|z], P,Q,0)+[x&n(d)]dalz].Q)
(a(z), P,Q,0)+(z)[x¢n(d)]dalz].Q
Y(a(z), P,Q, )+ (x)dalx].Q

Y(a(x), P,Q,6)+0(x)alz].Q

The proofs of (ii) and (iii) are omitted. O

)
LD3
LD2



T1 afz].7.P = afz].P

T2 P+1.P=T1.P

T3a alz].(P+71.Q) = alz].(P+71.Q)+az].Q

T3b  az].(P+7.Q) = afz].(P+I7.Q)+[z¢n(0)]da[z].Q x & n(d)
T3¢  XY(afz], P,Q,0) = X(alz], P,Q, §)+[x¢n(0)]da[x].Q x & n(9)
T3d  [y|z].(P+7.Q) = [y|z].(P+7.Q)+vd[y|z].Q

T4 7.P = 7.(P+y71.P)

In T3d, if § = [uzv] then either ¢ = [z=u][y#£v] or ¢ = [z=v][y#u]

or ¢ = [y=ul[z#v] or ¢ = [y=v][zFu] or ¢ = [zFul[z#v][yAu][yFv].

In T3c, X(afz], P,Q,0) is Zer alz].(Py+o[z=y]T.Q)+ax].(P+[z¢Y]T.Q).

Fig. 1. The Tau Laws

TD1 [z|y].7.P = [z|y].P

TD2 7.17.P=71.P

TD3 [zly].(P+7.Q) = [x]y].(P+7.Q)+[z[y].Q

TD4 7.(P+7.Q) = 7.(P+7.Q)+7.Q

TD5  (x)afz].(P+67.Q) = (z)afz].(P+07.Q)+d(x)a[z].Q x & n(d)
TD6 Y(a(z), P,Q,8) = X(a(z), P,Q,8)+d(x)alzr].Q x & n(9)
In TD6, ¥(a(x), P,Q,9) is Zyey(m)a[m].(Py+6[x:y]T.Q)+(x)a[x}.(P+6[:E€Y]T,Q).

Fig. 2. The Derived Tau Laws

To establish the completeness theorem, some properties of AS and the open
bisimilarities must be established first. The next three lemmas describe these
properties.

Lemma 11. Suppose Q is in normal form on V, ¢ is complete on V, and o is
a substitution induced by ¢. Then the following properties hold:
(i) If Qo == Q' then ASU{T1,T2,T3a} F Q = Q+¢7.Q’".

alz]

(i) If Qo =—=—— Q' then ASU{T1,T2,T3a} Q = Q+¢alz].Q’.
(iii) If Qo =2 @ then AS U {T1,T2,T3a} - Q = Q+é(z)afz].Q'.

(iv) If Qo “L& O then AS U {T1,T2,T3a,T3d} F Q = Q+oly|z].Q'.

Proof. (iv) If Qo Y% O then AS U {T1,T2,T30,T3d} + Q = Q+dlylz].Q.

Suppose for example Qo == Q0 lv/a] Q2 == Q'. Tt is easy to see that Qy =

Q4oly/x]. Let ¢ be a complete condition on fn(Q%5) that induces o[y/x]. Suppose
¥ < ud. Clearly poly/z] is true. Therefore

ASU{T1,T2,T3a,T3d} - Q = Q+¢[y|z].Q
= Q+d[ylx]. Qza[y/x}
= Q+4[ylz].Q
= Q+oly|z].

x (QQ‘HW Q")



= Q+olylz](Qy+pdT.Q")

= Q+olylz].(Q5+07.Q")

= Q+¢([y|z].(Q4+67.Q")+067.Q")
= Q+¢06]y|a].Q"

in which 0 is defined as in T'3d. First of all it is easy to see that ¢ = § for ¢ is
complete on V. So ¢d < ¢. Second we need to explain how to construct 6. It
should be constructed in such a way that ¢f < ¢. Suppose § = [uz£v]. There
are five possibilities:

— ¢ = x=u. Then we let 6 contain [x=u][y#£v]. If ¢ = y=v then o is induced by
[x=u][y=v]. It follows that o[y/x] is induced by [u=v], which is impossible.
Hence ¢ = y#v.

— ¢ = y=u or ¢ = r=v or ¢ = y=v. These cases are similar to previous case.

— ¢ = [z#ul[z#v][yFul[y#v]. Simply let 6 contain [z7u][z7v][yAu][yFv].

It is clear from the construction that ¢ = 6. Therefore ASU{T'1,T2,T3a,T3d} F
Q = Q+906[y[z].Q" = Q+¢lylz].Q". O

Lemma 12. Suppose Q is a normal form on some V = {y1,...,yx} 2 fn(Q),
¥ is complete on V, and o is a substitution induced by . If

Qo= " Q1. Qioly /2] = Q1.

Qo= " Q4o Qholyn/2] = Qa.

Qo= "2 Q4o, Qiolyn/2] = Qs
Qo :>(iz)> Q§€+1U = Qr+1
then the following properties hold:
1. ASU{T1,T2,T3a} F Q = Q + ¥ X5_ (¥)alz].(r.Q} + v[r=y;]7.Q;) +
Y(@)alz] (T.Q)yy + Y[rEV]T.Qri1)).
2. IfQ1=Q',...,Q, =Q, then Q +Y(v)alz].(1.Q" + ¢ E?Zl[x:yj]T.Qj +
OxgV]T.Qr11) is provably equal to Q in ASU{T1,T2,T3a}.

The proof of the above lemma is similar to that of Lemma 11.

Lemma 13. In x7-calculus the following properties hold:
(1) If P =5 Q then ASS+1.P =1.Q).
(ii) If P ~! Q then AS! - 1.P = 1.Q.

Proof. By Lemma 9 we may assume that P and () are in normal form on V =
fn(P|Q) = {y1,y2,---,yr} Let P be

> bl Pit > di@)aula] Pt Y dilzilyil P

1€l i€l i€1l3



and @ be

> iyl Qi Y vi(@)as[a].Q+ > wilzily].Q;

VISEA JjE€J2 JEJ3

We prove this lemma by induction on the depth of P|Q.
(i) Suppose ¢;m;.P; is a summand of P and o is induced by ¢;. There are
several cases:

— m;o is an update action [y|z]. It follows from P =¢ @ that Qo [y/:gg] Q' =~¢

P;ly/x]o. By induction we have AS¢ + Q' = P,o[y/z]. By (iv) of Lemma li
ASS Q= Q+dilyle].Qf
= Q+¢i[yla].Ply/z]o
= Q+¢ilylz].Pio
= Q+¢imio.Pio
= Q+oimi. By

— m;0 is a restricted action a(z). Since P ~¢ () one has the following cases:

e Foreachl € {1,...,k}, Q] and Q;, exist such that Qo= o) Qj,0 and
Lolu/x] = Qi =, Pioly/].

e Q;,,, and @, ,, exist such that Qo= @) Qi 0 = Qiy,, = Pio.
By Lemma 12

k
ASCFQ = Q+ Z ¢i(z)alz].(1.Q}, +dilz=y]T.Q;,)
=1
+¢i(2)alz](1.Q;, ,, +¢i[r&V]T.Qi )
k

= Q+ Y _ ¢i(x)alz].(1.Q}, +¢:[r=u7. Pioly /z])
=1

+¢; (x)a[:ﬂ].(T.ng+1 +¢;[xgV]T.Po)
= Q+¢(x)alz].P;
= Q+¢im;. P;

— ;o is a free action «afz]. Using the fact P ~¢ @ one has the following cases:
a[z]

e Foreachl € {1,...,k}, @} and Q;, exist such that Qo= —— Q] 0 and
Qi oly/r] = Qi, = Pioly/x].

e Q;,,, and @;,,, exist such that Qo= i a0 = Qiyy, ~g Pio
Since ¢; is complete on V' it groups the elements of V' into several disjoint
classes. Assume that these classes are [z], [a1],...,[a,]. Let ¢; be the se-
quence of match operators induced by the equivalence classes [a1],. .., [a,].
Let ¢;7* be the sequence of match operators induced by the equivalence

class [z]. Let (bfé be the sequence of mismatch combinators constructed as



follows: For 1 < p,q < r and a € [ap],b € [ay], a#b is in (ﬁé And let
(bf‘ be the sequence of mismatch combinators constructed as follows: For
a€a]U...Ula,], a#x is in ¢7 7. Tt is clear that ¢; < ¢7¢7¢7 ¢7". Now

V can be divided into two subsets: V= y |y eV, ¢ = y=z}; and
v Ly y eV,¢i = y#a} = [al] U. [a,} Clearly ¢7" & [xgEV?é””].
o If y; € V#7 then we define ¢7,” IS follows For a € ([a1] U ... Ular]) \
[y, ax is in ¢7" \[ - 1t is easy to see that i \[y [x&’(‘ﬁé’” \ [wi))]-
Now ¢ ¢; “qﬁfgbi\ (] [x=y;] is complete on V and induces oly;/x]. By
Lemma 11
Q= Q + ¢ial2].Q;,
=Q+@Mﬂ7Q,
= Q + diala].(1.Q}, + 67 67 ] OL T le=ui]7.Q)
= Q + diala].(1.Q, + ¢] O17, le=ulT.Qi,)
= Q + ¢iale].(7.Qf, + 67 [r(VF* \ [yi])][e=u]7.Q:,)
= Q+ dialt].(Qj + 7 [ng (V7" \ ) lfz=wm.Qs,)
= Q+ giala].(r.Ql, + o7 [r=y]7-Qi1)

e It is clear that (bi:gbi:‘”q’)fﬁ&w is complete on V' and induces o. One has
by Lemma 11 that
Q= Q+ ¢ialz].Q
= Q + ¢ialr].7.Q;,
= Q + ¢iafz]. (7 o T O OTTOT O T Qi)
[].
[z].

T

€T

= Q + ¢iala](1.Q), + &7 67 T.Qiy,)
= Q + ¢alz](1.Q} + ¢7 [xgV7*Ir.Qip,)
Now
ASSEQ=Q+ Y ¢iala].(m.Q)+¢] [e=u]r.Qs)
Yy EVF#T
+¢ia[x1.<r@;m+¢f [2ZV7*)7.Qis)
=Q+ > ¢iala].(1.Q},+¢] [r=y]7.Pioly/x])
Yy EVF#T
+iala].(r.Q;,, +0] [2¢VF*|7.Po)
= Q+¢i[zgn(¢]))alz].P;
= Q+¢;afz].P;

— m;o is a tau action. If the tau action is matched by Qo == Q' then it is easy
to prove that ASS F Q = Q+¢;m;.F;. If the tau action is matched vacuously
then ASS F Q+¢7,7T2Pz = Q—i—qﬁzTQ



In summary, we have ASS F P+Q = Q+X;c1¢;7.Q for some I' C I. So by T4
we get ASS F 7. (P4 Q) = 7.(Q + Xiep ¢:7.Q) = 7.Q. Symmetrically, we can
prove ASS F 7.(P4+Q) = 7.P. Hence AS¢ - 7.P = 71.Q.

(ii) The proof is similar to that for ~¢. We consider only one case:

— m;0 is a restricted action a(z). It follows from P ~! Q that some Q' exists
such that the following holds:
e For each | € {1,...,k}, @', Q;, exists such that Qo= (o) Q'oc and
Q'olyi/x] = Qi, =}, Pioly/x).
® (.., exists such that Qo= ol Qo= Q,,., ~, Po.
By (ii) of Lemma 12 we get

k
ASLE Q = Q+¢i(w)ala].(mQ'+¢i Y _lr=yl7.Qi+di[x V] Qi)
=1
k
= Q+¢i(x)alz].(1.Q'+¢: Y _[w=yr.Pio[y/z]+¢:[xgV]r.Po)
=1
= Q+¢i(z)alz].(1.Q"+¢; 7. P;)
= Q+oi(z)alz].P;
Then by a similar argument as in (i), we get AS. - 7.P = 7.Q. O

Theorem 14. In x7-calculus the following completeness results hold:
(i) If P ~¢ @ then AS¢+ P = Q.
(ii) If P ~! Q then AS! - P = Q.

Proof. By Lemma 11 and Lemma 13, one can prove the theorem in very much
the same way as the proof of Lemma 13 is done. ad

5 Historical Remark

The first author of this paper has been working on y-calculus for some years. His
attention had always been on the version of y without mismatch combinator.
By the end of 1999 he started looking at testing congruence on y-processes.
In order to axiomatize the testing congruence he was forced to introduce the
mismatch operator. This led him to deal with open congruences on x#-processes,
which made him aware of the fact that the open semantics for the w-calculus
with the mismatch combinator has not been investigated before. So he, together
with the second author, began to work on the problem for the w-calculus with
the mismatch combinator. Their investigation showed that the simple-minded
definition of open bisimilarity is not closed under parallel composition. It is then
a small step to realize the problem of the weak hyperequivalence.

It has come a long way to settle down on the axiom T4. The first solution,
proposed by the first author in an early version of [4], is the following rule:

P4 Yicrihim. P = Q+X;c 19;7.Q
T.P=71.0Q




The premises of the rule is an equational formalization of P ~ (). In the final
version of [4] he observed that the rule is equivalent to the following law:

7.P = 1.(P+X;crt;7.P)

Later on he realized that the above equality can be simplified to T4.
In [8] two tau laws are proposed for fusion calculus. Using the notations of [8]
they can be written as follows:

a.(P+ M1.Q) = a.(P+ M1.Q) + Ma.Q (1)
L.(P+Mp.Q) = 1.(P+Mp.Q)+Mu A p.Q if Va,y.(M=x#y)=—(z1y) (2)

where « is a communication action, ¢ and p are fusion actions, and M is a
sequence of match/mismatch operators. Neither (1) nor (2) is valid. The coun-
terexample to (1) is given in the introduction. The problem with (2) is that it is
not closed under substitution. The following is an instance of (2) since the side
condition is satisfied:

{z=y}.(P+[u#0]1.Q) = {z=y}.(P+[u7v]1.Q)+[uAv[{r=y}.Q

But if we substitute u for z and v for y we get

{w=y}.(PHaAy|L.Q) = {z=y}.(P+[r#y]1.Q)+aAy] {r=y}.Q

This equality should not hold. Our T3b is the correction of (1) while our T3d is
a special case of the correct version of (2). In order for (2) to be valid, the side
condition has to be internalized as it were.
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A Axiomatic System for the Strong Open Congruence

E1l P=P

E2 P=0Q Q="
E3 P=R fP=Qand Q=R
C1 afz].P = o[z].Q itP=@Q
C2 ()P = (z)Q itP=@Q
C3a [x=y]P = [z=y]Q if P=Q
C3b [y P = [27y]Q ifP=Q
C4 P+R=Q+R if P=qQ
C5 Po| Py = QolQ1 if Py =Qo and Py = (1
L1 (z)0=0

L2 (¥)afy].P =0 z € {o,a}
L3 ()aly.P = aly(x)P v & {y, 0@
L (@)WP= )P

L5 (@)y=4P = ly=o](2)P o & (4,7}
L6 (2)fe=yP =0 oy
L7 (@0)(P+Q) = (1) P+(x)Q

L8 (@)[ylz].P = [ylz]-(x) P x ¢ {y, =}
L9 (a)lyle)-P = r.Ply/a] yhe
L10 (x)[z|x].P = 7.(x)P

M1 OP = P if ¢ o o
M2 [x=y] P = [z=y|Ply/x]

M3a [z=y|(P+Q) = [z=y|P+[z=y|Q

M3b [r£y)(P+Q) = 1y P+1r#4]Q

M4 P = [z=y|P+[z#y|P

M5 [x#z]P =0

S1 P+0="P

S2 P+Q =Q+P

S3 P+(Q+R) = (P+Q)+R

S4 P+P=P

Ul [y|z].P = [z|y].P

U2 ly|z].P = [y|z].[z=y] P

U3 [z|z].P = T.P

LD1  (x)[z|z].P = [yly].(z)P by U3 and L8
LD2  (x)[y#z|P = [y#=z|(z)P by L5, L7 and M4
LD3  (z)[z#y]P = (x)P by L6, L7 and M4
MD1 [x=y].0 =0 by S1, S4 and M4
MD2 [x=x].P = P by M1
MD3 ¢P = ¢(Po) where o agrees with ¢ by M2
SD1 ¢P+P = P by S-rules and M4
UD1 [y|x].P = [y|x].Ply/x] by U2 and M2




