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Randomness and Hardness

Many derandomization results are based on the assumption that certain random/hard
objects exist.

Some unconditional derandomization can be achieved using explicit constructions of
pseduorandom objects.
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Synopsis

Basic Linear Algebra

Random Walk

Expander Graph

Explicit Construction of Expander Graph

AR A

Reingold's Theorem
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Basic Linear Algebra
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Three Views

All boldface lower case letters denote column vectors.

Matrix = Linear transformation : Q" — Q™
1. lu+v) = flu) + f(v), {cu) = cflu)
2. the matrix My corresponding to f has fle;) as the j-th column

Interpretation of v = Au
1. Dynamic view: u is transformed to v, movement in one basis

2. Static view: u in the column basis is the same as v in the standard basis,
movement of basis

Equation, Geometry (row picture), Algebra (column picture)

P Linear equation, hyperplane, linear combination
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Suppose M is a matrix, cq,...,c, are column vectors, and rq,...,r, are row vectors.

M(cy,...,cn) = (Mecy,..., Mc,) (1)
r
r2

(Cl,...,Cn) : = c¢1Ir1 +corg + ...+ cprpy (2)
Tn
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Inner Product, Projection, Orthogonality

1. The
>

>
>
>
| 4

inner product ufv, or (u,v). measures the degree of colinearity of u and v

ﬁ is the normalization of u
u and v are orthogonal if ufv =0
t . oL .
ux 1. is the projection of v onto u, where ||u| = Vufu is the length of u

[lall [[uf . .
projection matrix P = %L = ..
ufu " [lu]| luf|

suppose uy, ..., U, are linearly independent. the projection of v onto the subspace
spanned by uy,...,u,, is Pv, where the projection matrix P is A(ATA)~1Af.
if ug,...,u,, are orthonormal, P = uluI + ...+ umu}L,, = In.

2. Basis, orthonormal basis, orthogonal matrix

3. Q!

>

= Qf for every orthogonal matrix Q
Gram-Schmidt orthogonalization, A = QR

Cauchy-Schwartz Inequality. cosf = ”u‘ﬂﬁ <1.
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Fixpoints for Linear Transformation

We look for fixpoints of a linear transformation A: R” — R". A, Heth.

Av = )\v.

If there are n linear independent fixpoints v1,...,v,, then every v € R" is some linear
combination c;vy + ... + ¢,v,. By linearity,

AV = c1AvV] + ...+ CHAV, = I A1VL + ...+ ChAnVa.

If we think of vi,...,v, as a basis, the effect of the transform A is to stretch the
coordinates in the directions of the axes.
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Eigenvalue, Eigenvector, Eigenmatrix

If A—\lis singular, an eigenvector x satisfies x # 0, Ax=\x; and ) is the eigenvalue.
1. S=[x1,...,X%y] is the eigenmatrix. By definition AS = SA.
2. If Ay, ..., A\, are different, x3,...,xy are linearly independent.

3. If xq,...,%, are linearly independent, A= SAS™!.

Suppose ¢1X1 + ...+ X, = 0. Then ¢y A\x1 + ... + cpA\nx, = 0. It follows that
(M —An)x1+ ...+ c—1(An—1 — An)xp—1 = 0. By induction we eventually get
Cl()\l — )\2) N ()\1 — )\,—,)Xl = 0. Thus c = 0. Slmllarly Co=...=C = 0.

» We shall write the spectrum Ay, Mg, ..., A\, such that [A1] > A2 > ... > |\,
» p(A) = |\1] is called spectral radius.
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Similarity Transformation

Similarity Transformation = Change of Basis
1. Ais similar to B if A= MBM~! for some invertible M.

2. v is an eigenvector of A iff M~1v is an eigenvector of B.

A and B describe the same transformation using different bases.
1. The basis of B consists of the column vectors of M.

2. A vector x in the basis of A is transformed into the vector M~!x in the basis of B,
that is x = M(M~'x).

3. B then transforms M~!x into some y in the basis of B.

4. In the basis of A the vector Ax is My.

Fact. Similar matrices have the same eigenvalues.
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Triangularization

Diagonalization transformation is a special case of similarity transformation. In
diagonalization Q provides an orthogonal basis.

Question. Is every matrix similar to a diagonal matrix?

Schur’s Lemma. For each matrix A there is a unitary matrix U such that T= U~'AU
is triangular. The eigenvalues of A appear in the diagonal of T.
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Diagonalization

What are the matrices that are similar to diagonal matrices?

A matrix N is normal if NNt = NTN.

Theorem. A matrix N is normal iff T= U~'NU is diagonal iff N has a complete set of
orthonormal eigenvectors.

Proof.

If Nis normal, T is normal. It follows from Tt = T that T is diagonal. If T is diagonal,

it is the eigenvalue matrix of N, and NU = UT says that the column vectors of U are
precisely the eigenvectors. O
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Hermitian Matrix and Symmetric Matrix

real matrix complex matrix

length | [l = \/SicF 6l = \/Siegey 1P
conjugate transpose Af Af
inner product | xTy = Zie[n] xiyi Xy = Zie[n] XiVi

orthogonality | xfy =0 xly =0
symmetric/Hermitian | AT = A At = A
diagonalization | A= QAQT A= UAU
orthogonal /unitary | QTQ =/ Uu=1

Fact. If AT = A, then xTAx = (xTAx)T is real for all complex x.
Fact. If AT = A the eigenvalues are real since viAv = \viv = Allv||?.

Fact. If AT = A, the eigenvectors of different eigenvalues are orthogonal.
Fact. ||Ux|? = ||x||* and ||@x|]* = ||x|*.
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Spectral Theorem

Theorem. Every Hermitian matrix A can be diagonalized by a unitary matrix U. Every

symmetric matrix A can be diagonalized by an orthogonal matrix Q.

U'AU = A,
QTAQ = A.

The eigenvalues are in A; the orthonormal eigenvectors are in Q respectively U.

Corollary. Every Hermitian matrix A has a spectral decomposition.

A= UAUJf (122) Z )\,‘ll,'ll:-r.

i€[n]
, 2) T
Notice that / = UU" = > ie[n] UY; -
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Positive Definite Matrix

Symmetric matrixes with positive eigenvalues are at the center of many applications.

A symmetric matrix A is positive definite if xTAx > 0 for all x # 0.

Theorem. Suppose A is symmetric. The following are equivalent.
1. xTAx > 0 for all x # 0.
2. A; > 0 for all the eigenvalues \;.

3. A = R'R for some matrix R with independent columns.

If we replace > by >, we get positive semidefinite matrices.
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Singular Value Decomposition

Consider an mxn matrix A. Both AAT and ATA are symmetric.

1. AAT is positive semidefinite since xT AATx = ||Afx||2 > 0.

2. AAT = UX'U', where U consists of the orthonormal eigenvectors uy, . ..,um and
¥/ is the diagonal matrix made up from the eigenvalues 0% > ... > 2.

3. ATA = W' Vi

4. AAtu; = o?u; implies that (o7, Afu;) is an eigenpair for ATA. So v, = IIQIEH'

5. TAATu, = uTUQu, =02 So | Aluy|| = 0.

6. Avi=A Alw_ _ ofw = oju;.

[ATwl] o

Hence AV = UX, or A= UL V!, Notice that ¥ an mxn matrix.
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Singular Value Decomposition

We call
1. 01,...,0, the singular values of A, and
2. ULV the singular value decomposition, or SVD, of A.

Lemma. If A is normal, then o; = |\ for all i € [n].

Proof.
Since A is normal, A= UAU' by diagonalization. Now ATA = AAT = UA2U'. So the
spectrum of ATA/AAT is A2, ... A2, O
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Rayleigh Quotient

Suppose A is an nxn Hermitian matrix, (A1, v1), .., (Ap, V) are the eigenpairs.

The Rayleigh quotient of A and a nonzero vector x is defined as follows:

T 0 A vix|[2
R(A7X) _ xT Ax _ Zle[n] H i || . (3)

xfx S v

It is clear from (3) that
> if Ay > ... >\, then \j = maxx iy, . xiv, ; R(A x), and
> if |[Ai| > ... > |\, then [N = maxy v, . xiv, , |[R(AX)].

One can use Rayleigh quotient to derive lower bound for A;.
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Vector Norm

The norm of a vector is a measure of its magnitude/size/length.

A norm on F" is a function |_|| : F" — R=Y satisfying the following:

1. ||v]|=0iffv=0.
2. |[av]l = fal-][v]-
3. v+ wll < vl + [lwl.

A vector space with a norm is called a normed vector space.

L Llnorm. [[v]1 = |vi| + ... + |val.

2. L2norm. |[vll2 = v/[vi]2 + ...+ [va]2 = Vviv.

3. LP-norm. ||v||p, = ¢/|vi|P+ ... + |valP.

4. L*®-norm. ||v||co = max{|vi|,...,|va|}.
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Matrix Norm

We define matrix norm in compatible with vector norm. Suppose F” is a normed
vector space over field F.

An induced matrix norm is a function ||_|| : F™" — R=Y satisfying the following
properties.

1. JAl=0iff A=0.

2. [[aAl[ = [al-IAll

3. [|IA+ Bl < A+ 18]
4. ||AB| < [IA]l-IBI-
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Matrix Norm

A matrix norm measures the amplifying power of a matrix. Define

IIAVII
o v

Al =

It satisfies (1-4). Additionally ||Ax|| < ||Al|-||x|| for all x.

Al = g}aéz |Ail,
1Al = ggfgz Al
Lemma. p(A) < |Al.
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Spectral Norm

IA|l2 is called the spectral norm of A.

1
—|AllL < ||A]l2 £ All.
\/EH lr < All2 < V/nllAllx

Lemma. ||A||2 =01.

Corollary. If A is a normal matrix, then ||A|2 = |A1].

Let ATA= VEV! let V= (vi,...,v,), and let x = a;v{ + ...+ a,v,. Then

1A%3 = x' (ATAx) = xT ()~ o7 aivi) < of||x]3.
i€[n]

The equality holds when x = vi. Therefore ||Alls = 07.
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MIT Open Course

https://ocw.mit.edu/courses/mathematics/18-06-1linear-algebra-spring-2010/video-lectures/
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Random Walk
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Graphs are the prime objects of study in combinatorics.

The matrix representation of graphs lends itself to an algebraic treatment to these
combinatorial objects. It is especially effective in the treatment of undirected graphs.
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Our digraph admit both self-loops and parallel edges. An undirected edge is seen as
two directed edges in opposite directions.

In this lecture whenever we say graph, we mean undirected graph.
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Random Walk Matrix

The reachability matrix M of a digraph G is defined by M;; = 1 if there is an edge from
vertex i to vertex j; M;; = 0 otherwise.

The random walk matrix A of a d-regular digraph G is (ljl\/l.

If Gis a graph, we will also write G for its random walk matrix!

The eigenvalues A\, Ag, ..., A, of G will be ordered by [A1| > |Aa| > ... > |\,

IR ZEER), (FEE, JERRS I Expander and Derandomization 26 / 99



Stationary Distribution

Let p be a probability distribution over the vertices of G and A is the random walk
matrix of G. Then AXp is the distribution after k-step random walk.

limy_, o0 Akp.
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Bipartite Graph

Consider the following periodic digraph G.
» The vertices are arranged in n layers.

» Edges are from the i-th layer to the jth layer, where j= i+ 1 mod n.

Does Gp converge to a stationary state? What if the edges are undirected?

When n = 2, it's the undirected bipartite graph.
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Spectral Graph Theory

In spectral graph theory graph properties are characterized by graph spectrums.

Suppose G is a d-regular graph.
1

1. 1is an eigenvalue of G and its associated eigenvector 1 = (..., %)T is the
stationary distribution vector. In other words G1 = 1.

2. All eigenvalues have absolute values < 1.
3. G is disconnected if and only if 1 is an eigenvalue of multiplicity at least 2.

4. If Gis connected, G is bipartite if and only if —1 is an eigenvalue of G.

In 2 and 3(«=) and 4(<=), consider the entry with the largest absolute value.
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Rate of Convergence

For a regular graph G, we define

Gp—1 G
A o IR =2 NGV 6vll

Mg - =
P fp—12  vi1 [[vll2  viLvle=1

where p is over all probability distribution vectors.

The two definitions are equivalent.
1. (p—1)Lland Gp—1=G(p—1).
2. For each v11, p =e€ev + 1 is a probability distribution for a sufficiently small €.

By definition ||Gv||2 < Agl|v||2 for all v such that v_L1.
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Lemma. \g = |\g|.

Let vo,..., Vv, be the eigenvectors corresponding to As, ..., A,.

Given x11, let x = vy + ... 4+ ¢cyv,. Then

||Gx||2 = |])\2chQ+...+)\ncnv,,||2
AsGlvall” + ...+ Aacallvall?
A (&lvall* + ... + allvall?)
A3 1.

IN

So AZ < \3. The equality holds since || Gva||? = A3|v2|%.
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The spectral gap v¢ of a graph G is defined by
76=1-Ac.

A graph G has spectral expansion v, where v € (0,1), if v > 7.

In an expander the spectral expansion provides a bound on the expansion ratio.
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Lemma. Let G be an n-vertex regular graph and p a probability distribution over the
vertices of G. Then

16 — 1]l < AGllp — 1|2 < AG.

The first inequality holds because

|6~z _ IG'P=1l: |G 'p-1l  G-1l2
Ip—1> [ =1 [¢"2p—1 " [p—1]>

The second inequality holds because

1 1
Ip— 13 = Ipl3 + 103 — 2(p, 1) < 1+ — 2 < 1.

In terms of random walk, Az bounds the speed of mixing time. (i cis bipartite, 2 = 1]
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The next lemma is from

1. N. Alon and B. Sudakov. Bipartite subgraphs and the smallest eigenvalue. Combinatorics,
Probability and Computing, 9(1):1-12, 2000.
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Lemma. If Gis connected and has a self-loop on every node, then ¢ > ﬁ.

max N

Let u be the unit vector such that ull and A\g = ||Gul|2, and let v = Gu.
It is easy to see that 1 —AZ = [[uf|3 — [[v[3 = [ju]l3 — 2(Gu, v) + [Iv]§ = 32;; Gij(ui — v))*.

Now u; — u; > ﬁ for some i,j € [n]. Let i<> i1 <> ... > ix <> j be minimal from i to j. Then

— < w-w < |wi-vi+|vi—u |+ u v [ vy w4 g = v |+ Vi —

S \/(u,-—v,-)2 + (V,'— 11,'1)2 4+ ...+ (ll,‘k — ka)Q + (V,‘k — 11])2 -V 2D

Notice that G;; > 0 because there is a self loop on i, and G;;, > 0 because i, i; are connected.
We have the following derivation:
1

1
276> (1+Xe)ve=1- )% = Z Gij(u; —v)j)* > d—'(red formula) > Sd—Dn’
max max

i

D is the diameter of G, dyax is the maximum degree of G, and n is the number of vertices.
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Randomized Algorithm for Undirected Connectivity

Let s, t be two vertexes in a graph G. Let n be its size. Let ¢ = 4n3log(n?).

Modify G to a graph so that every node has a self-loop. According to the Lemmas,

< —.
n2

1 ) 4n? log(n?)

-{
HGes—1H2< <1_4n3

It follows that (Gles) (i) —

3=

If the ¢ length walk is repeated for 2n? times, the error probability is reduced to 2—1,,
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Randomized Algorithm for Undirected Connectivity

Theorem. UPATH (Undirected Connectivity) is in RL.

Every graph can be turned into a non-bipartite regular graph by introducing self-loops.
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Can the random algorithm for UPATH be derandomized? Recall that

L CRL C NL.
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Expander Graph
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Expander graphs, defined by Pinsker in 1973, are sparse and well connected. They
behave approximately like complete graphs.

» Sparsity should be understood in an asymptotic sense.

1. Fan Chung. Spectral Graph Theory. American Mathematical Society, 1997.
2. Hoory, Linial, and Wigderson. Expander Graphs and their Applications. Bulletin of the AMS, 43, 439-561, 2006.
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Well-connectedness can be characterized in a number of manners.
1. Algebraically, expanders are graphs whose second largest eigenvalue is bounded
away from 1 by a constant.
2. Combinatorially, expanders are highly connected. Every set of vertices of an
expander has a large geometric boundary.
3. Probabilistically, expanders are graphs in which a random walk converges to the
stationary distribution quickly.
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Algebraic Property

Intuitively the faster random walk converges, the better the graph is connected.

According to Lemma, the smaller \¢ is, the faster random walk converges to 1.

Suppose d € N and X € (0, 1) are constants.
A d-regular graph G with n vertices is an (n, d, \)-graph if A\g <.

It follows from a result on page 29 that an (n, d, \)-graph is connected.

{Gn}nen is a (d, \)-expander graph family if G, is an (n, d, \)-graph for all n € N.
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Probabilistic Property

In an expander random walk converges to the uniform distribution in logarithmic steps.

log1 (n
A

HG log%(n) 1

== (4)

)
p—1”2<)\

In other words, the mixing time of an expander is logarithmic.

It follows from the inequality in (4) that for every i € [n],

(Gbgi(”)p> (i) > 0.

Fact. The diameter of an n-vertex expander graph is O(log n).
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Combinatorial Property

Suppose G = (V, E) is an n-vertex d-regular graph.
> Let Sstand for V\ Sfor SC V.
» Let E(S, T) be the set of the edges i — jwith i€ Sand j€ T.
> Let 0S= E(S,S) for || < 2.

The expansion constant h¢g of G is defined as follows:

165

= min .
¢ o<|s|<2 |9

Suppose p is a constant in (0,1). There are d|S| edges emitting from the nodes of S.

An n-vertex d-regular graph G is an (n, d, p)-edge expander if h—dG >p.
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Existence of Expander

Theorem. Let € > 0. There exists d = d(¢) and N € N such that for every n > N
there exists an (n,d, 3 — €) edge expander.
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Cheeger Inequality

Theorem. Let G = (V, E) be a finite, connected, d-regular graph. Then

1. J. Dodziuk. Difference Equations, Isoperimetric Inequality and Transience of Certain Random Walks. Trans. AMS, 1984.

2. N. Alon and V. Milman. X1, Isoperimetric Inequalities for Graphs, and Superconcentrators. J. Comb. Theory, 1985.
3. N. Alon. Eigenvalues and Expanders. Combinatorica, 1986.
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Characteristic function of S:

1, €S,
Ls = {0, j<¢5.
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1-)\, - hg

? = 5
<0 and 1) _ - LISl ies

Let S be such that |S| < £ and 5 hg. Define x11 by x; 215l ics

x'x = nl9S],
x'Gx = (|S]1s—|S]15)'G(|S]1s — |S|1g)

= L (SPIES, 9| + ISPIE(S,3)] ~ 2ISI[SIIE(S.3))
= L (@nlSIIS] - IES9))

where = is due to d|S| = |E(S, S)| + |E(S, S)| and d|S| = |E(S, S)| + |E(S, S)|.

The Rayleigh quotient R(G,x) provides a lower bound for Ag, notice that |S| > 5.

9S)] ., 2he

xf Gx 1 dnl$] |S| — n?|E(S, S)|
9] d

Ao > = —
T xix d n|S|[S|

E

=1

Ql~
@l
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he

s < /21— Ny)

Let ull be such that Gu = Aou. Write u = v + w, where v respectively w is defined from u by
replacing the negative respectively positive components by 0.

Clearly (Gv,v) > 0 and (w,v) =0 and (Gw,v) <0.

Wlog, assume that ||v|lo < n/2 and vi > v > ... > v,. Then

ZGi.jV}J*f = QZGUZ Vz+1 = QZZ Guz Vk+1 (5)
ij

i<j =i i=1 j=i+1 =i

2hg
BZ\a[kﬂ(Vz_"iH) > dthk Vk+1) = || 13-
k=1

(Gv,v) > (Gv,V) + (Gw, V) = (Gu,v) = (Aau, V) = Daw, V) + (Aav, V) = (Aav, V) = Ao||v||2.
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Thus )
G 2 (G i Gij(vi— v
1)y > 1— < Va;’> _ ||V||2 <2 V7V> _ Z,J ’J( . J) ) (6)
INP I 2[|vl3
See page 34 for the second equality in (6). Using Cauchy-Schwartz Inequality,

2

2 2 2hG
S G- wP e Gyt = (G| = (2 ||2) G
ij ij ij
Now (Gv,v) < \1||v||3 = |[v||3. Therefore

2(1vII3 - Y Giglvit vi)? < 2|vl3 - (2] + 2(Gv, v)) < 8|lv]3. (8)

ij
(5)+(6)+(7)+(8) implies \/2(1 — Ag) > 7‘3
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Combinatorial definition and algebraic definition are equivalent.

1. The inequality 1 ’\2 < hG implies that if G is an (n, d, \)-expander graph, then it
is an (n, d, 12/\) edge expander.
2. The inequality h—j < v/2(1 = Xg) implies that if Gis an (n, d, p) edge expander,
2
then it is an (n, d,1— min {204, %})—expander graph, where « is such that every
vertex of G has ad self-loops.

If Ao >0, then Az = 1—%. If A2 < 0, we use the fact that G = (1 — )G+ al,, where
In is the identity matrix. Notice that

A2 > (1—a)(—=1) +a(+1) = -1 + 2a.

So A\g =|A2| <1—2a. Thus Gis an <n, d,1— min {204, p—;})—expander graph.
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Vertex Expander

Let N(S) be the set of the neighbors of the vertex set S.
Let « € (0,1).

N
An n-vertex d-regular graph Gis an (n, «, d, A)-vertex expander iff | |(ST)’ > Aforall §

satisfying |S| < an. It is an (n, d, A)-vertex expander if & = 1/2.

If the inequality is “N(S) > A-|N(S) \ S|", one gets (n, «, d, A)-boundary expander.
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Theorem. If Gis a (n, d, \)-expander, Gis a (n, a, d, m)

-vertex expander for all @ < 1.

For |S| < an let w5 be the uniform distribution on S. By definition ||7s|| = \/ﬁ

By Cauchy-Schwartz inequality,

1= 32(6ro)() < VNS [3(Grs)(0)? = v/INS]]- G-

ic[n] i€[n]

Observe that (ms — 1) 11, and consequently (Grs — 1) L1. It follows from 2] i E# that

—_
—_

INS)l n

Therefore “Ji‘s)‘ <A+ (1- /\2)$ <A +A-Ma=(1-a)\+a.

S| n

1 1
< [1Grsl? = 1P = |Glms — 1)[2 < A2 (s — 1) < A> ( - ) .

1. M. Tanner. Explicit concentrators from generalized N-gons. SIAM Journal on Algebraic Discrete Methods, 5(3):287-293, 1984.
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Random Walks Increase Randomness

Hoto) = 1o (o1 ||2>

Fact. If Gis an (n, d, \)-expander, then Hy(Gp) > Ha(p). The equality holds if p = 1.

Proof.
Let p=1+w. Then wll and (Gw, Gl) = (Gw,1) = w'G'1 = wil = 0. Therefore

Rényi 2-Entropy:

1Gp113 = I3 + 1 Gwl3 < [IplIz — W3 + AGlIwll3 < [[pl3-

The inequality H2(Gp) > Ha(p) then follows. The equality holds when p = 1. O

PEAERT T 1A i o
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The smaller the spectral gap, or the larger the spectral expansion, the more expander
graphs behave like random graphs. This is what the next lemma says.
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Expander Mixing Lemma

Lemma. Let G= (V, E) be an (n, d, \)-expander graph. Let S, T C V. Then

(5. 7)1 - £15171] < 2a/[STT1 ©)

Notice that (9) implies

<\ 1
n n| (0)

ES. T IS |7
dn

The edge density ~ the product of the vertex densities. This property is called mixing.

1. N. Alon and F. Chung. Explicit Construction of Linear Sized Tolerant Networks. Discrete Mathematics, 1988.
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Proof of Expander Mixing Lemma

T
Let [vi,...,Vp] be the (orthonormal) eigenmatrix of G. So v; = (\%, NN ﬁ) .

Let1s=>,ajvjand 1T = Zj Bjv; be the characteristic vectors of S, T respectively.

T
IE(S, T)| = (15)}(dG)17 = (Z a,-v,-> (d6) (Z vaj) =Y dhass

Since a1 = (15)fv, = % and 81 = (17)fv, = % by Cauchy-Schwartz Inequality,

Z(D\iaiﬁi < d)\z laiBi] < dA Z a? Z B2
=2 =2 ic[n] ie[n]
Finally observe that /3,1 @2 = [|1sll2 = /[S] and /> i 8% = [[17]l2 = /| T].
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Error Reduction for Random Algorithm via Expander

Suppose A(x, r) is a random algorithm with error probability 1/3. The algorithm uses
r(n) random bits on input x with |x| = n.
1. Reduce the error probability exponentially by repeating the algorithm t(n) times.
2. Altogether r(n)t(n) random bits are used.

The goal is to achieve the same error reduction rate using far fewer random bits, in
fact r(n) + O(t(n)) random bits.

The key observation is that a (t—1)-step random walk in an expander graph looks like
t vertices sampled uniformly and independently.

» Confer the inequality (10).
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K, is perfect from the viewpoint of random walk.

» No matter what distribution it starts with, random walk reaches the uniform
distribution in one step.

Let J, =[1,...,1] be the random walk matrix of K, with self-loop.

What is Ay, 7
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For a symmetric matrix M, let

H/V’V||2

Y
vit vl

Claim. If Cis symmetric and ||C||2 < 1 then A\¢ < 1.

Proof.

Cll2||v
Ac = maxy] IE; H 2 < maxy 1 % < HCH2 <1

(THES 2

Claim. Aarg < Aa + Ag for symmetric matrices A, B.

Proof.
_ [(A+B)v]> [|Av]l2+|Bv]|2
AA+B = MaXy|1 T2 S MmaXy |1 GIE
SPERRIR), MHEER, SRR Expander and Derandomization

< s+ Ag.
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Decomposition for Random Walk on Expander

Lemma. Suppose G is an n-vertex d-regular graph and A € (0,1). Then A\g < X if and
only if G= (1 — A)J, + AE for some symmetric E such that ||E|| < 1.

We may think of a random walk on an expander as a convex combination of two
random walks of different type:
» with probability 1 — A it walks randomly on a complete graph, and
» with probability A it walks randomly according to an “error matrix” that does not
amplify the distance to the uniform distribution.

FERE i
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Decomposition for Random Walk on Expander

(=). Suppose A¢ < A. We need to prove that ||Ev||s < ||v||2 for all v, where E is defined by

1
E=1(G—(1=X)d).

Proof by vector decomposition.

> v=al+w, where =3, vand wll.

i€[n
» Gl =1 and J,1 =1. Consequently E(al) = al.

> J,w =0, hence Ew = | Gw. Also GwLal. And ||Gw|s < Ag[lwll2 < Ajw]|z.

Thus [|Ev]3 = [lad + 3 Gwl|3 = [[a1]5 + |1 GwlS < [led]|3 + [w]3 = [[vII3.

().

P (1 — 5 Allvll2
=

<A

vll ||VH2 o vll HV||2 oyl ||VH2 -
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Expander Random Walk Theorem

Theorem. Let G be an (n, d, \) expander graph, and let B C [n] satisfy |B| < Bn for
some € (0,1). Let X; be a random variable denoting the uniform distribution on [n]
and let X be a random variable denoting a kK — 1 step random walk from X;. Then

Pr| A\ XieB g((l—A)\fﬁJrA)H.

ic[k]
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Expander Random Walk Theorem
Let B; stand for X; € B. We need to bound

/\XGB

i€ K]

B Bk] = PI‘[Bl]PI‘[BﬂBﬂ . PI‘[Bk|Bl . Bk71]~ (11)

By seeing B as a diagonal matrix, we define the distribution vector p; by

B BG BG B1
P = BlBIB,...B1] " Pr[Bus|Bi] Pr[Bi]’
where % Pr[B ] for example is the normalization of BG- Pr’?}g T So the probability

in (11) is bounded by ||(BG)*~1B1||;. We will prove

(B6)B1l < - (1= 0VB+2)"

50
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Expander Random Walk Theorem

Using Lemma,

I1BG||

IB((1 = A)Jn+AE)[| < ( )HBJ |+ Al[BE]| =

NV + A BE
— VB +AIBIIEL < (1= NVE+ A

IN

Therefore

186/~ 81l < 86151k < Y2 (1-0vE+A) = 2 (0

—/\)\/B+A)k_1.

Suppose [[v|]]2 =1and a =}, vi. Thenv=0al+wand wlland a < v/n. Now

> [|BJav]l2 = | Bhalllz = al[Bll|2 < V/a||BL||2 = V- YE =

= /B, and consequently
> [|BJn|| = max{[|BJpv|2 | [|[v]2 = 1} = V/B.

. 4 f
The equality holds when v ( L L)

a =23 Vi< vl < Vnllvlls = v/n.
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Error Reduction for RP

Suppose A(x, r) is a random algorithm with error probability 3.

Let B be the set of r's for which A errs on x.
Choose an explicit (21" d, X)-graph G = (V, E) with V= {0, 1}I"(XDI, how?

Algorithm B;.
1. Pick vy €g V.
2. Generate a random walk vy, ..., v;.
3. Output /Ly A(x, vi).

By the Theorem, the error probability of By is no more than ((1 — )/ + ) =1
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Error Reduction for BPP

Algorithm Bs.
1. Pick vy er V.
2. Generate a random walk vy, ..., v;.
3. Output Maj{A(x, vi) }icjg-

Fix a set of indices K C {0,1,...,t} such that |K|] > 1.

IKl-1 5 -1
PrVie K.vi€ B] < ((17>\)\/B+)\) < ((17)\)\/E+)\> < (i) 7
assuming (1 — A)yv/B + A < 1/16. Applying union bound on the choices of K,

t—1
Pr[B; fails] < 2° (i) = 0(27Y).
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Explicit Construction of Expander Graph
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Explicit Construction

The random strings referred to in a algorithm are of at most polynomial size.

If random strings are of log size, explicit expander family is good enough.

» An expander family {Gp}nen is explicit if there is a P-time algorithm that outputs
the random walk matrix of G, whenever the input is 1”. [poly(n) ]

If random strings are of polynomial size, strongly explicit expander family is necessary.

» An expander family {G,}nen is strongly explicit if there is a P-time algorithm that
on input (n, v, i) outputs the index of the i-th neighbor of vin G,. [polylog(n) ]

CFESL R PERLIR), (AR, AR AR Expander and Derandomization 69 / 99



We will look at several graph product operations. We then show how to use these
operations to construct explicit expander graphs.

1. O. Reingold, S. Vadhan, and A. Wigderson. Entropy Waves, the Zig-Zag Graph Product, and New Constant-Degree Expanders and
Extractors. FOCS, 2000.
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Path Product

[S2R5=F/S

Suppose G, G' are n-vertex graphs (sharing the same set of vertexes) with degree d
respectively . The path product G'G is defined by the random walk matrix G'G.

» G Gis n-vertex dd'-degree.

Lemma. Ag¢ < Aglhc.
Proof.

G Gv|) GGyl ||Gvll2 |G Gv|2 I Gvll2

A = max I = max . < max - max <
GG VLl T, VAL TG TV VLGV VAL, =
maxy |1 ”H HHZ maxy |1 ”H ”H2 < A Ag using the equality (Gv,1) = (v,1).

Lemma. Ag = (Ag)k.
Proof.

(Ag)¥ is the absolute value of the second eigenvalue of GX.

SPERRIR), MHEER, SRR Expander and Derandomization
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Tensor Product

Suppose G is an n-vertex d-degree graph and G is an n’-vertex d’-degree graph.

The random walk matrix of the tensor product GRG' is nn'-vertex dd'-degree.

all GI a2 G/ s dln G/

ani G a9 G - don G
GeG = _ .

amG apG - a,,G

(u, ) = (v,V) in GRG iff u— vin Gand v/ — V in G.
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Tensor Product

Lemma. >‘G®G’ = max{)\g, )‘G’}'

If (\,v) is an eigenvpair of G and (\,V') is an eigenpair of G, then (AN, v®V') is an
eigenpair of GRG..
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Rotation Matrix

Let G be the random walk matrix of an n-vertex regular graph G of degree D.

The rotation matrix G is an (nD)x (nD) adjacent matrix such that a’(v7j)7(u7,) =1if
» v is the i~th neighbor of u, and u is the j-th neighbor of v.
What IS the re|atIOnShIp betWeen )\/G‘. and AG? parallel edges and multiple self loops on a node
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Replacement Product

The replacement product GRH is the 2d-regular graph defined by %Ejh %(/n ® H).
» G is n-vertex D-regular, and

» His D-vertex d-regular.

\

If a(u, ) = (v, m), place d parallel edges from the Lth vertex of H, to the m-th vertex of H,.
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—Ag)(1-Ap)?
Lemma. \ggy <1 — % and vepH > ﬁ’YG’Y/%-

3 3
(I,,®H)) = (;8+;(In®(AHE+vHJD))>

1
2

N 3 A3 ) N
(G-i- A(I,®E) + 'YH(In®JD)) = (G +...+ WH(/n®JD)G(’n®JD)>

1
8
(83 T 7/24(G®JD)) ,

where the last equality is due to Lemma (next slide). Applying Lemma and the Claims, we get

2 2 2 2 2
()\G®H>3 = )\(G®H)3 <1- 787H + %)\G@JD <1-— ’% + %AG =1- %’y(;.

. 2 2\ 3
We have proved that (Aggn)® < 1— 294 < (1 — %) . Hence vegH > 57767
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Lemma. (1,®Jp)G(Ih®Jp) = GRp.

((l,,@JD)E(I,,@JD)) =515 =525 = (GID) (v,m)(u)-

(v,m),(u,l)
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Zig-Zag Product

The zig-zag product G@H is the nD-vertex d*-degree graph (/,,®H)/G(I,7®H).

» G is an n-vertex regular graph of degree D, and H is a D-vertex regular graph of degree d.

G 0 Clouds

(v, m) is the (i,j)-th neighbor of (u,/): I is the i-th neighbor of /in H; v is the /-th neighbor of
u and u is the m’-th neighbor of v; m’ is the j-th neighbor of m in H.
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Zig-Zag Product

Lemma. /\G@H < Ag+2\y and YG@H = ’YG’Y[Z-/-

G is the (nD)x(nD) rotation matrix of G.
H= (1 — Ax)Jp + AnE for some E with ||E||2 < 1, due to the Lemma. Now

G@H = (LeH)GL®H) = (1= Ag)h®Jp+ Al®E) G (1 = A)lh®JIp + Anla®E)
= (1= An)*(b®Ip)GIh@Ip) + ... — (1= A)*(G2Ip) + ...,

where = is due to Lemma. Using the Lemma and the Claims, one gets
AGeH < (1 — /\H)Q/\(,'@_}D +1- (1 — )\H)Q < maX{Ag, )\JD} + 2 H = g + 2Ap.

For the inequality Ye@H > v6Y3, consider 1 — <.
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Comment on Zig-Zag Product

1. Typically d < D.
2. A t-step random walk uses O(tlog d) rather than O(tlog D) random bits.

3. The last lemma is useful when both Ag and Ay are small. If not, a different upper
bound can be derived. Both upper bounds are discussed in the following paper.

1. O. Reingold, S. Vadhan, and A. Wigderson. Entropy Waves, the Zig-Zag Graph Product, and
New Constant Degree Expanders and Extractors. FOCS, 2000.
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We can build up an expander family inductively using the product operations.

\ Size \ Degree d \ Expansion ~¢ \

Path Product
Tensor Product
Zigzag Product

T
T

T
T
Y

f
!
1

» Use path product and zig-zag product to produce expander family.
» Use constant graph to build constant degree graph family.

CFESL R PERLIR), (AR, AR AR
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To start with we need an expander that can be constructed algorithmically.
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Explicit Expander

Let IF be a finite field of F elements, where F is a prime power. The F-degree regular
graph Gg is defined as follows:

1. The vertex set is Fx[F.
2. There is an edge between (a, b) and (c, d) iff ac= b+ d.

There is an edge between (a, b) and every point in the line y = ax — b.

Consider the path product G&. The number of edges between (a1, by ), (a2, b2) is the
number of vertexes shared by the line segments y = ajx— by and y = aox — bo.

1. If a; = a2 and by # bo, there is no shared vertex.
2. If a1 = ag and by = by, there are F shared vertexes. These are self-loops.

3. If a1 # a9, there is one shared vertex.

Gi is F*-degree.
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Explicit Expander

Let /¢ be the (Fx F)-diagonal matrix, and Jr the (Fx F)-matrix whose entries are all 1.

Fir Jr ... Jr Jr
J Fle ... Je Jr B

random walk matrix Ap of G2 = % . _ T T = I ® Flr + (I;IQF IFp) ® JF.
J Jr ... Jr Fir

> The eigenvalues of Jr are F and 0 (with multiplicity F— 1);

» The eigenvalues of Jp — I are F—1 and —1 (with multiplicity F — 1).

» The eigenvalues of (Jr — Ir) ® Jr are (F — 1)F (multiplicity 1), 0, —F.

» The eigenvalues of Ir® Flg are F, its role is to add Fto (F—1)F, 0, —F.
» The eigenvalues of Ap are 1,1, 0.

s Fo
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Explicit Expander

Theorem. Gy is an (FQ, F, #)—expander.

Proof.
GIQF is an (FQ, F, %E)—expander. L]

In Gp the i-th neighbor of (a, b) is defined as follows: If a # 0, the i-th neighbor is
(i/a,i— b); otherwise the i-th neighbor is (i, —b).
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Explicit Expander

Ko = Gr®Gr is an (F*, P2, %F)—expander.
Ki = Ko @ Gp is an ,%)—expander.

(
Ky = K1 @ G is an ( )—expander.
(

Ks = K5 @ Gr is an ( F'6, P? 13__) expander.
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Construction of Explicit Expander Family

Set A\=4-2-<1and D= F' Then K, is a (DQ,\@, )\/4>—expander. Define

%

GO - K22’
G: @ Ko.

Gyt

> G is clearly a (D?, D, \)-expander.

> If Gxis a (Dz(kﬂ), D, )\)—expander, then Giyq is a (D2(k+2), D, \? +)\/2)—expander.

Notice that A2 +)/2 < .

Fact. Gy is a (D**t1) D, \)-graph.
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Construction of Explicit Expander Family

The time to access to a neighbor of a node is given by the following inductive equation

time(Gx) = 2-time(Gy_1) + 2-time(K2)
= 2ktime(K3) + (21 + ... + 2+ 1)-2-time(K,)
= 024
= poly(|G|).

The time to compute a neighbor is a polynomial of the graph size. We conclude that
the expander family is explicit, but not strongly explicit.

The analysis suggests how to reduce time(G).

> Define time(Gy) not in terms of time(Gk_1) but in terms of time(Gy/z).
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Construction of Strongly Explicit Expander Family

Set A = 4-\1—% < % and D= F*. Then K; is a (D4, VD, /\/4)—graph. Define
Ho = Kz,
H, Ko ® K,
2
He = (Hpg21-1 @ Higa)-1)” @ Ko, for k> 1.

Fact. Hy is a strong explicit (D* 1, D, X)-expander.

CFESL R PERLIR), (AR, AR AR Expander and Derandomization 89 /99



Construction of Strongly Explicit Expander Family

The time to access to a neighbor of a node is given by the following inductive equation

time( Hk) <

<

2-time(H(k/21) =+ 2-time(HLk/2J) + 2-time(K(;)
log k—1
AoskLtime(K2) + | Y 47+ 0(1) | -2-time(K:)
i=1

O(410g k)
poly(k)
polylog(|H)-

Conclude that {Hy}key is strongly explicit.
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Reingold’'s Theorem
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Theorem. UPATH € L.

1. O. Reingold. Undirected ST-Connectivity in Log-Space. STOC 2005.
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The ldea

Connectivity Algorithm for graphs whose SCC are (d, \)-expanders is by enumeration.
(1) The diameter of each SCC is of length O(log(n)).
(2) Tree traversal can be done by maintaining an O(log(n)) long list of numbers in [d].

Clearly, (1) is the well-connectedness property, and (2) exploits the sparsity property.

Reingold's idea draws inspiration from the observation that there are constants d, A
such that every graph can be turned to a graph consisting of isolated (d, \)-expanders.

|. Transforming conceptually the input graph G to a graph G, so that a connected
component in G turns to an expander in G, and unconnected vertices in G remain
unconnected in G,.

Il. A neighbor of a vertex in the imaginary G, can be guessed in constant space.
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The Algorithm

Fix the (D% D,1/4)-graph H constructible from Gg. Let (G, s, t) be the input graph.

1. Convert the input graph G to a DS-degree graph Gy on the fly.

1.1 Replace a large degree vertex by a cycle to decrease degree to no more than 3.
1.2 Add self-loops to turn it to a graph of degree DS.

Let sy be a copy of s and ty be a copy of t.
2. Repeat the construction Gy = (Gx_1@H)?3 on the fly for m = O(log|G|) times.
Let s, be a node in the “cloud” over sx_; and tx be in the “cloud” over tx_1.

3. Enumerate walks in Gp, of length ¢ = O(log|G|), and check if there are some sy,
over sp and some t,,, over ty such that s, connects to t,,.

Correctness.

» s, and t are connected if and only if s,_1 and t,_1 are connected, and inductively.
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Expansion Ratio

Fact. G, is a <| Vg, |- DBk, D, (5)2)—expander.

2
1 A < (%) . Then /\Gk®H <1 —’y,%,’yc;k <1- %’yck < g So )\Gk+1 = ()\Gk®H)3 < (
7
9

2. Xg, > ( )2. It is easy to derive that (1 — 1%7@)2 <1—17g, = Ag,. Consequently
3
9 3/2
NGy = (1 — 16%*) <G, -

Conclusion: either Ag, < (%)2, or Ag, < ()\GO)(3/2)’”. The latter implies that

1 (3/2)’" 1 P°1Y(‘GOD 7 2
A 1—— =(1-——— <(=
6 = < 4-Dﬁ-|G02) ( 4~Dﬁ-|co|2) = (9)

for some m = O(log|Gp|). Since D is a constant, |Go| = O(|G]).

CFESL R PERLIR), (AR, AR AR Expander and Derandomization

95 / 99



The Data Structure

The algorithm imagines a tree structure for G, and exhausts all paths starting from s by
carrying out depth first traversal of the imaginary tree repeatedly.

(i) = (v, 5')

Vi is the (i1, j1)-th neighbor of V{, V4 is the (ia,j2)-th neighbor of V4, and V5 is the (i3, j3)-th
neighbor of V4. The algorithm only stores the current vertex (i1, 1) (i, j2)(is,j3)-
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The Complexity

The space complexity is about accessing a neighbor of a vertex in G,.

1. Gy can be constructed in logspace.
2. To visit a neighbor of a node in G,,, makes use of the rotation matrix of Gp,_1
three times. The key point is the following.

space ((Gm_1®H)?) = space(Gp_1) + O(1).

The size of the additional space depends only on D, which is a constant.
3. The depth first tree traversal keeps a stack of depth bounded by O(log n).
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Lewis and Papadimitriou introduced SL as the class of problems solvable in logspace
by an NTM that satisfies the following.

1. If the answer is 'yes,” one or more computation paths accept.
2. If the answer is 'no,’ all paths reject.

3. If the machine can make a transition from configuration C to configuration D,
then it can also goes from D to C.

Theorem. UPATH is SL-complete.

Corollary. UPATH is L-complete.

Proof.
Reingold Theorem implies that L = SL. O
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The problem “RL = L” is open. The best we know is RL C L3/2,
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